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Abstract
This paper is concerned with three dimensional inverse
thermoelastic ~ problem  of  semi-infinite  solid
rectangular plate due to internal heat source. To
determine  unknown  temperature  distribution,
displacement and thermal stresses on edge z=h of the
rectangular plate due to internal heat sources with
known third kind boundary and initial condition by
applying Fourier and Laplace transform technique.
The results are obtained in terms of infinite series and
the numerical calculations are carried out by using
MATHCAD -7 software and shown graphically.
Keywords: Three dimensional inverse thermoelastic
problem, solid rectangular plate, integral transform.
1. Introduction
Many heat conduction problem encountered in
engineering application involve time as independent
variable. The goal of analysis is to determine. the
variation in temperature displacement and stresses with
known boundary condition. Tanigawa et al. [1] have
studied thermal stress analysis of a rectangular plate
and its thermal stress intensity factor for compressive
stress field. Khobragade et al. [4] to determine an
inverse unsteady-state thermoelastic problem of thick
rectangular plate. Lamba et al. [9] have studied
thermoelastic problem of thin rectangular plate due to
partially distributed heat supply. Himanshu S.Roy and
N.W.Khobragade have discussed transient
thermoelastic problem of infinite rectangular slab with
second kind boundary condition.
In the present paper, an attempt has been made
completely the inverse unsteady state thermoelastic
problem of semi-infinite solid rectangular plate with
internal heat source applied for upper plane surface
with third kind boundary conditions. To determine the
temperature, displacement and thermal stresses on the
edge z= h of semi- infinite rectangular plate due to
internal heat by applying Fourier and Laplace transform
technique.

2. Statement of the problem
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Consider a solid rectangular plate from fig. 1 occupying
the space D:0<x<w,0<y<ow0<z<hThe
displacement components ux, uy, uz in the X, y, z
direction respectively are in the integral formas in [1]

u = f° [( + 20 v 20 4] dx @.1)
R Y VZZT‘;)HT]dy 2.2)

2
= [ ( ‘“; vEy) +2T| dz 2.3)
where E, v and A are the Young modulus, the poisson
ratio and the linear coefficient of thermal
expansion of the material of the plate respectively, U(X,
y, z ) is the Airy stress function which satisfies the
differential equation.

62 62 62 2
(;-Fg‘l'a—z) Ux,y,zt) =

—AE( +—+ )T(x y,7,t) (2.4)

Here T(x,y, z, t) denotes the temperature of the thin
rectangular plate satisfying the following differential
equation.

atr Yxyzt) _ 10T
ax2 By 922 k aa (25)
Where k is thermal conductivity and a is the thermal
diffusivity of the material of the plate and Yi(x,y,z,t)
is heat generated within the rectangular plate for t>0
subject to initial conditions

T(x,y,2,0) =0 (2.6)
The boundary conditions

IT(x,y,z,t)

[F59] =R (2.7)
[Fes0] =Rz (28)
[T(x,y, z,t) +c%} o - 0 (2.9)
[T(x,y,2,t) 1,=n = g(x,y,t) Unknown) (2.10)

The interior condition

[T(x y,zt) + caT(xth)] =f(x,y,t) (Known)

(2.12)
The components in term of U(x, vy, z, t) are given by
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92 a%u

Oyx = (W-f' 622) (212)
92U | 92U

oy = (55 +%3) (2.13)
a%2u 22U

Oy ==(5;;4-5;;) (2.14)

the equations (2.1) to (2.14) constitute the
mathematical formulation of the problem under
consideration.

3. Solution of the problem

The Fourier integral transform of f(x), 0 < x < w0 is
defined to be

F(B) = [/_, KB, x)F(x)dx’ (3.1)
then inverse formula

FGO) = f;_, K(B,F(B) dB (3.2)
Where K(B,x) = \/%cos Bx 3.3)

By applying the Fourier transform two times and
Laplace transform to equation (2.5)
and their inverses, we obtain

a2t
T = (9 + L) (3.4)
Where p? —Bz+y +> b= b+

¢ = [K(B,x)]x=0 F1

upper limit vanishes

, §2 = [K(Y'Y)]y:O F,

[T@yzn+c 8220 =0 (3.5)
[T* (Bt Y, Z, t)] z=h = §* (Bl Y, Z, t) (36)
T d?*(Bry:th) _ Tx
[T (B; Y,Z, t) + CT 2=t =f (B'Y: t)
(3.7)

The equation (3.4) is a second order differential
equation whose solution is in form
T* = AeP* + Be P + PI (3.8)
. U
Where PI="3"F ,D=<and A B are
D<"p dz
constant. Using equation (3.5), (3.7) in (3.8) we
obtain the values of A and B substituting these
values (3.8) and then apply inverse of Laplace
transform and  Fourier integral transform. We
obtain
oo 2kt

Ty, 20 = fg KB K, y) 5

{Zl 1 (i 1)zl 02) I[sin(pz) — cp cos(pz)]}

fi {8 v 0 = [P1l, -
[dPI]Z E] e~<(B2+v2+p?)(t=) g’ dpdy

~ Jyro KB KOy 55

{21 1 (i_ C)sz) I[sinp(z — &) —cpcosp(z — E)]}

X
f [ [PI],_o — ¢ [dPI
dpdy + f_, K(B,%) Kl 1Py
Jy e (B4 (=) gt ddy (3.9)

] —oc( Bz+y2+p2)(t—t')dt’
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where p = %1

gxy ) = fo o KB, K(v,y)
{Zl 1(1- 2 p2) I[sin(ph) — cp Cos(ph)]}

2km

ft [?(B v, t) — [PI],— —
[dPI] ] e~<(B2+v2+p?)(t=) g’ dpdy
z=§

~Jog= OK(B ) Kv.y) 5

{Zl 1((1_ 2p2) I[sinp(h — E) —cpcosp(h — E)]}

X

IN [ ~[PI],=o — ¢ [%]Fo] e~ (B2 +y24p?) (=t ) gy
dpdy

+ Joo_o K(B.X) K(y,y) [ L7H{PD}]

Jy e =B+ ?+t)(=)qt dpdy (3.10)
where
$1(2) = [sin(pz) — cp cos(pz)]
Yy (D) =

i | 78y 0 = P1l,—; -
[d”] ] e—x(B2+y2+p?)(t—t ) g¢’
2=¢
$:() = [sinp(z — §) — cpcos p(z — ]

lIJZ(t) N dPI 2 2
Jy [ [PI],—o — ¢ [ ] _0] e~<(B2+y2+p?)(t=t ) gt

s (©=f) e n2)(t-t)gy
4. Determination of the airy stress
function

Substituting the value of T(x, y, z, t) from equation
(3.9) in the equation (2.4), one obtains

Lo KB® Kv.y) 57 2kn

-1
{Zﬁlm 1[sin(pz) — cp cos(pz)]}

U(x,y,zt) = AEf

ft [?(B Y, t) — [PI],—¢ —
[dPI]Z E] e—<( B2+y2+p?)(t—t ) g¢’ dBdy

E [, KB, KOy 55

{21 1% I[sinp(z — E) —cpcosp(z — E)]}

PI 2 2
INE [PI]Z o—c [5] _ Jer=(Bartray
dpdy
—AE f; K(B,) K(y,y) [ L7H{P1}]
fot e—(B2+y2+p?)(t—t) 4¢’ dBdy (4.1)
Ux,y,z,t) =

—AE [y, K(B,%) K(y) 35
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(_1)l+1
o0 p2(1—c2p2)
{Z” 1oy (20 (©) — ¢2(z)¢2(@]} dpdy
—2E [;~ ) KB, %) Ky, [ L {PD]y3(DdBdy

(4.2)
5. Determination of the displacement
components
Substituting the value of U(x, y, z, t) from equation
(4.1) in the equation (2.1), (2.2), (2.3) one obtains
ue = =2 L7 (7 KB, 0dB) dx [7 K"y, y)dy
- - (_1)l+1
zin {me 11 (1 (0 = b2 () (t)]}
L7, ( Ji2 o KB, x)dB) dx
J,2o Ko yddy [ L7H{PD Y3 (0)

A 70 (57 KB, 0dB) dx 7 K(y, y)dy

(_1)l+1

= {Zf‘;l s P 1@ (0 — ¢"z(z)¢z(t)]}

2z

a2 L=1{p1}]

—A fxoio (f[:;() K(B' X)dB) dx Py
K (“nl Y)lp3 (t)
+ao [7, (2, K'(B.x)dB) dx

8] 2kt
fy=0 K(Y! Y) dy E_Z

{z;«;l b @ (O ¢2(z)¢z(t)]}

+w [7 ( N K"(B,x)dB) dx
L7 oKy [ LHPIIY; (0
+2 12, (J52, KB x)dB) dx [ K(y, y)dy
. (- )l+1
s {zglm 11 @ (©) - %(z)%(t)]}
1 [0 (7o K(B,0dB) dx [ KCy, y)dy
[ LHPD s (0 (5.1)
uy, = =2 70 (07, K@ y)dy) dy [;7 KB, x)dB
(_1)l+1
2kn e, I p2(1—c2p?)

2 P"1 @Y1 (D) — d"2 (DY, (D]

—A f;io (ffio K(y, y)dy) dy f;;, K(B,x)dp
s ()

207 (12, KGr,ydy )dy [, K"(B, x)dB
(_1)l+1

%‘{z&m 1y ()1 () — b2 () (t)]}

- [, (£ K. y)dy ) dy Joeo X'(B,x)dB

[ L {PI]s (0)
+2w [0 (12, K Gy y)dy ) dy f;7 K(B,x)dp
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i {z;-; S 0 @ (©) %(z)%(t)]}
+2 [0 (12 K (ry)dy ) dy
Sy K(B,)dB [ L7 (P13 (©)

+ 2 [0 (17 Ky y)dy) dy [ KB, x)dB

(71)1+1

zin {Zf‘ilm 1oy ()1 (0) — ¢2(z)¢z(t)]}
2 7 (172, KGny)dy) dy
Joeo K(B,30dB [ LTH{PI}] W5() (52)

——meK( Yd JOOK"( ydp K™
u, = =0 Y, y)ay 8=0 B'X B EZ

(_1)l+1
oo p2(1—c?p?)
UL o1 @dz g (9 — ) br(@)dz i, @)

=X [;Z KGy,p)dy [;~ K"(B,x)dB
Jy T L7PIdz s ()
A Ji o K(B0dB [Z K" (v y)dy T

(—1)l+1
oo p?(1-c?p?)
T[S e @Az (© — f, b2z @]

—A [ K@B0dB [ K (v y)dy [T LH{PIdz s (0

oo [} 2k
VA [ K(B,x0dB [,Z, Ky, y)dy T

(_1)l+1
$o p?(1-c?p?)
TR ¢ @dz (O - [ ¢ @dz b (0]
+Av [ K(B,x)dB [ Ky, y)dy
J, T L7 {P}]dz w3 ()
*© 2km

+ Af K(B,x)dp K(y,y)dy g
B=0 y=0

(_1)l+1
s p2(1—c?p?)
TS d1@dz (9 — [ b2 @ dz i, @)

+ 3% et KO, ) K, y) [T L7H{PIdz Y3 (D)
(5.3

6. Determination of stress functions

Using (4.1) in (3.14), (3.15) and (3.16) the stress

functions are obtained as

Ogx = —AE fB K(B,x)dB fy ZOK"(Y, y)dy

=0

(—D)+1
Zkm ) g p?(1—c?p?)
g2 =1 @Y (D) = b2 (2P (D]
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—AE [;7 KB, x)dB [ K" (v, y)dy
[ L {PI}IWs (D
—AE fi7, K(B0dB [, KO y)dy 5

{21 e " (D (O — ¢ z(z)wz(t)]}
—AE [~ K(B,x)dB [7, K(y,y)dy
w W3 (D) (6.1)

——?\Efwl(( )d foox( )d@
Oyy = oo B,x)dB 0 Y,y YE

{zl A @ - ¢ 2<z>¢z<t>]}
—AE [;” K(B,20dB [ K(y,y)dy

2l L(;lz{PI}] W3 (t)
—AE f,2 K (B.0dB [, Ky, y)dy 25

{zglﬁ 11 (2 (©) - ¢2(Z)¢2@]}

—AE f[300=0 K"(B! X)dB fyoio K(Y! Y)dy

[ L1(PD]ys 6.2)
6, = —AE j "K' (B,x0dB j " K@y, y)dy 2T
B=0 vY=0 EZ

{zl e My () (© —%(z)%(t)]}

—AE [,2 K'(B,30dB [ K(v, y)dy
[ P} ]W; ()
—AE f;Z, KB,0dB [, K (v, y)dy 3

{zl e My () (© —%(z)%(t)]}

—AE - [,7 K(B,x)dB [ K (v, y)dy

[ LH{PI}Ws () (6.3)
7. Special case
Setting
f(x,y,t) = 6(x) 8(y)(1 —e¥)%et (7.2)
Uy, zt) = 8(x) 8(y)e*"0)e "
w>0 (7.2)

fr =\/7cos[3x\/7cosny(1—e $)2et (7.3)
T (z—20) _1_
Icosﬁx\[cosnye 0 e (7.4)

1|2 2
- z d (z—2zp) p—wt
== | cos Bx —cosnye e (7.5)

Substitute the values in the equation (3.9),(3.10),
(4.1),(5.1),(5.2)(5.3),(6.1),(6.2)and(6.3)one obtains

<

T(x,y,z,t) =
(1 — e_E)ZeE_ZO erf (La) erf (\/43;_“)

8 « (w— (- .
e [0 e T st
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e—oc(p2+A)t
-(1- e_E)ZeE_ZO erf (‘/%) erf (\/KW)
X

EZ Zl 1 ((1_ )2 v2) I[sin p(z—% —cpcosp(z — E)]}

e—(p 24B)t

+ # e@=20) orf (\/%) erf( Y

4T

)e—«(pzﬂ)t
(7.6)
gx,y,t) = (1 - e_E) et~ ZOerf( m) erf (\/‘:’T“)

* 1)i+1
X 8_°< {l %sz) 1[sin(ph) — cp cos(ph)]}

&2 - 1
e—oc(p2+A)t_
—£\2 X
—(1-e%)e Zoerf(\/ﬁ) erf(ﬂym)
(_1)l+1

(1—c?p?)

8 .
Xz YE I[sinp(h — &) — cpcosp(h — )]
7o<(p2+B)t

1 etz Y ) e—x(p?+1)t
+ 1- p e erf (\/4—1‘[0() erf (\/41‘[(x)e (
(7.7)

8. Numerical results

For Aluminum metal

Modulus elasticity E = 6.9 x 10! Poisson
ratiov = 0.35, A= 12.84 x 107°

Thermal Expansion coefficient o, = 25.5 x 107°
Thermal Diffusivity k=117, c=1

Thermal Conductivity «=3.33 , h=1,£=0.5

A=3, B=2, p:%l, x=2, y=3, 2y = 0.2

T(x,y,zt) =

1- e_°'5)2e°'5_0'2erf (\/L_a) erf(\/fw)
zZ

% % {Zﬁl% 1 [sin (n?l ) — 1T?lcos (n?l z)]}
e_«( (ﬂ?‘)ﬁg)t

— (1 —e%5)2e02¢rf (‘/%) erf (\/4311_0()
( (_1)1+; \
—{ 52, (-) }
K k l[sin?(z—ﬁ)—%}cosp(z—z)]}

e_«( ("?‘)Zz)t
3 ) —“( ("?l)zﬂ)t

+ﬁ1 (tl) e@0-Derf (\/%Ta) erf (m e
%

(7.8)

gyt =
(1 — e 05)2e05-02rf (\/%) erf(%)
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. {zwﬁ 1[sin (§) ~eos (“;‘)]} e
4

8E+13
7JE+13 \\

X
6E+13
—o ("_1)2+3 t ~ 5E+13 \t\
e g 4E+13 \¥ —=—iub
3E+13 :
_ (1 _ a—05y2,-0.2 2 ) 3 26413 N —
(1—e")%e erf( — erf( rm) 162 N
X 0 0.2 0.4 0.6 0.8 1 12
(_1)l+1 i
8o J o (1—(%1)2> Fig.1 Temperature verses z with different time
E 1=1 ml ml ml
I[sin2h-5 -2 h-
[sm : ( &) 7 Cpcos ( E)]J
12 )
—x| (=) +2 )t
6
1 2 3
+— e(h_o'z)erf( ) erf( )
1— (11) 4100 4Tl BE+13
E 5E+13

Tl 2
e ((z) +1>t (7.9) aE13 \
2 30413 putE 7N

UGy, ) s N
0.5)2605-020rf 2 £ 3 e \/
=AE(1—-e" e'_'er( )er( ) meo
VaTa 4o 1613 NP

(_1)1+1 .
2 2
8o ¥ ("?l) (1—("?1) ) 0 02 04 06 08 1 1.2
X — —
N ml . t
l 1 [sm (;) — ? CoSs (?)]J Fig.2 Unknown temperature verses t
2 )
—«| (&) +3 |t
(6

—AE (1 - e—0.5)2e—0.2erf (\/%) erf (\/43?) 126414

X 1E+14

J ('t l 8E+13 I \\_01

=i, OUE) it A S SV

l [sm?(h—E)—?cpcos?(h—E)]J ) r/ \ /
, +13 | N 7 =====

e—oc( ("?l) +2>t 0 E=2=2

0 0.2 0.4 0.6 0.8 1 1.2

1 (h—0.2) 3 . L 2 .
+)\E T[l 5 e erf( T[(x) erf( 411:“) Fig.3 Stresses verses z with different time
1- () “
_ ((%1)2+1>t 110
€ (7.10) 7. Conclusion
In this paper, we discussed completely the inverse
unsteady state thermoelastic problem of semi-
infinite solid rectangular plate with internal heat
source applied for upper plane surface with known
‘ [ s TEEE0) third kind boundary and initial condition. The
e L e e Fourier and Laplace integral transforms are used to
o ]—‘ obtain the numerical results. The temperature,

Displacement and thermal stresses that are obtained
can be applied to the design of useful structure or
Fin1 < Throo dimensi infinite soid piate machines in engineering application. Any particular
case of special interest can be derived by assigning
suitable value of the parameters and function in the
expression.

[ronsao +<TEZE o
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