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Abstract
The paper introduces (1,2)-semi-I-open sets, (1,2)-pre-I-open sets,(1,2)-a-I-open
sets and (1,2)-8-I-open sets in ideal bitopological spaces. The relationship between

them are established. Some of their basic properties are discussed. As an application
some new types of sets are introduced and the relationship between them is derived.
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1 Introduction

kelly[ 8 ] has introduced the concept of bitopological spaces by defining two topologies
on a set. Lellis Thivagar et.al.[6] have defined(1,2)semi-open,(1,2)pre-open,(1,2)a-open
and (1,2)B-open sets in bitopological spaces.Ideals play an important role in topology.
Jankovic and Hamlet[7] have introduced the notion of I-open sets in topological spaces.
Kuratowski[10] has introduced local function of a set with respect to a topology 7 and
an ideal and its properties are investigated. Hatir and Noiri [5] introduced a-I-open sets,
semi-I-open sets and (-I-open sets and derived a decomposition of continuity.In this paper
a new closure operator using 717%-open set is defined and some of its basic properties are
discussed.(1,2)-semi-I-open sets, (1,2)-pre-I-open sets,(1,2)-a-I-open sets and (1,2)-3-I-open
sets are defined in ideal bitopological spaces. The relationship between them and other
existing sets are derived. Some properties of the sets are discussed.

2 Preliminaries

We list some definitions which are useful in the following sections. The interior and the
closure of a subset A of (X, ) are denoted by Int(A) and CI(A), respectively. Throughout
the present paper (X, 7) and (Y,o0)(or X and Y') represent non-empty topological spaces on
which no separation axiom is defined, unless otherwise mentioned.

Definition 2.1 A subset A of a space X is called

1.

a semi-open set [3] if A C Cl(Int(A))

2. a pre-open set [4] if A C Int(CI(A))

3. an a-open set [11] if A C Int(Cl(Int(A)))
4.
5
6

(
a B-open set[1] if A C Cl(Int(Cl(A)))
)

. a a*-set[5] if Int(A) = Int(Cl(A))
. a C-set[5] if A=U NV where U is open and V is an o*-set
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7. a t-set[12] if Int(A) = Int(CIl(A))
8. a B-set[12] if A=UNT where U is an open set and T is a t-set

The complement of a semi-open (resp. pre open, a- open and (3) set is called a semi-closed
(resp. pre closed, a-closed and (B-closed) set.

Definition 2.2 (5) An ideal I on a topological space (X,T) is a non empty collection of
subsets of X which satisfies the following conditions. i)A € I and B C A implies B € 1.
it)A € I and B € I implies AUB € I.

An ideal topological space (X, T) with an ideal I on X is denoted by (X, 7,1).

Definition 2.3 (5) Let (X, 7,I) be an ideal topological space and A C X. A*(I,7) ={zx €
X :ANU ¢ I forevery U € 7(X,x)} is called the local function of A with respect to I
and 7. For every ideal topological space (X, 7,I) there exists a topology 7*(I) finer than
defined as 7*(I) ={U C X : CI*(X —U) = X — U}generated by the base B(I,J) ={U —J :
Uerand J eI} and Cl*(A) = AU A*.

Definition 2.4 (5) A subset A of an ideal topological space (X, 7,I) is called
1. semi-I-open if A C Cl*(Int(A))
2. pre-I-open if A C Int(Cl*(A))
3. a-I-open if A C Int(Cl*(Int(A)))
4. B-I-open if A C Cl(Int(Cl*(A)))
Definition 2.5 A subset A of a bitopological space (X, T1,72) is called
(i) TyT2-0pen[6] if A€ T Uty
(i) T112-closed[6] if A° € 7 UTs.

Definition 2.6 (6) Let A be a subset of (X, 71,72). Then T 72-Cl(A) denotes the T172-
closure of A and is defined as the intersection of all Ty7o-closed sets containing A. Also
T172-Int(A) denotes the Timo-interior of A and is defined as the union of all Ty75-open sets
contained in A.

Definition 2.7 A subset A of (X, 71,72) is said to be
(i)(1,2)a-open[6] if A C mi-Int(m172-Cl(m1-Int(A))).
(i) (1,2)semi-open[6] if A C T112-Cl(T1-Int(A))
(#3)(1,2)pre-open[6] if A C 1 -Int(m172-Cl(A)) and

(iv)(1,2)semi-pre-open[6] (briefly (1,2)sp-open) if
A Q T1T2-Cl(Tl-Int(TlTQ-Cl(A)))

3 New closure operator

We define a new closure operator in terms of 73 75-open sets.

Definition 3.1 Let (X, 71, 72) be a bitopological space. A bitopological space together with
an ideal is defined to be an ideal bitopological space and is denoted as (X,T1,72,1). Let
A C X the local function with respect to the Ti2-open sets is defined as A*(X,1,71,72) =
{r e X:ANU ¢ 1 forevery U € mmO(X,x)} is called the local function of A with respect
to I and the two topologies T1 and T.In short it will be denoted as A:l - 11120(X, ) denotes
the collection of all T1T2-open sets containing the point x.
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Proposition 3.2 Let (X, 71,72,1) be an ideal bitopological space and A be a subset of X,
then AX _ C A*(I,71) for every subset A of X.

T1T2

Proof.Let x ¢ A*(I,71). Then there is a 71-open set U containing x such that ANU € I.
Since every T1-open set is 7y 72-open then z ¢ A*(I,7172).

Remark 3.3 The converse of the proposition 3.2 need not be true.

Example 3.4 Let X = {a,b,c,d}, 71 = {¢,{a}, X}, 2 = {¢, X{b}},T = {9, {c}}
TlTQO(X) = {¢7 X, {a}7 {b}}A = {{C}}vA* X Aim = {a7cv d}

Remark 3.5 Neither A* _ C A nor A C A*

T1T2 T1T2"

Example 3.6 Let X = {a,b,c,d}, 71 = {¢,{a}, {b},{a,b}, X}, 2 = {0, X, {c}}, I = {o, {b}}.
IFA={abec}, A% ={a,cd), if A={bd}, A%, = {d}

Theorem 3.7 For subsets A and B of an ideal bitopological space (X, T1,72) the following
statements are true.

(i)IfACB= A*_C B*

T1T2 T17T2 "

(i) (AUB): = Ar_  UB>

T1T2 T1T2 T1T2 "
(iwi)(ANB):  C A* _NB:

(iv) A* C(A-B):

T1T2 T1T2 - T1T2 "

() IfAcl= A5 . =¢.

(vi) Bel=(AUBY),, = A%, = (A—B):, .

(vii) If (A— B), (B — A) € T then A*,,, = B, .

(vid) A2,y — (A, © (A A8y Vi

(ia) (A%,,)%,r, € AL,

(x)A7,,, = nm2-Cl(A] ).

(i) IfUer then UNA;  =UNUNA); ., CUNA) .

(zii)If Iy € Ithen (A—1,): . CAx  =(AUIL)*

T1T2 T1T2 T172°

Proof.

(i)Let A C B and x ¢ B .There exists U € 11720(X,x) such that UN B € I. Since
ACB,UNAecI and hence z ¢ A}, .Hence A . C B

T1T2 — T17T2"

(i) ,% C AU)B BC AUB, A%, C(AUB):. B, C(AUB): . . Thus A%, UB: . C
AUB)*
T172"

Claim (A U B) CAr UB; . Letxzec (AUB); . Then for every
T172-0pen set U of x such that (UﬂA) (UﬂB) UN(AUB) ¢ I. Therefore UNA ¢ I

T172

or UN B ¢ I. This implies that z € A}  orxz € B . Thatisxz € A} UB} .
Therefore we have (AUB)? . C Ay UBZ _ .Thus we get (AUB)? = As  UBZ .

(i) AN B C A,ANB C Bby ()(ANB)* . C A*_ NB:

T1T2 — T1T2 T1T2"

(iv) For every subset A and B of X, A= (A—- B)U(ANB). By(ii) A% _ = (A — B):

T1T2 T1T2

(A m B)T1T2 a’nd hence A:Ik'l‘l'2 - B:1T2 = A;k'l‘rg (X B‘leTg) [(A B)T1T2 (B m
A)TlTQ (X B:1T2 )} [(A B)Tl‘l'z (X Bisz)] [(A ﬂ B)T1T2 (X Bi17’2>] —
A_B)Tl‘l'z B:1T2 ]U¢C (A B):'l‘l'z

(v) By definition if A € I then A} = ¢.

(vi)Let B € I and by (ii),(iv) and (v) (AUB); ,, = A} UB; . =A;  =(A-DB) ..
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(vii) Let E = (A—B)U(B—A) € [ then A= (A-—B)U(ANB),B=(ANnB)U(B—A),By
(ii) and (vi)AL . = (ANB): = B

T1T2 T1T2 T1T2"

(viii) By(iv) A* A* ) C(A— AF )

T172 ( T1T2/T1T2 T1T2/T1T2 "

(ix) Let = € (AL .)x Then for every U € mmO(X,x),U N A% . ¢ I and hence

T1T2/T17T2° T1T2

UNA* _ # ¢. Lety e Un A* Then U € 1720(X,y) and y € A: Hence

T1T2 T172°

UNA¢Iandxe AX

T1T2"

This implies that (AX _)x _ C Af

T172° T1T2/T1T2 T172°

- T1T2- CZ(A

T1T2 —

(x)In general A* ) Let x € 1y — CU(AZ ). Then AZ  NU # ¢ for
every U € y20O(X, x). Therefore there exist some y € A _ NU and U € m20(X, ).
Since y € A% ,,,ANU ¢ I and hence x € Aj (Ax ).

T1T2
Hence A% ,, = 1172-Cl(A

T1T2

Hence 1172-Cl(A

T1T2 " T1T2)

TlTQ)

xi) fU € nO(X)andz € UNAZ . Thenz € U and x € A% . Let V be any 71 73-open
set containing x. Then VNU € 1im0(X,z) and VN(UNA) = (VNU)NA ¢ I. This

shows that z € (U NA): . and hence UN A: . C (UN A): Hence UN A% C

T1T2 T1T2 T172° T1T2

Un(UNA); ., By(i) (UnA): ,, CA; ,, and UNA; . D UNUNA)AZ . . Therefore
UNA; ,,=UnUNA); ., CUNA)Z .
(xii) Since A—-I CABy (i) (A-IL); ., CA; Also (AUL); . =AU, =
T1T2 U ¢ AT1T2 Hence (A Il)Tsz C A:Ik'l‘l'z (A U Il)TlTQ Slnce (I1>T1T2 = (b
Definition 3.8 For a subset A of an ideal topological space (X, 7, I),we define CI; . (A) =
AUA; .
Theorem 3.9 CI7 . satisfies Kuratowski’s closure azioms.
Proof.
(1) 12,y (6) = 6,4 C CL, (AWA C X
(ii)Cly,,,(AUB) = AUBU(AUB): . =AUBUA; .UB;  =Clz (A)UCI  (B).

Ol (A)) = Ol (AUA* )= AUA* (AUA* -

(iii) For any A C X, Cl‘rrrz( T1T2 T1T2 T1T2 T1T2 T1T2/T1T2
AUA: U (A: ). =AUA:  =Clx_ (A)(since (AL )X

T1T2 T1T2/T17T2 T1T2 T172 T1T2/T17T2 — 7'1 T2

Definition 3.10 The topology generated by Cl*
™ (I)={U C X :Clz

T1T2
*

Y 15 denoted by 7} . (I) and is defined as
(X —U) =X —U}. Without ambiguity it will be denoted as

T1T2

TTlT2
(106 € X,0 (X = 9) = Clt,y(X) = X and T3, (X — X) = Cli,,(8) = 6. Henee
¢, X e’ (I).
(ii)Let {Us}ier € v (I) then CIZ,, (X —U;) = X —Up¥i. ice (X—Us)U(X ~U3)%,,, = X —
UiVi. Therefore (X —U;)s ., € X —UVi. Claim CI¥ (X =, Us) = Cl:m(ﬂ (X —

Us)) = X — U, Us = N;,(X = U;). By definition CI7 . (N;(X = U;)) = N;(X = Us) U
(X = U, = O (X — U) 2 N(X ~ U;)-Also by hypothesis (,(X —
U;) U (N;(X — U))TlT2 C N;(X =U;).Hence Cl; . (N(X = U;)) € N;(X = U;). Thus
crr . (X-U,Ui)=X-UU..

T1T2

(iii) Let Uy, Uy € 77 (I) then CU; (X —U;) = X —Uy,i = 1,2. Ol (X —(U1NUy)) =
) =Clx

cr (U, (X -Uy) fn (X = U UCE, (X Us) = (X — U\)U (X —Us). Hence

T1T2 T1T2

UiNUs et} (I). Hence 77 . (I) is a topology.

T1T2

Proposition 3.11 Every 77 ., is finer than 7.

Proof.Since every 11-open set is 7172-open. Therefore 7 C 7% C77 .

Example 3.12 Let X = {a,b,c}, 71 = {9, {a}, {b},{a,b}, X}, 72 = {6, X, {b}}, I = {¢, {c}}.
7 ={¢p,{a},{a,b,d}, X}.(with respect to 1)
={¢,{a}, {b},{a,b},{a,b,d}, X}. Hencer C 7" Cr,

7'1 T2 7'1 T2 "
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Remark 3.13 Using the new closure operator some open sets are defined in an ideal bitopological
space here Cl*(A) represent the closure with respect to the topology 1.

Definition 3.14 A subset A of an ideal topological space (X,T,I) is said to be
(i) (1,2)semi-I-open if A C Cl* _ (m1-Int(A))

T1T2

(i) (1,2)pre-I-open if A C m1-Int(Cl% _ (A))

T1T2

(#i) (1,2)a-I-open ifA C m1-Int(ClE _ (11-Int(A)))

(iv)(1,2)B-I-open if A C 11-Cl(11-Int(CI%, ., (A)))

Remark 3.15 (2,1)semi-I-open, (2,1)pre-I-open, (2,1)a-I-open and (3-I-open sets are defined
by replacing 11 by 7.

Proposition 3.16 (i)Every (1,2)semi-I-open set is semi-I-open and hence semi-open.
(ii)Every (1,2)pre-I-open set is pre-I-open and hence pre-open.
(ii1) Every (1,2)a-I-open set is a-I-open and hence a-open.
(iv)(1,2)3-I-open set is B-I-open and hence (3-open.

Proof.

(i) Let A be (1,2)semi-I-open. ie A C Cl  7mi-Int(A) C Cl*(1i-Int(A)) C 71-Cl(1-
Int(A)). Since Cl% . (A) C ClI*(A) C 11-Cl(A).

(ii)A C 11-Int(CI% . (A)) C 11-Int(Cl*(A)) € 11 -Int(r1-Cl(A)).

(iii) A C 1 -Int(ClE . (11-Int(A))) C 7-Int(Cl*(11-Int(A))) C 1 -Int(m1-Cl(m1-Int(A))).

T1T2

(iw)A C 71-Cl(71-Int(Cl% _ (A))) C 71 -Cl(r1-Int(Cl(A))) C 11-Cl(r1-Int(m1-Cl(A)))

T172

Remark 3.17 The converse of the proposition 3.16 is not true.

Remark 3.18 The collection of all semi-I-open, pre-I-open, a-I-open and (-I-open sets
are denoted as SIO(X),PIO(X),alO(X) and BIO(X) respectively. The collection of
all (1,2)semi-I-open, (1,2)pre-I-open, (1,2)a-I-open and (1,2)B-I-open sets are denoted as
(1,2)SI0(X),(1,2)PIO(X),(1,2)alO(X) and (1,2)BI0(X) respectively.

Example 3.19 Let X = {a,b,c,d}, 71 = {9, X, {a},{a,b,c}}, 70 = {0, X, {b,c}},
I={¢,{b}}.SIO(X) = {9, X, {a},{a,b},{a,c},{a,d}, {a,b,c}, {a,b,d}, {a,c,d}}
(1,2)S10(X)={¢, X, {a}, {a,d},{a,b,c}}.

aO(X) ={¢, X, {a},{a,b},{a,c}, {a,d}{a,b,c}, {a,b,d},{a,c,d}}.

QIO(X) = {¢) X, {a}v {a7 b}) {a’ C}v {aa d}{a7 b, C}a {CL, b, d}}

(1,2)alO0(X) = {¢, X, {a}, {b}, {a, b}}.

PO(X) = {(bv X, {a}v {av b}7 {a7 C}u {au d}v {au b, C}v {aa b, d}7 {a7 (& d}}

PIO(X) ={¢, X, {a},{a,b},{a,c},{a,d}, {a,b,c}, {a,b,d}}.

(1,2)PIO(X) = {¢, X, {a}, {b},{a,c},{a,b,c},{a,c,d}}.

BO(X) = {8, X,{a},{a,b},{a,c},{a,d},{a,b,c},{a,b,d},{a,c,d}}.

BIO(X) = {¢, X, {a},{a,b},{a,c}, {a,d},{a,b,c},{a,b,d},{a,c,d}}.
(1,2)BI0(X) = {¢, X, {a},{a,c},{a,b,c},{a,b,d},{a,c,d}}.

Proposition 3.20 Every Ti-open set is
(i) (1,2)semi-I-open.
(i) (1,2)pre-I-open.
(#3)(1,2)a-I-open.

(iv) (1,2)B-I-open.
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Proof.Let A be an T1-open set.
(i)A = 1 -Int(A) C 7 -Int(CLE - (A)

T1T2 )
(i1)A = 11 -Int(A) C Cl% . (11-Int(A))

T1T2

(i11) A =11-Int(A) C m1-Int(ClE . (A))

T1T2

(iv) A =711-Int(A) C 71-Cl(11-Int(A)) C 71 -Cl(m-Int(ClE . (A)))

T1T2

Remark 3.21 The converse of the proposition 8.20 is not true. It follows from the example
3.19

Emample 3.22 Let X = {aa ba (& d}77-1 = {¢7 Xa {a}};TQ = {¢a Xv {CL, b}}aI = {¢7 {C}}
(1,2)SI0(X)=(1,2)alO(X) = (1,2)PIO(X) = (1,2)80(X) =
{#,X,{a},{a,c},{a,b},{a,d},{a,b,c},{a,c,d},{a,b,d}}.

Proposition 3.23 A subset A of an ideal bitopological space (X, 11,72,1) is (1,2)a-I-open
if and only if A is (1,2)semi-I-open and (1,2)pre-I-open.

Proof.Let A be (1,2)a-I-open. A C 11-Int(Cl% _ (11-Int(A))) C CI*

¥ ¥ o (T1-Int(A)). Thus A
is (1,2)semi-I-open.A C 11-Int(Cly, ,,m1-(Int(A))) C 71-Int(Cl% ., (A)). Thus A is (1,2)pre-

T1T2

I-open. Let A be (1,2)semi-I-open and (1,2)pre-I-open.i.e.A C Cl% _ (11-Int(A)) and A C

T1T2

T1-Int(ClE . (A)). AC7m-Int(ClE _(A) C7m-Int(Cl: . (m1-Int(A)). Hence A is (1,2)a-I-

T1T2 T1T2 T1T2
open.
Proposition 3.24 For any ideal topological space (X, ,1), (1,2)SIO(X)U(1,2)PIO(X) C
(1,2)BI0(X)

Proof.Let A be (1,2)semi-I-open then A'C CIZ . (T1-Int(A)) C 71-Cl(11-Int(A) C
71-Cl(71-Int(Cl% . (A)). Hence A is (1,2)B-I-open. Or if A be (1,2)pre-I-open. Then

T1T2

A Cr-Int(ClE . ((A)) C 7-Cl(m-Int(Cl: . (A)).Hence A is (1,2)3-I-open.

T1T2 T1T2

Remark 3.25 The converse of the proposition 3.24 is not true.

Ezample 3.26 Let X = {a,b,c,d}, 71 = {¢, X, {a},{b},{a,b}}, 72 = {¢, X, {c}}.
I= {¢a {b}}a (15 2)SIO(X) - {¢7 X, {CL}, {b}v {av b}}a (15 2)PIO(X) = {(,25, X, {a}a {b}’
{av b}v {av b, C}u {a7 b, d}}u (1’ 2)ﬁO(X) = {¢7 X{a}v {b}’ {av b}v {av C}7 {aa d}7 {b7 C},
{b,d},{a,b,c},{a,b,d}, {a,c,d}, {b,c,d}}

Proposition 3.27 Let (X, 11,72,1) be an ideal topological space and {A, : o € J} be a
family of subsets of X where J is an arbitrary index set.

()If {Ay : € J} € (1,2)SIO(X) then | J{Aq : a € J} € (1,2)STIO(X).
(i)If A € (1,2)SIO(X) and B € 1y then ANU € (1,2)SIO(X)

(iii) If {Ay : v € J} € (1,2)PIO(X) then | J{Awn : @ € J} € (1,2)PIO(X).
(iv) If A € (1,2)PIO(X) and B € 7, then ANU € (1,2)PIO(X)

() If {Aq s a € J} € (1,2)alO(X) then |J{Aqs : a € J} € (1,2)alO(X).
(vi)If A € (1,2)alO(X) and B € 7 then ANU € (1,2)alO(X).

(i) If {Ay € J} € (1,2)BI0(X) then |J{Aq : a € J} € (1,2)BI0(X).
(viii)If A € (1,2)BI0(X) and B € 71 then ANU € (1,2)BI0(X).

Proof.

1JERTV 21570069 www.ijert.org 129



1JERTV 21570069

International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 2 Issue 7, July - 2013

(i) Since Uy, € (1,2)SIO(X) for each o € J.Uy C CUZ . (11-Int(Us) \JUs € Upey Cl, 1y (T1-
Int(Ua)) € Unes(m1-Int(Ua));, -, U(T1-Int(Us) € Uqe s (T1-Int(Ua))7, 7, UT1-Int(Uqye s Ua) €
(ri-Int Uye g Ua)y 7 U(T1-Int(Upe s Ua)) = CUZ L (Ti-Int (U pe s Ua) - Thus Jye s Ua €
(1,2)SIO(X).

(ii) Let A € (1,2)SIO(X), B € 7. AC CI%, r-Int(A), B = r-Int(B). ANB C CI
Int(A) N7i-Int(B) C (11-Int(A))% ., Uni-Int(A) N71i-Int(B) C (r1-Int(A)):

Int(B) U ti-Int(A) N -Int(B) C (r1-Int(A) N1 -Int(B)):

Int(ANB)):

acJ

7'17'2

T1T2 m Tl-
Yo UTi-Int(ANB) C (7:-
Ur-Int(ANB) = Cl* . m1-Int(ANB)). Hence ANB € (1,2)SIO(X).

T1T2 T172

(iii) Since U, € (1,2)PIO(X) for each o € J.U, C Tl-Int(ClﬁTz(Ua). U, C 71-
IntCl% ., (UUs). UUa C 11-Int(Cl% ., (Upey Ua)). Thus U,ey Ua € (1,2) PIO(X).

T1T2

(i) Let A € (1,2)PIO(X),B € 1. AC 71-Int(CI%, ., (A)),B = 11-Int(B). ANB C 71-

Int(Cly ., (A)) N1i-Int(B) = 11 -Int[(Cl; ., (A)NB)|] C mi-Int[(AUASL )N B)] C 11-

Intl(ANB)U (AN B):, ] C n-IntCl%, . (AN B)). HenceAn B € (1,2)PIO(X).

7'17'2}
(v) Since Uy € (1,2)alO(X) for each o € J.Uy C 71-Int(CI%  m1-Int(Uy)) C T1-
Int(Cl  11- Int(U Ua)) JUs C1-Int(CLE . 1i-Int(UUy)).

Thus |, ., Ua € (1,2)alO(X). v

aGJ

(vi)Let A be (1,2)al-open. Then A is (1,2)semi-I-open and (1,2)pre-I-open. By (ii) and
(iv) ANB € (1,2)SIO(X) and ANB € (1,2)PIO(X). Hence ANB € (1,2)alO0(X).
(vii)Since Uy € (1,2)BI0(X) for each a € J.Uy C 71-Cl(mi-Int(Cl% ., (Us).UUa C
Uaey T1-CUt1-Int(CI7 ., (Us))) € 11-Cl(mi-Int(U,e 5 Cl 7, (Ua)) €
71 -Cl(r1-Tnt(CT,, U 5 (Ua)). Thus Uge, Ua € (1,2)BIO(X).
(viii) Let A € (1,2)310(X),B € 1. A C.1;1-Cl(71-Int(CI}, ., (A)), B = 11-Int(B).
AN B C 7-Cl(11-Int(CI} ., (A))) Aqy-Int(B) C 71-Cl(11-Int(AU A% )N B)) =
11-Cl(11-Int((A%,,, " B)U(ANDB)) Cr-Cl(m-Int((ANB): ., U(ANB)) =

71-Cl(m1-Int(Cl% . (AN B))). HenceAN B € (1,2)BI0(X).

T1T2

T1T2

Definition 3.28 The largest (1,2)semi-I-open, (1,2)pre-I-open, (1,2)a-I-open and (1,2)8-
I-open sets contained in A are defined as (1,2)semi-I-int(A),(1,2) pre-I-int(A),(1,2)al-
int(A) and (1,2)BI-int(A) respectively. They are denoted as (1,2)sl-Int(A),(1,2)pI-Int(A),(1,2)al-
Int(A),BI-Int(A) respectively.

Proposition 3.29 For any subset A of an ideal topological space the following holds.
(i)Cl; ., (A) N1-Int(Cl; ., (A) € Ol [ANT1-Int(Cl; ., (A))]

(ii) CLo. . mi-(Int(A)) N -Int (CL:. (m-Int(A)) €
or

T1 7'2

[11 Int(A) N7y -Int(ClL;

T1T2

T1T2

(r1-Int(A))].

T1T2
Proof. (i) Let x € CI% . (A)N11-Int(CI% ., (A) thenx € CI% . (A) and x € Ty -Int(CI% . (A).
e Cli (A =>xcAorxc AL . Ifr € Athenx € ANm-Int(Cl% . (A) =

v € Clr (AN 7-Int(CL:,, (A)). Hence CI%. (A) N r-Int(CL,, (A) C ClE. (AN -

T1T2 T1T2 T1T2 T1T2
then x € A*

Int(Clx _ (A)). On the other hand if x € A* Y N T1-Int(CLE L (A) C (71-

T17T2 T1T2 T1T2

Int(CL%,, (A)NA):,,. C Clr. (AN -Int(CLZ,, (A)). Thus CLZ, . (A)Nm-Int(CL:,, (A) C

T1T2 T1T2 T1T2 T1T2 T1T2
Cl:

T1T2 (A N T1 _Int(Cl;k'sz ( )) °

(i) Let x € CI . (T1-Int(A)) and x € T1-Int(Cl% ., (11-Int(A)). Ifz € Cl% . (11-Int(A)) =
x € 1-Int(A) U (11-Int(A))F ., If x € i-Int(A) then x € Ti-Int(A) N 11-Int(CLy ., (71-
Int(A)) € CIz . (ri-Int(A) N 7y-Int(Cl; ., (T1-Int(A)). On the other hand if x € (7-
Int(A))r ., thenx € Int(Cl; ., (t1-Int(A))N(11-Int(A))s ,, € [1i-Int(A)NT-Int(CIL% ., (1-
In(A)IE,

C Clz ., [m-Int(A)NT-Int(CLy ., (T1-Int(A)))]. Hence Cl}
Int(A)) C Clz ., (11-Int(A) N 1-Int(Cl

TiTo (T1 -Int(A))ﬂTl -Iﬂt(Cl*
T1-Int(A)).

T1T2 (Tl-

T1T2(

Lemma 3.30 Let A be a subset of a space (X, 71,72,I). If O is an 11-open subset of X then
oncr (A CcClz . (ONA).

T1T2
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Proof.By Theorem 8.7 ON Ay C (ONA); .. ONCl (A =0NnN(AUA; ) =

(0ONA)U©ONAL,,) C(ONA)U(ONA),,, CClL (0N A).
Proposition 3.31 If A is any subset of an ideal topological space (X, T1,72,I) then the
following holds.

(i) (1,2)sI-Int(A) = ANV (CL, , (r-Int((A)))

(i) (1,2)pI-Int(A) = AN7-Int(ClE . (A)).

T1T2

(i) (1,2)al-Int(A) = AN T -Int(ClE _ (T1-Int(A))

(iv) (1,2)BI-Int(A) = AN T1-Cl(m1-Int(Cl% ., (A))
Proof.

(i) (1,2)sI-Int(A) C A. If S be any (1,2)semi-I-open set contained in A then S C CIZ, . (T1-
Int(S)) € Cl; ., (11-Int(A)). Therefore it is true for all (1,2)semi-I-open set S.
Therefore (1,2)sI-Int(A) C CI7 ., (11-Int(A)),
(1,2)sI-Int(A) € ANCIE ,, (11-Int(A))——(1). claim: ANCI} ., (11-Int(A)) is (1,2)semi-
L-open. CI7 . (11-Int(ANCIE ., (11-Int(A)) D CI7 ., (t1-Int(ANTy-Int(A))) D CIZ, . (T1-
Int(ri-Int(A))) D Clz ., (ni-Int(A)) 2 AN CI; . (11-Int(A)). Thus ANCI; . (7i-
Int(A)) is (1,2)semi-I-open set contained in A. AN Cl;  (11-Int(A)) C (1,2)sl-
Int(A).Hence (1,2)sI-Int(A)=A N(CI% _ (m1-Int(A)).

(1)(1,2)pl-Int(A) C A. If S be any (1,2)pre-I-open set contained in A then S C -
Int(Cl;, ., (S)) € i-Int(Cl% ,,(A). This is true for all (1,2)pre-I-open set S. Therefore
(1,2)pI-Int(A) € AN 7-Int(Cl; ., (A): claim:A N 11-Int(Cly ., (A) is (1,2)prel-
open. AN T1-Int(Cly ., (A)) C 11-Int(ry-Int(Cly ., (A))
= 11-Int(CI; . (A)NT1-Int(Cl; ., (A) € 11-Int(CL; . (ANT1-Int(CI% . (A)). Therefore

ANt -Int(Cl% ., (A) is (1,2)pre-I-open. AN 11-Int(CL5 ., (A) is a (1,2)pre-I-open set
contained in A. ANt -Int(CI% (A) C (1,2)pI-Int(A). Thus (1,2)pl-Int(A) = ANT;-
Int(Cl% ., (A)).

(iii) If S is any (1,2)a-I-open set contained in A then S C 11-Int(Cl% .,
T1-Int(Cl; ., (11-Int(A)). Therefore (1,2)al-Int(A) C 7-Int(Cl; ,,

—(1). AN T-Int(ClZ ., (11-Int(A)) C 1 -Int(ClL;, . (11-Int(A)) =

mi-Int(m1-Int(Cl% ., (11-Int(A)))) = 11-Int(CL; ., (1 Int(A) )Ny -Int (CLZ ,, (T1-Int(A))

C 1-Int(CI; ., (11-Int(A) N 11 -Int(ClL;, . (11-Int(A)))) =

T1-Int(Cl; ., (T1-Int(A N 1 -Int(CILE . T1-Int(A))).
Therefore AN T1-Int(CI7 . (T1-Int(A)) is (1,2)a-I-open set contained in A.
ANT-Int(CI; ., (1i-Int(A)) C (1,2)ad-Int(A).—-(2). Therefore from (1) and (2)

ANnT-Int(ClE . (11-Int(A)) = (1,2)al-Int(A).

T1T2

(iv) If S is a (1,2)BI-open set contained in A then S C T-Cl(11-Int(Cl} ., (S))) €
11-Cl(11-Int(Cl% ,(A))). Also (1,2)BI1-Int(A) C A.Therefore (1,2)BI-Int(A) C

ANT-Cl(r1-Int(CI% ,,(A))). —(1) Also AN T1-Cl(m1-Int(Cl% ., (A) C

11-Cl(11-Int(CI% ., (A))) = 11-Cl(11-Int(11-Int(CI} ,,(A)))) =

71 -Cl(ri-Int[r-Int(ClZ ., (A) N O (A)] €

T1-Cl(11-Int(CI; ., [ANT-Cl(11-Int(CI}, ., (A))])). Hence ANT-Cl(11-Int(ClZ, ., A)))

is a (1,2)B1-open set contained in A. Therefore AN 11 -Cl(T1-Int(Cl% ,, (A))) C
(1,2)BI-Int(A). Thus (1,2)BI-Int(A) = AN T1-Cl(11-Int(Cl% ,,(A))

(m1-Int(S)) C
(r1-Int(A))NA.—

Theorem 3.32 A subset A of a space (X, 11,72,I) is (1,2)semi-I-open if and only if Cl; . (A) =
Clt . (mi-Int(A)).

T1T2

Proof.Let A be (1,2)semi-I-open then A C Cl*

T1T2

(r1-Int(A)) = CI* . (A) C

T1T2 —

Cly ., (1i-Int(A)), T1-Int(A) € A = CI; . (11-Int(A)) C Clz . (A). Therefore CI; . (A) =
Cly ., (Ti-Int(A)).

Conversely Cl% . (A) C Clz . (T1-Int(A)) = A C Cl; ., (11-Int(A)). Hence A is (1,2)semi-
T-open.
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Proposition 3.33 A subset A of a space (X,71,72,1) is (1,2)semi-I-open if and only if
there exists an T1-open set U such that U C A C ClE _ (U).

T1T2

Proof.Let A be (1,2)semi-I-open. Then A C CIf  (11-Int(A)). Let mi-Int(A) = U.
Therefore U C A C Clz . (U). Conversely let U € A C Clz . (U) for some Ti-open
set U. Since U C A= U C 1-Int(A) and hence CI% . (U) C Cl¥ . (11-Int(A)). Therefore

AC Ol (rr-Int(A)). e e

T172

Proposition 3.34 If a subset A of a space (X, 11,72,,I) is (1,2)semi-I-open and A C B C
Clr . (A) then B is (1,2)semi-I-open in (X, 11,72,I).

T1T2

Proof.Since A is (1,2)semi-I-open there exists an Ti-open set U such that U C A C
Cly ., (U). Therefore U € A C B C Clz ., (A) C CIr ., (U).Hence by the Proposition

3.38 B is (1,2)semi-I-open.

Proposition 3.35 A subset A of an ideal topological space (X, 11,72,1) is (1,2)3-I-open if
and only if 71-Cl(A) = 71-Cl(m1-Int(CIE . (A)).

T1T2

Proof.Let A be (1,2)B-I-open. Then A C 71-Cl(m1-Int(CIl% . (A)). m1-Cl(A) C 11-Cl(71-

T1T2

Int(Cly ,,(A))) € 11-Cl(A). Hence 11-Cl(A) = 11-Cl(11-Int(Cl; ,,(A). Conversely Ti-

T1T:

Cl(A) = -Cl(m1-Int(Cl%,,,(A)). Then A C 11-Cl(A) = 11-Cl(11-Int(CI7 ., (A)).

Proposition 3.36 (i)IfV € (1,2)SIO(X) and A € (1,2)alO(X) then
VNAe (1,2)SI0(X).

(it) If V € (1,2)PIO(X) and A € (1,2)alO(X) then

VNnAe (1,2)PIO(X).

Proof.(i)Let V € (1,2)SIO(X) and A € (1,2)alO(X). VN AC

Clx,, (m-Int(V) N1y -Int(CI, . (r1-Int(A)) € CU (r-Int(V) N ClE,, (1 -Int(A)) C

I (CIE, . (11 -Int(V)iry-Int(A)) € Cl(ry-Int(V)Niry-Int(A)) C O, mi-Int(VNA).

Hence VNA € (1,2)SIO(X).

(i) V € (1,2)PIO(X) and A € (1,2)alO(X). VN A C 7i-Int(Cl; ., (V)N
T1-Int(Cl% ,, (1i-Int(A)) = 1 -Int(r-Int(Cl; ., (V) N CL: ., (11-Int(A)) C
T1-Int(CI ., (11-Int(ClE ., (V) N1i=Int(A)) C 11-Int(CL ., (CLE (V) N 1i-Int(A)))

Cr-Int[(ClL: . (Clx _ (VNInt(A))] C m-Int(ClE . (VNA). Hence VNA € (1,2)PIO(X).

Tsz( T1T2 T1T2

4 Applications

As an application new types of sets are defined and their some of their properties are derived.
Definition 4.1 A subset A of an ideal bitopological space X, T, 72,1 is called a

(i) (1,2)t-I-set if 71-Int(Cly ., (A) = T1-Int(A).

(ii) (1,2)a*-I-set if T1-Int(CL} ., (T1-Int(A)) = T1-Int(A).

(iii) (1,2)S-I-set if Cly ., (T1-Int(A) = 11-Int(A).
Definition 4.2 A subset A of an ideal bitopological space (X, T1,72,1) is called a
(i) (1,2)Br-set if A=UNV where U is 1-open and V is a (1,2)t-I-set.
(i) (1,2)Cr-set if A=U NV, where U is is an T -open and V is a (1,2)a*-I-set.
(1i) (1,2)Sr-set if A=U NV where U is T1-open and V is a (1,2)S-I-set.
Emample 4.3 Let X = {aa b7 ¢, d}7 T = {¢7 X’ {a}7 {a) bv C}}v T2 = {¢7 X? {b7 C}}, I= {¢7 {a}}
n110(X) ={¢, X, {a},{b,c}, {a,b,c}}. The (1,2)t-I- sets are ¢,X,{a}, {b},{c}, {d}, {a,d}, {b,c},{b,d},{c,d},{
(1,2)a*-[-sets are qb,X,{a}, {b}) {C}) {d}7 {a'7 b}’ {a7 C}) {a7 d}) {b) C}v {b7 d}7 {Cv d}7 {a, b, d}7 {a, & d}7 {b7 ¢, d}}
(1,2)S-I-sets are ¢, X,{a}, {b}, {c},{d}, {a,b},{qa,c}, {a,d}, {b,c},{b,d}, {c,d}, {a,b,d}, {a,c,d}, {b,c,d}}
(1,2)B;- sets are ¢,X,{a},{b},{c},{d},{a,d}, {b,c},{b,d}, {c,d},{a,b,c},{b,c,d}}
(LQ)OI'SEtS are ¢}X7{a}v {b}7 {C}’ {d}v {aa b}a {av C}7 {av d}’ {b7 C}v {bv d}7 {Ca d}7 {a, b, C}a {a, b, d}v {a, ) d}, {b, ¢, d}
(1,2)S1-sets are ¢, X {a}, {b}, {c}, {d},{a, b}, {a,c}, {a,d}, {b,c}, {b,d}, {c,d},{a,b,c},{a,b,d},{a,c,d}, {b,c,d}
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Proposition 4.4 For a subset A of an ideal bitopological space (X,71,72,1) the following
hold.

(i) If A is a t set with respect to 11, then A is a (1,2)t-1-set.
(i) If A is a (1,2)t-I-set then A is a (1,2)B;-set.

(A) = -Int(AZx . UA)

T1T2

A) D A and

Proof. (i) Let A be a t-set. Ty-Int(A)=ri-Int(11-Cl(A)). T1-Int(CT;
C 1-Int(m1-Cl(A)UA)) = 11 -Int(m1-Cl(A)) = 11 -Int(A)——(1).Cl
T1-Int(Cl} ., (A)) D 11-Int(A).

(ii)Let A be a (1,2)t-I-set . IfU =X €1 then A=UnNA then A is a (1,2)Br-set.

7'17'2(

Remark 4.5 The converse of the proposition 4.4 is not true.

Exzample 4.6 (i)In Example 4.3 the set {a} is a (1,2)t-I-set but not a t-set.
(i) The set {a,b,c,} is a (1,2)Br-set but not a (1,2)t-I-set.

Proposition 4.7 Let (X,11,72,1) be an ideal bitopological space and A a subset of X. Then
the following hold.

(i) If A is an o*-set with respect to 11 then A is an (1,2)a*-I-set.

(i) If A is a (1,2)t-I-set then A is a (1,2)a*-I-set.

(iii) If A is a (1,2)a*-set then A is a (1,2)Cy-set.

Proof.(i)Let A be an o*-set with respect to 1. Then T1-Int(Cly ., (T1-Int(A)) =
Tl—Int(Tl—Int(A))TlT2 UT- Int(A)) C T1- Int(n Cl(Tl I?’Lt(A) UTl—Int(A)) =
T1-Int(11-Cl( 71 -Int(A)) = 7 -Int(A)—-(1). Also Cl T1-Int(A)) D 1 -Int(A).
Hence 1 -Int(Cl% . (
(ii)Let A be a (1,2)t-I-set then T1-Int(A) = 71-Int(Cl
2 1i-Int(A). Also 7 -Int(Cl*
71-Int(A)

(iii) Let A be an (1,2)a*-I-set and U=X. Then A=UNA. Hence A is a (1,2)Cr-set.

TlTQ(

fira(A)) 2 71-Int(C1L7 . (11 -Int(A))
71-Int(A)) D 11-Int(A). Hence 11 -Int(ClE _ (11-Int(A)) =

T17T2 ( T172 (

Remark 4.8 The converse of the proposition 4.7 is not true.

Exzample 4.9 In Example 4.8 the set {a,b} is a (1,2)a*-I-set but not a o* and a(1,2)t-I-set.
The set {a,b,c} is a (1,2)Cr-set but not a (1,2)a*-I-set.

Proposition 4.10 Let(X,11,72,1) be an ideal bitopological space.A be a subset of X. Then
the following hold.

(i) If A is (1,2)Cr-set then (1,2)al-Int(A)= 1-Int(A).
(i) If A is A (1,2)By-set then (1,2)pI-Int(A)= 1 -Int(A).
(i5)If A is a (1,2)S1-set then (1,2)pI-Int(A)= 11-Int(A).

Proof.

(i) (1,2)al-Int(A)D m1-Int(A). Since A is a (1,2)Cy-set, A=UNV, where U is an T1-open
and Vis a (1,2)a*-I-set. A CV = 11-Int(Cl% . (11-Int(A)) C 11-Int(CL%, . (11-Int(V)) =

m1-Int(V). By the Proposition 3.31(ii)(1,2)al-Int(A)=ANT,-Int(Cl} ., (T1-Int(A))) € AN
T1-Int(V) = UN7-Int(V) = 11-Int(UNV) = 7 -Int(A). Hence (1,2)al-Int(A)= 7-Int(A).

(i) (1,2)pI-Int(A)2 11 -Int(A). Since A is a (1,2)Br-set, A=UNV, where U is an Ti-open
and Vis a (1,2)t-I-set. A CV = 11-Int(Cl; ., (A)) C Tl-Int(C'lilTZ( )) = 7m-Int(V). By

the Proposition 8.31(ii)(1,2)pI-Int(A)=ANT-Int(Cl; ., (A))) € AN 7-Int(V) = UN7y-
Int(V) =m-Int(UNV) =71 -Int(A). Hence (1,2)pl-Int(A)= 1 -Int(A).

(i) (1,2)sI-Int(A)2 T -Int(A). Since A is a (1,2)Sr-set, A=UNV, where U is an T1-open
and Vis a (1,2)S-I-set. A CV = (CI7 . (11-Int(A)) C (Cl; ., (1i-Int(V)) = 11-Int(V).

By the Proposition 3.81(i)(1,2)pI-Int(A)=AN(CI%: _ (m1-Int(A))) C ANT-Int(V) =UNTy-

T1T2

Int(V) =m-Int(UNV) =m-Int(A). Hence (1,2)pI-Int(A)= i-Int(A).

www.ijert.org
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