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Abstract - In this article, we establish the uniqueness outcomes of a meromorphic function in which a small function
is shared through Differential Difference polynomials. We use second order difference operator A? f(z) =
f(z+2c) — 2f(z + ¢) + f(z) and Utilizing a non-constant differential polynomial L(f) = a,,f™ + a,_,f®™ ™V +
«+a; fM 4 aof we aim to establish the uniqueness of two transcendental meromorphic functions with zero order.
To achieve this, we will apply Leibnitz's theorem to substantiate the obtained result.
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1 INTRODUCTION

The Nevanlinna theory of value distribution focuses on the distribution density of points where a
meromorphic function attains a specific value in the complex plane. For standard definitions and concepts in
Nevanlinna theory, one can refer to works by W. K. Hayman [9] and C. C. Yang [15]. Let f(z) and g(z) be two
meromorphic functions in the complex plane C that are not constant. For 8 € C U {co}, we say that f(z) and g(z)
are B CM if f — B and g — B have the same zero’s and f and g share § IM if multiplicity is not counted.

The amalgamation of complex derivatives and complex differences results in a complex
differential-difference polynomial. Nevanlinna extended classical results on the distribution of a-points from entire
functions to meromorphic functions. A differential-difference polynomial comprises terms involving the function f(z),
its shifts, and the derivatives of these shifts.

Numerous research articles have delved into the study of entire and meromorphic functions, particularly
focusing on scenarios where differential polynomials exhibit sharing of specific values, small functions, or fixed
points. Mathematicians worldwide have contributed to this body of work, as evidenced by publications such as [2, 4,
12, 13].

Contemporary research efforts have witnessed a significant number of scholars exploring and attaining uniqueness
results pertaining to difference polynomials. In 2006, R. G. Halburd and R. J. Korhonen [6] introduced a version of
Nevanlinna theory grounded in difference operators, accompanied by the formulation of the difference logarithmic
derivative lemma [7], thus advancing the development of the difference analogue of Nevanlinna theory. Chiang and
Feng [3] have independently played a crucial role in contemplating the difference analogues of this theory.
Consequently, mathematicians worldwide have directed their focus towards scrutinizing the distribution of zeros in
various types of difference polynomials.

In 2007, 1. Laine and C.C Yang [11] gave the result that “If n>2, then expression f™(z)f(z +n) for a finite-order
transcendental entire function f(z) and a non-zero complex constant 7 takes on any non-zero value a € C infinitely
often.”
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In 2010, J. Zhang [16] explored the zeros of difference polynomials and derived the result that “for every integer n>2,
the expression f™(z)(f(z) —1)f(z+n) —a(z) has infinitely many zeros if f(z) is a transcendental entire
function with finite order, a(z)(# 0) is a small function with respect to f(z), and n is a non-zero complex
constant.”

In the same paper, the author also established the following result regarding uniqueness.

“Let a(z) be the small function with regard to both f(z) and g(z) whose are transcendental entire functions with
finite order. Assuming ¢ to be a non-zero complex constant with n > 7, f(z) = g(z) if f*(2)(f(z) — Df(z+¢)
and g"(z)(g(z) — 1)g(z + ¢) share a(z) CM.”

Recently, the uniqueness results on difference polynomial of entire functions of the form f™(z)(f(z) —
1D®F(z+c) and g"(2)(g(z) — 1)®g(z + ¢) as well as g-shift difference polynomial of meromorphic functions
ofthe form f™(2)(f(qz + ¢)™® — 1 and g™(2)g(qz + c¢)™® — 1 have been investigated by R.S Dyavanal [4] and Q.
Zhao et.al [18] respectively.

To improve the above result, the author N.V Thin[14] in 2017, gave a new conception(idea) for the unicity
theorems by considering g-difference polynomial of meromorphic function. In this paper, we prove the result.

Inspired by the extensive research in this field, we have demonstrated the following results by extending the
findings of N.V. Thin and Renukadevi S. Dyavanal, among others, focusing on the differential-difference polynomial.

Theorem 1.1: Consider f(z) and g(z) as two transcendental meromorphic (or entire) functions of zero order, such
that A? f(z) # 0 and A? g(z) # 0 where c is non-zero complex constant. k, n, m are positive integers. a(z) be
a small function and let L(f) = anf™ + ap_1f ™D + -+ a, f D + a, fbe a non-constant differential polynomial
with constant coefficients ay, aq, ay_q1, a,(# 0) and m be the distinct zeros of L(f). If n > 2km + 2m + 2k +
14. and [L(f) A? F(2)]® and [L(g) A? g(2)]% share a(z), o CM. Then, one of the two cases listed below is

true.
1. f =tg for a constant t with ht* =1 when d = LCM{2;;j = 0,1,(n — 1)} and
joo ifa =0
A = n, ifag =0

2. f and g satisfy the algebraic equations R(f,g) = 0 when
Riwy,wy) = P[wl}{wl (z4+2c)—2wy(z+c) + wl{z)] — P(wg}(w-_g,{z +2c) —2wplz+ ) + H’g(z}]

Theorem 1.2: Let f(z) and g(z) be transcendental meromorphic (resp-entire) functions of
zero order, such that A? f(z) # 0 and A? g(z) # 0 where c is non-zero complex constant. k,
n, m € Z*. a(z) be a small function and let L(f) = anf™ + ap_1f® D + o4+ a, fD + q,f
be a non-constant differential polynomial with constant coefficients a,, ay, an_1, an(# 0) and
m be the distinct zeros of L(f) . If n > 5Smk + 7m + 8k + 38 and [L(f) A? f(2)]® and
[L(g) A? g(2)]% sharea(z) IM. Then, one of the three cases listed below is true.
1 [L(f) &2 fF()]P[L(g) A% g(2)]® = a?
2. f = tg for a constant t with ht®* = 1 when d = LCM{A-;j =0,1,(n— 1)} and
(i ifgF0
A = {n, ifgg =0

3. f and g satisfy the algebraic equations R(f,g) = 0 when
Riwg,wy) = P(wl)(wl (z+2c)—2wy(z+c)+wy (z)] - P(wz}(wz(z +2c) —2walz 4+ c) +uy (z}]
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2 LEMMA SECTION

Lemma 2.1 [3] Assuming f(z) is a transcendental meromorphic function of finite order, the
Nevanlinna characteristic function equality holds:

T(r,flz+c)) =T(r, )+ 5, f)

Lemma 2.2 [3] By using Lemma 2.1 and properties of T(r, f)
(b f(2) = T(r, fz + ) — ()

<T(r.flz+ )+ TOfy+(r.f)
< 2T(r f)+ S0 )

Lemma 2.3 [8] Given f(z) as a transcendental meromorphic function of finite order and ¢ as a
non-zero complex constant, the relation

fle+edy
m(?, @ )-5{?,{]

holds.

Lemma 2.4. [3] Considering f(z) as a meromorphic function of finite order and ¢ as a non-zero
complex constant, the expression

flz+¢) f \_ .
(L) () =5
holds true.

Lemma 2.5 [15] If F and G are non-constant meromorphic functions sharing a common value,
then one of the following three cases must occur:

1.
1 1
max{T(r,F).T(r.G)} = Ny (r, F) + Nol(r, F) + No (r,E) + N, GY+ 50, F)+ 50, &)
2.
F=G
3.
FG=1

Lemma 2.6 [/2] Assume f is a non-constant meromorphic function, and consider two positive
integers p and k. Then,

1 1
N, (r, W) < T(r, fO) = T(r, )+ Ny (*r,J—F) + 50, )

1 _ N
Np (T:m) = kN(]",f:l + di-k (TJJT_-) +-5{?Jf}
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Lemma 2.7 [17] Consider two non-constant meromorphic functions, f and g, and let
a(z)(a # 0, o) be a small function of both f and g.If f and g share a(z) — IM, then one of
the following three cases must be true:

@)
1
UCHELACHETACHEIRCHETA( —) +2[7(r, )+ v £l
+ [ﬁ (r, %) TN g}] + S0 )+ S0rg)
and similar equality for T(r, g)
(i) f=g
(iii) fg = a®.

Lemma 2.8 Let f(z) be a transcendental meromorphic function of zero order and let F =
L(f) A? (f(z)) , where n is positive integer, then
(n—4TE. I +S5fI=T.f)

Proof. Derived from the first fundamental theorem, we acquire:

(n+2)T(r, f) = T(r, fF2 L)) + S(r. )

(rf{z} e }])H{r.f}

42 (f)
<T(r,F)+T ('r, @ ) + 8@, f)

- o flz+20) | flz+c)
Ef(’r,f-}+r(r, 15 )+zr(, ) )+b( . f)
o f(z + 2¢) [z +20) flz+c)
EI(?,F)+m(rJ 0 )+N(r, 0] )+2m(r, fl[z]l)

. flz+ay
+2N (Trw) -+ .SI:]"'UIr:I
(n+ 2T fYSTEF)+6T(r f)+ S0 )
=T f)-S.fI=T(F.F)

Lemma 2.9 If f(z) be a transcendental entire function of zero order and L(f) = anf™ +

1 fV 4+t aof. Let F = L(f) A% (f) , where n is positive integer. Then
(n—=VT. f)+ 50 f) =T F)

Proof.
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(n+2)T(r, f) = T(r. fQ2)L(F)) + S(r. )

A2 (f)
f(z)
flz+2c) = 2f(z+ ) + f(2)

f(z)

f&+2ﬂ) ( flz+c)
f(2) "TF®

flz+ 2c) flz+2c) flz+c)
@ ) N ("* @ ) +2m ("‘ @ )

ET(r.F‘}+T(n )+S(’nfj

E’F(T,F}+T(r, )+S{r,f}

iT(’r,F)+T(r, )+S(r,f)

=T Fl4+m (r,
flz+c)
flz)
(m+2)Tor ST F)+ 3T F)+S0.F)
=0T =S =T, F)

+2M(r, )-I-S(rjf']

3 MAIN RESULTS
Proof of Theorem 1.1:

Proof. Let
F=L(f) 22 (f)
F = [L(F) 2 (@
and

6 = L{g) A% (g)
GH) =[L(g) A% (g)]™),

Since, F® and G® share a(z), oo, CM, then there exists a non-zero constant y such that

(([LCF) &2 (A]Mk)ID/a(z) — /L) &2 (g™ ((k) )]/ alz) —1) =y

3.1)

we get,

[LOF) 22 (W) = a(z)(1 - ¥) = ¥[L(g) &7 (g)]™

Now, we will prove that y = 1
On the contrary, if ¥ # 1. UsingSecondFundamental Theorem and Lemma2.6

T{I F(k}){N(?’ F{ff]}+H(?’, {lk:l)+ﬁ(r'W)+ S[T.f}
—alz)1-y
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T(r, F¥) < N(r, F) + T(r, F¥) = T(r, F) + Neyq (r%) + RN (r, FY 4 Ngyq (r%)

+5(r, f1+ 50, g)

This implies,

T(r, L) 42 (1) < (L0 A2 () + Nesa + kN(r. L(g) &% (g))

D)
LY A% ()

1
+.I"|r|r,;.;_]_ (T,m) + Sl:?', f] + 5(?’, 3}
2 e e £ T 2 1 1 e
T[?’,Ll:f} & U’)] = N(J",f'} + N{J"..ﬁ {f:]} + Ny (T.m) + N (r'ﬂz—{f}) + kN(s ,g}

—_ 1 1
+kN [:?’,.ﬁz {g}] + Ny (rﬁ) +N (rr@) +5(r, f1+8(r, g)

Combining this with Lemma 2.7, we get

=T )L 2T( )+ 2kT(rg) + (K + D(m)T(r, f) + (k + 1)(m)IT(r. g)
HAT(r, )+ 4T (r.g) + 5. )+ 5. g)

n—Tr =G+ m+m)TE )+ @+ 2k+km+m)T(r,g) + S0 )+ 50 g)
(3.2)

mM—Tr.g=G+km+mTrg)+ @+ 28+ m+mIT(r, A+ 8r )+ 5(r.g)
(3.3)

Combining (3.2) and (3.3) we get
n—D[Tlr, f)+Tlr.g) < (10 + 2km + 2k + 2m)(T(r, )+ T(r. g)) + S(r. f) + S(r. @)

(n—2km—2k —2m— 1T )+ T g)] < S0 )+ 5(r. g)
which is contradiction to n > 2km + 2m + 2k + 14.

Thus, we get y = 1, Hence from (3.1) we have

[L0F) &2 (MW = [L(g) &% (g)]%.

We get _ _
L(f) &% (f) = L(g) &% (g) +r(2)

(3.4)
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where 7r(z) is a polynomial. Suppose r(z) # 0, then we get
L(f) &% (f) _ _ L{H}' al 'EQ}
r(z) ()

By utilizing Lemma 2.7 and Nevanlinna's Second Fundamental Theorem, we obtain:

m=-OT(r, )= T( L) & UJ) + 5(r.f)

r(z)
(LD A% () = r(z) — riz)
ﬂN( ) )+N(?‘,m)+w(r,m)+g{nf}

) + 5001

= ET[r_f}+ﬁ(r,%m)+ﬁ(r,&+m)+ﬁ(r.$) +ﬁ( 3 { )

(n—ATr )< (m+ DT+ TEgl+ 2T F) + 50, F)
(3.5
Similarly, we have
m—Trg)=m+ [T, I+ Tlr.g)l + 2T, g) + 5(r.g)

(3.6)
Combining (3.5) and (3.6) we get
(n—ATE+TEgN < 2m+DITEH+TE g+ 2T+ T gl + S0 f) + 50, g)

(n—4—-2m—10[Tr. )+ TE g <S5 f)+50r.g)

Which contradicts to n > 2km + 2m + 2k + 14 > 2m + 14. Therefore, r(z) = 0.

Therefore, deriving from equation (3.4), we obtain:

L(f) &% (f) = L(g) &% (g)

(3.7)
That is

{ﬂnf(“} + ﬂn_lftn_l} + +ﬂ{|fj ﬂz U} = {ang{“} + ﬂn_lg(ﬂ—lj + +ﬂu3} &Z {g}

which implies

(anf™ + auoy fO U+ +agf)(flz + 2¢) — 2f(z + ) + f(2))
= (ang™ + an_18"V + +apg)(g(z + 2¢) — gz + c) + g(2))

Substitute f = gh or h = f—], and we examine the following scenarios:

Case 1: If h(z) is a constant, then substitute f = gh in (3.7), we have
[(an (@)™ + ap—1 (gD + +ag(gh))| hg(z + 2¢) -

2 [an (gh)™ + ap_y (gh)* D + +ay(gh)|hg(z + ¢
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+|an (gh)™ + a,_1 (gh) ™V + +ay(gh)|hg(z)

= [(ang™ + ap—1 g™V + +apg)|g(z + 2¢) - 2[{ang™ + a1 ™V + +agg)]glz + <)
+ [(a, 6™ + an_1 g™ + +agg)g|g(z)

Applying Leibnitz theorem,

[glz+2c)—glz+cy+glz)lfan[hig+ )" n—gn]+a(n—1) g n—1) [hig+ h)*"(n—1)
- gtn=1)]

+a_(n—2)[hg+h)*"(n—-2)—g*"(n—=2) ]+ +algh*2-1)}=0

[9(z +20) ~g(z +¢) + g@)(an g"n [A(1 + h/g)*n— 1] + a.(n 1) g*(n — 1) [h(1 +h/g)"(n
-1)=1]

ta(n—2) g n—2) [R(1+h/g) " (n—2)— 1]+~ +a 0 g(h*2—1)} =0

Put 1+2=¢
g

[g(z + 2¢) — g(z + ¢) + g(2)]{ang" (ht" — Dap_1g" (A" = 1) + @y 0" 2 ("2 = 1) + ..
+aggh? =1} =0

L _ Jj, ifa; #0
d —_— _— .0 o —_— . = ]
which implies ht% =1 where d ={4;: j=0,1,...,(n — 1)} and 4 {n, ifa; =0

Thus, f = hg, whereh is constantwith ht® = 1, where d = LCM{/lj :j=01,(n—- 1)} and

(i g =0
Af_{n. ifg =0

Case 2: Assume that, h(z) is notaconstant, In such a case, f and g fulfill the algebraic equation
R(f,g9) =0, R(wy,wy) = P(Wy)[w;(z + 2¢) — 2wy (z + ¢) + wy(2)] — P(wy)[w,(z + 2¢) —
2w, (z + ¢) + w,(2)].

Note: In the scenario where f(z) and g(z) are transcendental entire functions, it follows that
N(r,F) =0 and N(r,G) = 0.
By performing calculations analogous to the scenario of meromorphic functions, we

straightforwardly deduce the conclusion of Theorem 1.1 when n > 2km + 2m + 2k + 11.

Proof of Theorem 1.2:
Proof. Let
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F(z) = L(f) &2 (f)

and

G(z) = L(g) &% (g)

2

we see that F®®) and G share a(z) IM. If the condition stated in equation 1 of Lemma 2.5 is
satisfied, then, through the application of Lemma 2.6, we derive:

r [:r* (L &2 (f}]{k))
1 (k) 1
<N | T, + 0, (1 (L) 22 (1)) + My [
2 ( (L(f) ol (f}jtki') 2 ( ) 2 ( (L(g) A2 me)
E(T’ [L(f) .&i {f:l}(k}) + ﬁ(?’, {L(f} X U::I]UC})

_ 1 _
o (r- (L(g) 22 }]w) £ (r. (109 47 ) ) +56:) +50.9)
g) At (g

Ny (1, (L) &2 () ) +2

T (0 a2 (1)) = W (r. (1) 2 (1)) + 7 (7. (L) 62 (D)) = 70 1(P) 42 ()

+Ni 42 + Niya + kN(r, L(FY 82 (F))

e M Gora )

L) &% () "Lig) &% (g)

N2 (r (L(g) &2 (@N"((k) ) +2[N(k+ 1) (n /(L) A2Z(F) N+ LN (7 L(f)
A2 (f)]

1 (r (1) 27 @)) + N (v )+ K (r,L(9) 22 (@)

1
"Lg) &2 (g)

+ﬁ(r, (L{g) &% {y}]{k)) +§(r,F)+ 8(r.G)

which implies,

1 1
T(r, L(F) A% (F)) = N7, L(F) A% (F)) + Nz (r-m) + N2 (T- m)

HEN (LY A2 (FN+FN 20 L0g) A2 (g0 +2[N_(k+ 1) 0 1/(L0g) &A2(0g) 1)
HEN (r, LUF) A2 (F) + N (LU &2 (FN] + N_(k + 1) (. 1/(L(g) & 2(g)))
+kN (7, L(g) &% (g)) + N(r,L(g) 2% (g)) + S(r, f) + S(r, g)

Therefore,
— 1 1
T('l". L(f) &2 [f]} = {Zﬁ: + 4}”(]‘, Ll:f} .ﬁz [f}} + Nﬁ:+?. (T.m) + Eﬁk+1 (T.m)
1JERTV 1515040432 Page 9
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+(2k + 3)N(r, L(g) &2 (9)) + Niaa (r-m)  Nent (’“m)

+S5(r. F)+ S(r, G)
(3.8)

similarly,

— 1 1
T(r. L(g) A% (g)) £ (2k + ON(r, L(g) A% (9)) + N4z (Tm) + 2Ng (F-m)

+(2h+ BN(r LD A7 () + Nesa (7

)+ Mo (T- w;.le)

1
L(f) A% ()
+5(r. FY+ 5, &)

(3.9)
We have,
N(r,L(F) &% (A) < NG £) + N(r.a2 (5)
2T, f)+ 8(r. )
3.10
1 - 1 1 G0
Nz 7. I ar ) < Ve ¢ ) {f])
< (M) +2)+4)T(r. f) +S(r. f)
(3.11)
and
1 1 1
N (7 G aT ) < M (@) N (r 5 m)
< ((m)(k+ 1)+ 4)T(r, ) + 8(r, f)
(3.12)
Similarly, N(r,L(g) A% (g9)) < 2T(r,g) + S(r, 9)
(3.13)
1
Nesz (r iy zzc3) < (M0 +2) + )T g) +5Gr.9)
(3.14)
and
| JERTV 151 S040432 Page 10
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Nis1 (r, m) < ((m)(k +1)+ 4)T(r,g) +S(r,9)

(3.15)

Substituting (3.10) to (3.12) in (3.8), we get
T(r,L(F) &2 ()
S22k + AT H+ (M) +2) + )T+ 2(m)(k+ 1)+ 4)T(r. )
+(2k +3)2T(r, g) + ((m)(k + 2) + 4)T(r, g) + () (k + 1) + 4)T(r, g) + S(r. )
+5(r. g)

Using Lemma 2.8 in L.H.S

n—4T(r. i< CGmk+4dm+ 4+ 20T, H+ 2mk+3m+ 4+ 14T, g) + S F)+ 5(r, g)
(3.16)

Similarly, substituting (3.13) to (3.15) in (3.9), we get

Mm—AT(r,g) < (CBmk+4dm+ 45+ 20T )+ Emk+3Im+ 4+ 14T, )+ 5, F)
+5(r, g)

(3.17)
Now, following is derived from equations (3.16) and (3.17),
m—M[T{r. )+ Tir g)] < (Bmk +4m+ 4k + 200[T(r, )+ T(r. g)]

+(2mk + 3m + 4k + 10T )+ T gl + 5. ) + S g)
= (Smk+Tm+ 8k +3D[TE.FI+TE @)+ S0 )+ 50.9)
(n—4—5mk—7m—8k—3)[T(r. I+ Tr.g) <s(r. )+ 50r.g)

which is contradiction to n > 5mk + 7m + 8k + 38.
Therefore, based on Lemma 2.7, we observe either F*G* =a?(z) or F¥' =G",

Case 1: Assume that FIOG®) = q2(z2)
[L(f) &2 fF(D)]IP[L(g) A2 f(D)]P = a?(2),

This corresponds to one of the conclusions drawn from Theorem 1.1.

Case 2: Now, let's examine F® = ¢®, implying that, following a reasoning similar to Theorem
1.1, we deduce that f and g satisfy one of the following two statements.

1. f = tg for a constant t with ht® = 1, where d = LCM {/1]- :j=01,...,(n— 1)}

and
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2. f and g meeting the requirements of the algebraic equation R(f, g) = 0, where
R(wy,wy) = L(wy)[wy(z+ 2¢) = 2wy (z + ¢) + wy(2)] — L(wy) [wy(z + 2¢) — 2w, (z +¢) +
w,(z)]. Hence the proof.

Conclusion: The uniqueness of a differential-difference polynomial sharing a small function is confirmed
through the verification of Lemmas (2.8) and (2.9). To establish the uniqueness of two transcendental meromorphic
functions with zero order, we applied Leibniz's theorem. The utilization of a second-order operator is instrumental in
demonstrating the conditional existence of two meromorphic functions with zero order.
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