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Abstract— This paper is concerned an analytical method for
determining the thermal stresses in a finite solid cylinder under
a sudden temperature change to a constant temperature with
the help of integral transform technique.
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INTRODUCTION

Kaliski and Nowacki [1] considered the half-space
problem of magneto thermo elastic waves produced by a
thermal shock in a perfectly conducting medium. The
problem of magneto thermo elasticity related to an infinite
cylindrical region was solved by Dhaliwal and Singh [2].
Noda et al. [3] give a combined formulation of the two
theories of generalized thermo elasticity to discuss the
problem of an infinite solid with a cylindrical of spherical
hole.

In this paper, an attempt has been made to determine the
magneto thermo stresses of finite solid cylinder with help of
Hankel Transform and Laplace transform technique

NOMENCLATURE

T(v,t) - Temperature charge (absolute temperature minus
reference temperature).
U - Displacement vector
u - Radial displacement
oy, o0 - Radial stress and circumferential stress.
p, t, a - Density, time and radius of solid cylinder.
a - Coefficient of linear thermal expansion.
A, G - Lame constants
E, V - Young’s modulus and Poisson’s ratio
M - Magnetic permeability
1

H - Magnetic intensity vector 00 H

Non dimensional quantities
R=yla, r=(tc))/a, o, =oyl(cET(y,t))

c,=0,(cET(y,1)), h =h I(aT(y,t)H,)

| -STATEMENT OF THE PROBLEM

Consider a long finite solid cylinder of radius with perfect
conductivity placed initially in an axial magnetic field
H(0,0,H,)-

Let this cylinder be subjected to a rapid change in
temperature T(y,t) produced by the absorption of an

electromagnetic pulse or y—jay pulse radiant energy.
Assuming that the magnetic permeability, £/ of the solid

cylinder equals the magnetic permeability of the medium
around it and omitting. Displacement maxwell equations for a
perfectly conducting elastic body are given by

J T
5__ﬂ[aatt’xH] m
An initial magnetic field vector H(0,0,H,) in cylindrical
polar co-ordinate (r,g,z) .are

U =(u(r,t),0,0), ezy(o, HZ‘;],()) )

oh

r r r
J =Curlh, —u—=Curle,
ot

h-©0h) J=00) )
or

Let magneto elastic dynamic equation of the solid cylinder
becomes

1 aO-’+1(O' —o,)+f = azv’ (4)
C - Perturbation of electric field vector. or r- 7 T P ot?
1
H - Perturbation of magnetic field vector . .
.g (0,0, hz) Where fr is defined as
C, =(1+IG)/ p - Elastic wave speed
C, = ,UH; / p - Magnetic interference wave speed
r.r o*(éu u

C_ =+/C| +C/ - Magneto thermo elastic wave speed. fo=pu(ixH)=uH? E(&JFF ©)
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The radial stress and the circumferential stress of a solid
cylinder subjected to a thermal shock load are T t), are

o) =(1+28) M+ Au— % 1y (6)
or r 1-2v

I[l.  SOLUTION OF THE PROBLEM

Substituting Eqgs (5) to (6) into (4) the basic displacement
equations of magneto thermo elastic motion is expressed as

lou(r,t) 1 ouy(r,0)
{F o 2 at }
=i{62u(r,t)+ Ea &T(r.t)
cz| ot (1-2v)B at
Where B = 4+ 20+ uH?

Omitting the Maxwell tensor on the surface of the solid
cylinder the corresponding boundary conditions are

U]

]Osrga,tzo

u(0,t)=0 (8)
~ u_ A Ea ~ 9)

a,(a,t)—{(/1+26)7+?u—(1 2V)T(r t)} :0_0

The initial conditions are

u(r,0)=0, 6ug;,0) -0 (10)

Assume that general solution to the basic equation (7) to
(10) may be expressed in the form

u(r,t) =u,(r,t)+u,(r,t) (11)

Where u,(r,t) and u,(r,t) are the static solution and

dynamic solutions to Eq. (7) to (10).
Solving Eqg. (11) we have,

ug(r,t)= (1 o )ﬂ _[rT(r t)dr + B, +li (12)

Where unknown constants B1 and B, in Eq. (12) may be
determined by

(1-V)E-B@+Vv)(1-2V) (13)
B(1-2v)

B,=0 (14)

From equations (7),(10) and (12) and using the boundary
condition (8),(9) we get,

o%u (rt) 10%,(rt) 1

af v o (o= (15)
d’uy(r, t) a’u(r,t)
cf o at?
u,(0,t)=0 (16)
(,1+2G)6“d @, 1 ~u,(1,) =0 17)

uy(r,0)=-u(r,0)=0

ouy(r,0) ou(r,0)
{ dat = =u,(0,t)=u,(0,t) =V, (18)
Where U (r,t) is the known static solution shown in Eq.

(12).
The solution of the homogeneous formula of Eq. (14)
assuming u_(r,t) =0 is given by

ud, (r,t) = f (r)exp(iwt) (19)
Where f(r) and w are the characteristic function and

natural frequency respectively.
Substituting Eq. (19) into the Eqg. (15) and utilizing Egs.

(16) and (17)

We have
dzf(l’)+ldf(r)+(k2_ljf(r):0; O<r<a (20)
dr> r? dr r*
£(0)=0 (21)
(s ZG)df(a) /1f (8)=0 (22)

The generalized solution of Eq. (24) is given by
f(r)=AJ,(kr)+AY,(kr) (23)

Substituting Eq. (23) into Egs. (21) the corresponding
characteristic function Eq. (23) reduces to.

f(r)=AJ,(k.r) (24)

This should satisfy the characteristic equation

k Ji(ka)+———J,(ka)=0 (25)
n l( n ) a(//t+20) l( n )

Where J_(K.r) is an m" order Beédéd) function of the

first kind, kK (N=1,2,3......) are the positive roots of eigen
equation (25).

And
w, =k,C, (26)
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By means of the normalization property of eigen function, the
constant An in Eq. (24) is determined as

rf, () Ay (k,r)dr
a=£ 27)
[raz @k, rydr
0
Define a finite Hankel transform of f (r) as
f (k) = Hankel [F(r)]J‘rfn(r)A]Jl(knr)dr (28)
0
Then the inverse of Eq" (28) is given by
f(k,)
f(r)= n2J (k 29
0=y @)
Where
F(k,)= er (r)(k, r)dr_{[a (k, a)] { [klaj :|[Jl(kna)]2}
(30)

Using Eq. (28) and applying a finite Hankel transform to
Eqg. (15) we have

aJ;(k,a)

A 2
P 2o, @)+ 2y @)k 0

1 {Ud(kn,t) Us(kn,t)}
=— +
C2l dt? dt?
Where

0, (k,,t) = Hankel [u,(r,t)]

The first term on the left hand side of Eq. (31) should be
the homogeneous boundary condition (17) simplifies to

K2, (k) = = {Ud(k 1), U(kn,t)} (32)
"ockL dt? dt?

Applying Laplace transforms to Eq. (32), one obtains

k,’C. P 1
2 ZL US+ 2 2 I‘JO+ 2 2 Oz
KCo+p ~ kCo+p kCo+p

Uy (k,, p) = U, (k,, p) +

(33)
Where p is the Laplace transform parameter. Taking the
inverse Laplace transform of Eq. (33) we have

t
0y (ky 1) ==, (K, ) +k,C, [T, sin[k,C, (t—7)]dt+
0

(34)

Using Egs (29) and (30) and applying finite inverse Hankel
transform to Eq. (34), the elasto dynamic solution U, (r,t)
of Eg. (15) to (18) may be expressed as

u, (r,t) :ZUFEk ;)JLl(kn,r) (35)

kl’\

Substituting Eq. (16) and (39) into Eq. (12) the general
solution of the basic equation (8) becomes

ad (k. t)
F(k,)

u(r,t) = er(rt)dr+Br+z J, (knr)

B(l 2)

(36)
Equations (35) and (36), are the corresponding magneto
thermodynamic stress.

By using Eq. (36) and the basic solution for magneto
thermo elastic motion equation (11) reduces to

u(r,t) = L+ v)aT, + L+ V)aT, Zulit(ik )) J, (k,r)cos(w, st)
(37)
Where
(38)

2
u, (k,) = Hankel[r] = %Jo(kna) —%Jl(kna)

From Egs. (6) and (7) and utilizing the following properties
of the Bessel functions.

a3 (k)

kJi(k,r)=—2202 —k 3 (k) — J (k1) (39)

L) =, (,n + 5, ko] (40)
r 2 2

We get the magneto thermo stresses,

0, (k) (41)
o, (rt)= 2[2(2 1)J(k r)+ J(kr)} F(k)cos( 1)

a, (k)

) cos(w,t) (42)

o (rt)= 2{2(2 Ik =53, k, r)}

D

n

Where & (r,t) = o, (r,t) /(aT,E) is normalized.

Eq. (41) and (42) are the magneto thermo stress is only
dependent on the dynamic term in the basic solution (7) .
Using the proportion of Bessel function;

J,(0)=12and J,(0)=0
The magneto thermo stress response at the center (R = 0) of
solid cylinder reduces to;

Uy (k,) (43)
7 0= ZL@,J Fk,) )

ug (k) (44)
o,0t) = Z{Z(ZV 1)} F k) cos(w,t)

Equations (43) to (44) are the magneto thermo stress response
at the center (R = 0) of a finite solid cylinder.
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I1l.  CONCLUSION

In this paper, we have investigated the magneto thermo
stresses in a finite solid cylinder with the help of the finite
Hankel transform and Laplace transform techniques. The
expressions that are obtained can be applied to the design of
useful structures or machines in engineering application .
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