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ABSTRACT

This paper is concerned with integrated formulation of the tau methods for
numerical solution of initial value problems in non-overdetermined third order
ordinary differential equations. The error estimate for this variant of the tau method
is obtained and numerical results are provided. The numerical evidence shows that
the variant is more accurate than the differential variant earlier reported.
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1. INTRODUCTION

Accurate approximate solution of initial value problems and boundary value
problems in linear ordinary differential equations with polynomial coefficients can
be obtained by the tau method introduced by Lanczos in 1938. Techniques based on
this method have been reported in literature with application to more general
equation including non-liner ones as well as to both deferential and integral
equations. We review briefly here two of the variants of the method.

Differential form of the Tau Method

Consider the following boundary value problem in the class of m-th order ordinary
differential equations:

Ly(x) = i P, (X)y"(x) = f(x),a<x<b ..(1.1a)

r=0
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Ly(xy) =D a, YO (%) = o k=10m  ..(1.1b)
r=0
wherelal < o0, |b| < 00,a,,, %40, .7 = 0(1)m, k = 0(1)m, are given real numbers,

and the functions f(x) and

P, (X) :Z P X, r=0(@)m ..(1.2)

k=0

are polynomial functions or sufficiently close polynomial approximants of given real
functions .

Definition 1.1
The number of over-determination, s, of equation (1.1a) is defined as

s=max{N,.—r:0=r < m} (1.3)
forN, =rand 0 < r < m,

Definition 1.2

Equation (1.1a) is said to be non-overdetermined if s, given by (1.3) is zero, i.e. if s =
0. Otherwise it is over-determined.

For the solution of (1.1) by the tau method ( Ortiz1969,1974, Lanczos 1938, 1956),
we seek an approximant

Y. () =>ax ,n<+w (1.4)
r=0

ofy(x) which satisfies exactly the perturbed problem

m+s-1
Ly, () = )+ D 7neiTrmera (X),2a<x<h, ...(1.5a)
r=0
LY, (i) = ok =21)m (1.5b)

where 7., r = 1(1)m +s, are fixed parameters to be determined along with a,, r =
0(1)n, in (1.4)by equating the coefficients of power of x in (1.5). The polynomial

T.(X)= cos{r Cos‘l[zs_ 2a_ }} = Zrlcf)x" ..(1.6)

—a k=0

is the r-th degree Chebyshev polynomial valid in [a, b] (see Fox and Parker 1968)
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1.2 The Integrated Formulation of the Tau method

The integrated form of (1.1a) is given by
LY() = [ m [ (x)dx + (m(x) (1.7)

Where (m(x) denotes an arbitrary polynomial of degree (m - 1), arising from the

constants of integration, and
L= [ [m [L()dx .(1.8)

is the m times indefinite integration of L (s). The integrated tau problem

corresponding to (1.4) is therefore

m+s-1

L (900) = [m [fodx + (@) + 3 7 sTr () .(1.92)
L* (Y, (X)) = o, k = 1(1)m ...(1.9b)
where
Y (x) = zn:b,xf =y(x), n +o ..(1.10)

Problem (1.9) often gives a more accurate approximant of Y(x) than (1.4) does, due

to its higher order perturbation term (see[7] and [14]).

2. ERROR ESTIMATION OF THE TAU METHOD

We review briefly here error estimation of the tau method for the variants of the
preceding section and which was earlier reported ( Adeniyi et al 1990, 1991 and
2007)

2.1 Error Estimation for the Differential Form

While the error function

en(x) =y(x) - yn(x) (2.1
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satisfies the error problem ( see Onumanyi and Ortiz 1982)

m+s-1

Len (X) = zfmﬂ—l Tn—m+r+l(X) (223)
r=0

Le,(x,)=0, k=1(1)m ..(2.2b)
The polynomial error approximant

T
(en(x))n+1 = M (Xé‘ﬁ”n_g;g”(x) .(2.3)

n-m+1

ofen(x) satisfies the perturbed error problem ( Adeniyi et al 1990, 1991, Onumanyi
etal 1882)

m+s-1
L(en (X)) n+l T Z (_Tm+s—l Tnﬁm+r+1(x) + z’:m+s—l Tn—m+r+2 (X)) (243)
r=0
L* (en (er )) ndl = 0 (24b)

where the extra parameters 7,r = 1(1)m + s, and ¢, in (2.3) - (2.4) are to be

determined and v,,(x) in (2.3) is a specified polynomial of degree in which ensures
that (e,(x)),,, satisfies the homogenous conditions (2.4b).

With 2.3) in (2.4) we get a linear system of m + s +1 equations, obtained by equating
the coefficients of xn*s*1, xn+s, _ xn - m+1 for the determination of ¢, by forward
elimination, since we do not need the 7’s in (2.3) consequently, we obtain an
estimate

¢,
g= gggggl(en 0Nl = C‘|—mm|1” = gﬁ(en )| .(2.5)

2.2 Error Estimation for the Integrated From

The error polynomial function

P ()BT, 1 (X)
C(n—m+l)

n-m+1

(& (x) = ~Y(x) - 9,3 €,(x) -(2.6)

Satisfies the perturbed integrated error problem
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m+s-1 m+s-1

RE0Nes = = [N [t Toa (O MO) + Y e Ty a (0 (2.72)

L*(e, (x,)) =0 ..(2.17b)
Equations (2.7) together with (2.6) yield a linear system of m + s +1 equations,
obtained by equating the coefficients if x2+s+m+1 xn+stm yn+1 for the determination of

n subsequently we obtain

i} . 4] = o) =
s Ol g TR0 =

3 A CLASS OF NON-OVERDETERMINED THIRD ORDER
DIFFERENTIAL EQUATIONS
We consider here the integrated form of the tau methods and its error estimate for

the class of problems:

Ly(x): = (oo + ou1x + o2x2 + o3x3) Yy (x) + (Bo + Pix + P2x2) y"(x)

+(yo +yx)y’' (x) + doy(x) = ) f.x",a<x<h ..(3.1a)
r=0
y(a) =po, y'(a) = p1, y"(a) = p2 ..(3.1b)

that is, the case when m =3 and s =0 in (1.1)
Without loss of generality, we shall assume that a = 0 and b = 1, since the

transformation

v=(X—a) e
“h-a) , A<x<b -(3.2)

takes (3.1) into the closed interval [0, 1].
3.1 Tau Approximant by the Integrated Form

By applying (1.9) we have
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t

XIUJ.J.( o+ oV + a2V + azv3) Y (v)dvdtdu + Tj_[
000 00

t

[(Bo+ Brv+ Pav + 03v3) y” (v)dvdtdu
0

t

+ )]‘UJ‘J( Yo+ y1v) y' (v)dvdtdu + o XJ.L].tJ.y (v) dvdtdu

000

Xut E
= '”J.(Z frvrjdvdtdu +T1Tn+3(x) + 2T+ 1(X) = 13Th+ 1(X)
00

o \r=0

That is

n n n n n r+l
arx
ocoZarxr+ alzarx”l + oczZarx”z + ocgzarxr+3 - aopo — 301 E
r=0 r=0

r=0 r=0 r=0 r +1
_6a Zn: arx™? 9q, Z”: arx™® +x(2a - oop1) + X_2 (o — 0Pz~ 2012p0)
"Sre2 o3 1P = dop1) + == (Pt = dopz 2P0

X+2 X3

60‘22 «(r +1)(r+2) Z (r+2)(r 13

n r+3

arx

5 arx n arx 2 narx?
oo = (r+)(r+2)(r+3) OZ IZ + BZZ - (Bopo)u

r=0 r=0 r=0

r+1

n r+2

: X
,z(r+l)(r+2) Z(r+2)(r+3) 5 (Papo = PopJu

r

r+3 2

n r+3

. 2p z arx n arx"? .\ nooagrx?
P (r+)(r+3) e )+ 2)(r+3) & (r+2)(r+3)

n arx'3 n arx"?

S (r+2)(r+3) A r)(r+2)(r+3)

X2
- ?(70,00) + Ao

r+3

N f x
— r C(n+2)X + C(n+2)X + C(n+1)X
Z(; (r+1)(r+2)(r+3) 12 Tzz ”Z

r=0

We equate corresponding coefficients of powers of x to obtain the system

a0ao = 11C? = 12C"? - 13CM™ = aopo (o - 20 + Po)ar - 11 C"Y
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-T2 Cl(n+2) - T3 Cl(n+1) =2a1po — ooy1 - Poy1

1 (n+3) (n+2)
- - pP1 - 1 - 1 -

> [(2a2 = B1+7y0)ao +(Bo - ar]ar + 2owaz - 211G, 272G,

k-3
- 213 Cénﬂ) =apo — Gopz — 2a2p0 —Yopo + P1po - Pip1 - [(Lwak_l
1
N [(k—-2)*+3(k —2)+2)a, +B,(k—3)—6(k —3) —6(k —2)a, + 7,] a
(k -1k “

+[(k-3)3-9(k-3)2+2(k-3)-18)as - (k-3)2 +7 (k-3 + 4)B2
+ (k- 2)y1 + Ao - yolak-3

(k-2)(k- 1)k
11CM 4 1, CMD 4 1, CMY = # k=3(1)n . (3.11)
k k : k(k-1)(k-2)"

+ [o, (N +1) =30, +B,] a
(n+1) "

+ [(N=-2)3-9(n-2)2+2(n-2)-18)os - (n-2)2 +7(n -

2) +4)p2+ (n - Dy1 + ko +yolam-2 - 11 CYyY

nn-1)(n+1)

-1,C1P 4 3CMY = oz
(n+1)(n)(n-2)

[n3 +3n + 2)az + (n - 1)P1 - 6noz + yolan

(n+2)(n+1)

+[(n-1)B3-(n-1)2+2(n-1)-18)az-((n-1)2+7(n-1) + 4)Bz2]an-1
n(n+1)(n+2)

f
(n+3) (n+2) _ n-1
-11C +12C = ——=
"2 "2 (n+2)(n+1n
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+[(M3-9n2+2n-18loz - (n2+7n+4)B2+ (n+ 1)y1+ o + yolan
(n+1)(n + 2)(n +3)

(n+3) - fn

13 Cn+3
(n+D(n+2)(n+3)

We solve this to subsequently obtain the approximant YAn (x).

3.2.1 Error Estimation for the Integrated From

For problem (3.1) we have, from (2.7)

Xut Xut
[ ][00+ 0av + 0av2 + 0ve) (en(v)n s 1 dvetdu + [ [ [(Bo+Bav +pav2)
000 000
Xut Xut
(en(V)n+1 dvdtdu + j j j(yo +v1v ) (en(V)n +1dvdtdu + j j jxo (en(V)n+1dvdtdu
000 000
X ut n n- n—
= — IJ.I(rlsz"Nr + z'ZZiCr(”‘l)Vr + Tsin”‘z)V') dvdtdu
000 r=0 r=0 r=0
n+4 n+3 n+2
+ TAlz Cr(n+4)xr + ,i_\zzcr(nw)xr + fsz Cr(n+2)Xr
r=0 r=0 r=0

From the coefficients if x7+3, x7+2, x1+1 'we get the system

£,CM = 0[18as(n +2)(1- (n +3)+10B2(n + 2)(n + 3)+6(2P2 - 603 + Ao] C";?

n+4

6(n+2)(n+3)(n+4)

£ 4 7,005 5y -
(n+1)(n+2)(n+3)

0{12(n +5) - 602(n +2)(n + 3) + P1(n + 5)((n + 2+ 4) - y1(n +2)(n + 5)) C;_’zz

2(n+2)(n+3)(n+5)

[9ais(n +1) - (n +1)(n + 2)(18as3 + 10PB2)) + 6(2P2 - 603 + Ao — 1) C{"?

6(n+1)(n+2)(n+3)

, . R 7,C r,CinY
BCLY + 5,007 + £CIEY - Tu -
n(n+)(n+2) n(n+1)(n+2)
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6{[ BO —3(11 _ZBl +y0 CIEZZZ) +
(n+2)

(602(2(n + 5) - (n +1)(n +2)) + ((n +1)(n + 5)(B1 - y1)) C,; 7 ]
2(n+1)(n+2)(n +5)

+[(9aisn (1-2(n+1) + 10B2n (n + 1) + 6(12B2 - 603 + ko - y1)) CI";?

6n(n+1)(n + 2)

7C02) _ 7Co, _ 7,V _ 7,C5” _
M n(n=)(n+D)  (h-D(n)(n+1) (n-D(n)(n+1)

of[ 60,(2—n) +P,(n—4)—ny, c-2 4 Bo —30, — 2B, +7, c-2
2n(n+1) - (N+2) "

+9a3(n - 1)(n +2)(1-2n) +10B2n(n +1)(n - 1)+ 6 ((2B2 - 603 +Ao - 1) C";?

6n(n+1)(n-1) (n+2) .(3.12)
where 0 = @,(C"?)-1
we solve this system by forward elimination of &, and subsequently obtain from

(2.8) the error estimate

g = 22n-4|13] - |11|2C"), + |12|(n - 1)C"Y - 2nC "D (3.13)

2n(n+1)(n-1)22n-4 |p4|

where

_ (6a,(2—n)+B,(n+4)—ny,) ci? _(n-2) (Bo =30, +7v,)
pa= 2n(n+1) 925 2 (n-1)

+ (9as(n - 1)(n +2)(1-2n) +10B2n(n +1)(n -1) + 6 (n + 2)(2B2 - 603 + Ao - y1) C\";?

6nn+1)(n-1) (n+2) 22n-5

N (n+2)
2

p3]
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(Bo =30, — 2B, +74)
(n+2)

p3=

- (n-1)((60a2(2n +10) - (n + 1)(n +2) + (n + 1)(n + 5)(B2 - v1)
4n+1)(n+2)(n+5)

C(n—2) C(n+4) n+3
+ (9osn(-2n - 1) + 10B2n(n +1) + 6 (2B2 - 603 + Ao+ 11 22?15-5 B 22?57 P, + ( 2 ) P,

6n(n+1) (n+2)

pz=6(n+1)(n +2)(n +3)(12(n + 5)) - 602( n +2)(n +3) + P1(n +5)((n + 2) + 4) - v1((n
+2)(n+5)-(n-2) (18a2(n +1) - (n +1)(n + 2)(18a2 - 10B2) + 3(2P2 -603 + Ao - V1)
+3(n+1)(n+2)(n+3)(n+4)p1

6t (=23 {mr+3)
p1=18o3(n+2)(1-(n+3) +10B2(n + 2)(n +3) + 6(2P2 - 603 + Ao — Y1)
6(n +2)(n+3)(n+4)

In an earlier work ( Ojo and Adeniyi (2011), we obtained the corresponding error
estimate for the differential form as
22—10n

2l .. (3.14)
P,

€

where

p7 = {[(n + 1)(n - L)oo — (N — 1)(n - 3o (n — 1)(n — 2)B1 + (N — L)yo) C"?
+((n—2)(n-3)(N—4) oz + (N—2) y1 + h) C"? —n(n — 1)(n - 2)°0uy
+n(n—1)(n—2) Bo

Computed results from this are contained in Table 4.2 below.

4 ANUMERICAL EXPERIMENT
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We consider here the following problem for experimentation with our results of the
preceding sections. The exact error is defined by

g" = max {ly(x)-yn(xJl} 0 <x < 1 {x} = {0.01k}, for k=0 (1)100

Example

Ly(x) =y""(x) - 5y"(x) +6y'(x) =0,0<x<1
y(0)=0,y'(0)=1,y"(0)=0

The exact solution is

=5 3 _ 2
y(X) A + Aer /e3x
The numerical results are presented in Table 4.1 below.

Table 4.1: Error and Error Estimates using (3.13)

egree(n) 5 6 7
Error

€ 9.88x10-5 599x10-5 3.85x10-5

e* 1.96 x10-4 2.29x10-5 4.25x10-7

5 CONCLUSION

The integrated form of the tau method for the solution of Initial Value
Problems (IVPs) in a class of third order differential equations with non-over-
determination has been presented. The error estimate is good as it closely captures
the order of the error. This is better achieved than for the case of the direct series
substitution approach otherwise referred to as the differential form thus lending
credence to the preference of the former. This may be attributed to the higher order

perturbation term which the integrated form involves.
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