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Abstract:- In this work, we deals with approximate, uniqueness and stability of a solutions of boundary value problems for new
systems of integro-differential equations .We provide a scheme of numerical- analytic method based upon successive approximation
for investigate the periodic solution of ordinary differential equations, which are given by Samoilenko. We give sufficient conditions
for the solvability of the problem and prove the uniform convergence of the approximations to the limit functions . Also these
investigations lead us to the improving and extending the results of Butris.
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1. INTRODUCTION

Theory of differential equations has been of great interest for many years. It plays an important role in different subjects,
such as physics, biology, chemistry, etc. and the study of periodic solutions for non-linear system of differential equations with
boundary conditions is very important branch in the differential equation theory [3,11,14,16,25]. Many results about the
existence and approximation of periodic solutions for system of nonlinear differential equations have been obtained by
numerical-analytic methods that were proposed by samoilenko [21,24]. The periodic solutions for some nonlinear systems of
integro-differential equations with boundary conditions have been used to study numerous problems for example
[1,2,5,9,10,23,24].

The so-called numerical-analytic method for investigating a periodic solution, is widely used for studying solvability of
nonlinear boundary value problem and constructing approximate solutions [4,19,20], and it is convenient for finding harmonic
oscillations arising in various systems described by ordinary differential equations, differential equations with retarder
argument and with impulsive action, integro-differential equations, partial differential equations and differential equations with
boundary conditions [5,6,7,12,13,15,17,18,].

In [8] Butris and Taher, studied the periodic solution of integro-differential equations depended on special function with
singular kernels having the following form

dx

t
= fert @ xOum f R(t, ) (x() — y(1))do)

d_y =g(t,y(ta),yt),w ft G(t T)(x(r) — (‘r))d‘r)
dt gL, vy, Yy » W, o ’ y J
where

u= f:y(‘r, a)x(7)dt and w = fcd y(tr,@)y(r)dr,x € D, € R",y € D, € R,
where D; and D, are compact domains where y(z, a) is the Gamma function.
Consider the following problem :-

dx t \
o= f(t, B, a),x(t),,u,f R(t,7)(x(z) — y(1))dr) }
e . (L)
d
2~ gD YD.0, [ GEDED - y@)dD }
with boundary conditions
Ax(t) +Ax(t+T) = el} 2
Biy(t) + By(t+T) = e, . (1.2)

where
u= fabﬂ(t, a)x(7)dt and w = fcd p(t,a)y(t)dt,x € D, c R",y € D, c R",
where D; and D, are compact domains .

Let the vector functions f(t, B(t, @), x, u,u) and g(t, B(t, @), y, w, v) are defined and continuous on the domain :-
(t,B(t,a),x,u,u) € R' X G; = (—00,00) X D X Dy X D, X D,
(t,B(t,a),y,w,v) €ER' X G, = (—0,0) X D X D, X D, X D,
where D,, D,,, D,, and D,, are bounded domains subset of Euclidean space R™ . Also

. (1.3)
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u=[" Rt D(x@ —y@)dr,v=["_G(t1)(x() —y@)dr,D = [r,7+T] x (0,1]. And also A, = (Ay;)), A, =
(Azij), By = (By;j) and B, = (By;;) are (n Xn) non-negative constant matrices and e; = (eqy,€12,€13, -, €1) €2 =

(e21,€22, €23
e,n) are positive constant vectors.

Suppose that the functions f (¢, B(t, a), x, u,u) and g(t, B(¢t, @), y, w, v) satisfy the following inequalities :

I f& B a)x,mw)ll < IBE Ol £ x, mwll < Mg M} (1.4)

gt Bt a)y wv)ll<|BEa)ll Il glt,y, w,v) IS NgN
” f(t,ﬁ(t; (X), X1, U1, ul) - f(t:ﬁ(tr a)'xZ' #Z'uZ) ”

< My (Ky Il =2 I+ Ky Iy =y 4Kl ug —us 1D

Il g(t,B(t, @), y1, w1,v1) — g(t, B(t, @), ¥, 2, 1) |l

SN Ly lys =y I+ Lyl wg —wy | +L3 vy — vy 1)

.. (1.5)

- (1.6)

for all t€RYx,x;,x, €D;,y,y1,¥, € Dy, u,w,u and v are belong to D,,D,, D, and D,, respectively, where
M,N,K,, K,, K3,L,, L, and L5 are positive constants. Also (¢, a) is said to be special function( Beta function). The isolated

singular kernels R(t, t) and G (t, T) satisfying the following conditions :-

Il R(t, 7) II< he*¢-D) 1.7)
Il G(t,7) I< ge PED T
where —o < 0 <7<t <7+ T,aand§ are positive constants.
We defined the non-empty sets as follows :-
T
..(1.8)
T
where
B, = lle;A7" — (41471 + E)xoll and B, = lle;B;* — (B1B; ' + E)y,ll.
Furthermore, we suppose that the largest eigen-value of the matrix
T T
A= less than one, i.e.
T T
+ Vol +4(p, —
A () = 22 Vi + 40: — 95) <1 . (1.9)

2
T T T T
where g, =~ MCy + 2 NgC,, @ = (EMﬁCZ) (ENBC3) and

T T
0s = (3M6) (z1¢:)
Define the sequence of functions on the domain (1.3) by the following

t 1 T+T
fmia6%0,70) = 30+ | |58, wn (@503 timtn) — 7 [ F(@ G0

t—1
, %m (T, X0, Vo) tomo Unn) | 4T T T [e; A3 — (4143 + E)xg ] ..(1.10)

and

t 1 T
s 6%0,70) =30 + [ |g(0 B @330 300 vm) —7 [ 9 BE0)
T T

t—1
Yo (T, X0, ¥0), Wy V) | 4T+ le;By* — (BiB;' + E)y, ] . (1.11)

with
xO(tleIyO) = Xo, yO(tleIyO) = Yo, m= 0'1'2' o
where

b d
Um = j B(T, @)X (T, X0, Y0)dT, Wy, = J B (T, )y (T, X0, ¥o)dT

a c

t
tn = [ RGO Gon (5%, 0) = i 30, y0)) e
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t
U = f Gt 7) Com (T, %0 Vo) — Y (7 X, Vo))l

Lemma 1.1.[19] Let f(t,y(t, @), x, u,u) and g (t,y(t, @), y, w, v) be vectors which are defined on the interval [z, + T], then
I Q1(t, x0,¥0) a(t)MpM + B,
< . (1.12)
Il Q2(¢, x0,70) |l a(t)NgN + B,

satisfiesfor t<t <t + Tand a(t) < g

where a(t )=2(t — 1) (1 — C_TT) forall t € [t,T + T],

t 1 T+T
@ Exyo) = [f(f.ﬂ(r, @ x@x )~ [ F @3 o 30)

t—1
dr +

ww)dt [e; A7 — (4,451 + E)xg]

t
Q2(t, x0,¥0) = J-

1 +T
900 B,y @x )0, 0) — 7 [ g BEa, ¥ yo)

t—1
dt +

w,v)dt [e;B;* — (B1B;' + E)yol

Proof .

dt

ey 1= (1= ) [ 1B @l |f (2 x(ex0, 700,00

t—1T T+T
+— J 1B, )l ||f (z, x(T, X0, o), , w)|| dT + [|e147" — (4147 + E)xq
t

< a(t)MzM +B,

so that

Il Q1 (¢, x0,¥0) | < a(t)MgM + By . (1.13)
and

Il Q2(t, x0,¥%0) | < a(t)NgN + B, . (1.14)

From (1.13) and (1.14) we conclude that the inequality (1.12) holds .

2. APPROXIMATION SOLUTION FOR THE SYSTEM (1.1) WITH BOUNDARY CONDITIONS (1.2).

In this section, we shall the investigation of approximation solution of the system (1.1) with boundary conditions (1.2) by
the following :-
Theorem 2.1: If the system (1.1) with boundary conditions (1.2) defined in the domain (1.3), continuous in t, x, y and satisfy
the inequalities (1.4) to (1.7) and the conditions (1.8) and (1.9). Then the sequence of functions (1.10) and (1.11)
convergent uniformly as m — oo on the domain :-

(t,x0,¥0) € [T, T+ T] X D,y X Dy, - (2.1)
x (t, %o, ¥o)

to the limit function defined on the domain (2.1) which is periodic in t of period T and satisfying the following
y(t, %0, ¥0)

integral equations :-

t 1 T+T
x(tleIyO) = xO +f f(TI.B(T! a)!x(T!xO!yO)r,u;u) _?f f(Trﬁ(Tr a))
T T
t—1
x(T, X9, ¥o), ) | dT + T [e;A7% — (A4;451 + E)xq | ..(2.2)
and
t 1 T+T
y(t, %0, ¥0) = Yo +J 9(7,B(z, @),y (T, %0, ¥0), w, V) —;J 9@ Bz, @),
T T
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t—t
y(T, %0, ¥0), w,v) | dT + T le;B; " — (BiB; ' + E)y, ] - (2.3)
which are unique solutions on the domain (2.1), provided that
T
Il x(t, X0, Vo) — Xo |l S MgM + B,
< . (2.4)
Il y(t,x0,¥0) = Yo | ZNgN + B,
2
and
” X(t, X0, YO) - xm(tJ X0, YO) ”
< A™(E - AN .. (2.5)

Il y (&, x0, ¥0) — Y (E, X0, ¥o) |
forallm > 0,x, € D, y, € Dy, and t € R', where E is identity matrix.
Proof. Setting m = 0 in the sequence of functions (1.10),(1.11) and using Lemma 1.1, we have

t

t b
I (£, %o, o) — %ol = f [f(f,ﬁ(f.a).xo. f y(z, @) xodt, f R(t,7)

—00

—00

1 rtt7T b t
o=yt - [ fEp@x | yEma) wdn [ REo)

t—71

(xo — yo)dr) + [e;A7" — (A1 471 + E)xo]

Hence
T
||x1(t,x0,y0) - x0|| S a(t)MﬁM + Bl S EMI;M + Bl (26)

for all x, (¢, xo, ) € Gy, forall t € [z,7 + T], xo € D,.
and similarly, we get

T
1y1(t,%0,¥0) = yoll < a()NgN + B, < ZNgN + B, - (2.7)

for all y; (¢, xo,y0) € Gy, forall t € [1,7 + T, yo € Dy,.
Thus, by mathematical induction, we can prove that

I %, (E, X0, Vo) — X0 I < ;M/;M + Bl\
.. (2.8)
T
Il Ym (t, X0, ¥0) — Yo II < ENBN + Bz)
i.8. X (t, X0, ¥0) € Gy, Ym (L, X0,Y0) € G2, Xg € Dy, yo € Dy, forallt € [z,7+T],
m=20,12,...
Rewrite the inequality (2.8) by the vector from, then we get (2.4).
We claim that the sequence of functions (1.10) and (1.11) are uniformly convergent on the domain (2.1).
We begin by finding an estimate for ||x,,.1(t, X, Vo) — Xm (t, X, ¥o) |l and
1ym+1(t, X0, ¥0) — ¥Ym (£, x0, ¥o) I, Since

xm+1(t' xO' yO) - xm(t' xO' yO) = j [[f(T' B(T: a)!xm(‘[! xO' yO)! Hm!um)

+T

1
—f(@ B @), Xm—1(T, X0, Y0)) -1, Um—-1)] — T f [f(z,B(7, @),

T
Xm (T, X0, Y0)» amy Um) — f(T'ﬁ(T; a’);xm—l(‘['xo'YO)'.um—lﬂum—l)]dT dt

and

t
VYm+1(t X0, ¥0) — Y (t, X0, Yo) = J [[g(nb’(f.a),ym(f,xo,yo),wm,vm)
T

1 T+T
— 9@, BT, @), Ym-1(T, X0, ¥0), Win—1, Vim-1)] — T f lg(z,y(z, @),
T
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Ym(T'xO'yO)'wm' 'Um) - g(T!ﬁ(T! a)!ym—l(T'xO'yO)' wm—livm—l)]dT dt
where

b d
HUm-1 Zf B(T, @) X1 (T, X0, Y0)dT, Wp—q ZJ- BT, @)Ym—1(T, X0, Yo)dT
a c

t
Un-1 = f R(t, T)(xm—l(T: X0, YO) - ym—l(Tv Xo, yO))dT

t
Um-1= f G(tv T)(xm—l(‘[v xO'yO) - ym—l(T: xo;)’o))dT

Using the inequalities (1.5) and (1.6), we have
1241 (E, X0, Yo) — X (&, X0, Yo Il < a(t)MBQ”xm(t' X0, ¥0)—Xm—1(t, X0, Yo)l

+ a(t)MﬁCZ ”ym(t! X0, yO)_ym—l(t! Xo, J’o) ” (29)
h h
where C; = K; + KMg(b — a) + EK3 and C, = EK3
And
1Ym+1(E X0, ¥0) — Ym (t, X0, YO < a(€)NgCsllxm (t, X0, Yo) —2Xm—1(t, X0, Yo)l
+ a(t)NpCollym (£, X0, ¥o) =Ym-1(t, X0, Yo)l .. (2.10)
o o
where C; = EL3 and Cy = Ly + L,Ng(d — ¢) + ELg
Rewrite the inequalities (2.9) and (2.10) in vector form
I Xm+1(t, X0, ¥0) — Xm (L, X0, o) |l I % (£, X0, Y0) — Xm—1(t, X0, ¥o) |l
<A
Il Yim+1(E, X0, ¥o) — Ym (¢, X0, ¥o) I Il Ym (¢, X0, ¥0) = Ym—1(t, X0, ¥0) |
.. (2.11)
If we setm = 1in (1.23) and (1.24), we get
Il %2 (¢, x0, ¥0) — x1(t, X0, ¥0) |l Il 21 (¢, %0, ¥0) — %o |l
<A ..(2.12)
Il y2 (¢, %0, ¥0) — ¥1(t, X0, ¥0) |l Il y1(t %0, ¥0) — o |l
Next, set m = 2 and use (2.12), we have
I x5 (¢, %0, ¥0) — x2(t, X0, ¥o) |l Il 21 (£, %0, ¥0) — %o |l
< A?
Il y3(t, %0, ¥0) — ¥2(, %0, ¥0) |l Il y1 (&, %0, ¥0) — Yo Il
Setting m = 2, yields in the same way
I x4 (t, X0, ¥0) — x3(t, X0, ¥o) |l I 21 (¢, %0, ¥0) — %o |l
< A3
Il y4(t, %0, ¥0) — ¥3(t, %0, ¥0) |l Il y1 (&, %0, ¥0) — Yo |l
and by mathematical induction, we obtain that
Il X 41 (8, X0, Vo) — X (£, X0, o) |l I % (t, X0, o) — Xm—1(t, X0, o) |l
<A™
Il Y1 (6 X0, ¥0) — Ym (E, X0, ¥0) |l Il ¥ (&, X0, ¥0) — Ym—1(t, X0, ¥0) |l
Now, fromm = 1,2,...and p = 1, we have
” xm+p(t' X0, J’o) - xm(t' X0, yO) ” " xm+1(tv X0, yO) - xm(t; X0, yo) "
<
Il Ymap (X0, o) — Yim (£, X0, o) |l Il Y41 (6 X0, ¥0) — Ym (E, X0, ¥o) |l
Il 42 (, X0, Yo) — X1 (€, X0, o) Il Il X4 (£, X0, o) — Ximap—-1(E, X0, ¥o) |l
+ + ot
Il Yin+2(t, X0, ¥0) = Ym+1(E X0, ¥0) |l Il Ym+p (€ X0, ¥0) = Ym+p-1(E X0, ¥o) |l
Il %1 (t, %0, Yo) — %o |l Il x1 (£, X0, Y0) — %o l
<A™ + Am+1 + et
Iy, (t X0, 0) — Yo ll Il y1(t, %0, ¥0) — o |l
Il x; (£, %0, ¥0) — X0 |l
Am+p—1
Il y1(t %0, ¥0) — Yo ll
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Therefore,
I xm+p(t' X0, Y0) — Xim (£, X0, Yo) |l
SA™(E+A+-+ AP )y ..(2.13)
Il p(t, %0, ¥0) — Yim (&, %0, ¥0) |l
T
~MgM + B,
wheren =
T
~NgN + B,
Forall t € [t,7 + T],xo € D, and y, € Dy.

@1+ |03 +4(02-03)
% < 1land lim A™ = 0, so that the right side of (2.13) tends

Since
m—oo
x (t, %0, o)
to zero. Therefore, the sequence of function is convergent uniformly on the domain (2.1) to the limit function
y(t,x0,¥0)
x (t,%0,Y0)
which is defined on the same domain.
J’(t: Xo, yO)
Let
Xm (£, X0, Yo) x (t, X0, o)
lim = . (2.14)
m—oo
Ym (t, X0, Yo) y(t, %0, ¥0)

Since the sequence of functions (1.10) and (1.11) are conations in t of period T, then the limiting function
x (t, X0, ¥o)
is also conations. Also, by the Lemma 1.1 and the inequality (2.13) the inequalities (2.4) and (2.5) are holds
y(t, X0, ¥o)
forall m > 0.
By using the relation (2.14) and proceeding in (1.10) and (1.11) to limit, when m — 0, convinces us that the limiting
X (t, Xo, yO)
function is the a solution of the integral equations (1.10) and (1.11).
y(t' X0, yO)
X (tr xOr yO)
Finally, we must still prove that is a unique solution of (1.1)
y(t' Xo, yO)
x

with boundary conditions (1.2). Assume that ( ) is another solution for the system (1.1) with boundary conditions (1.2), i.e.

-~

y
t 1 +T
f(t’xolJ’o) = Xo +f f(T'.B(T'a)'f(f'xo'YO)'#'u) _Ff f(T:.B(T:a))

t—1
dt +

(1, %0, Vo), 1, U) [e;A71 — (4,451 + E)xq ..(2.15)

and

t +T

1
g(T,,B(T, a),j’\(T,xo,yo). (U,U) _TJ‘ g(T)B(TI (Z),

T

Y(t, x0,¥0) = Yo +f

T

t—7
5\](‘[! X0, yO)! w, U) dT + T [esz_l - (3132_1 + E)y() ] (216)

where

b d
= f Bz, )2(T, xo, yo)dt, @ = j Bz, @))9(z X0 yo)d

t
u= f R(t, )R (T, %o, Vo) — (T, %0, Yo))d
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t
v = f G(t, YR X, Yo) — I(1, %0, Y)Y

x (t, X0, ¥o) % (t,%0,Y0)
Now, we shall prove that = forall t € [t,7 + T] and x, € Dy, yo € D;,. And to do this we
y(t, %0, ¥0) Y(t, %0, ¥0)
need to prove the following inequality :-
” f(t, X0, yO) - xm(tJ X0, YO) ”
< A™(E - N . (2.17)
Il 9(t, %0, ¥0) — Ym(t, X0, ¥0) |
where

M= ter[gng]If (&, B(z, @), %(t, X0, o), 1, W
and

N = max |g(t,B(z,a),J(t xo, o), w, V)|

te[T,7+T]

From (1.10), (1.11) and suppose m = 0 in (2.13), we have
Il

t b
1550 0) =30 1= |[xo+ [ /(08 @, 200,50, [ BEa2E 3030
T a

t 1 r*tT
| REDGE 030 = 3@ x3dD ~ [ F@pE @250,

t

R(t, ) (£(7, %0, ¥0) = (2, %0, yo))dr)d7 | dT

|

fa " B(r, ) 25,50, yo)d, |

t—1
+T [e1A7" = (A1 451 + E)xo] — %

Hence

Il 2(t, %0, ¥0) — %o | < a(t)MpM + B, < gMﬁM + B, ..(2.18)
By the same way, we get

Il §(t, x0,¥0) — Yo | < a(t)NgN + B, < gNﬁN + B, ..(2.19)

Thus (2.17) is true for m = 0, suppose that (2.18) and (2.19) are true for m = p, we have
Il (¢, %0, ¥0) — % (t, %0, ¥0) | < a(€)MpCy 1| X(t, X0, ¥0) — X (t, X0, ¥o) |l

+ a()MpCy | §(t, x0, ¥0) — ¥p (£, X0, ¥0) |l .. (2.20)
And similarly
Il §(t, x0,¥0) — ¥p(t, %0, ¥0) | < a(t)N, C5 || X(¢, X0, ¥0) — X (£, X0, ¥o) |l
+ a(®)N, C3 1| §(t, %0, Y0) — ¥p (£, X0, ¥0) |l .. (2.21)

Rewrite the inequalities (1.34) and (1.35) in a vector form, we get
Il (¢, x0, ¥0) — xp(t, X0, ¥0) |l
<AP(E-N"1n ..(2.22)
Il §(t, %0, ¥0) — ¥p(t, X0, ¥0) |l
Then, when m = p + 1, we have
Il (¢, x0,¥0) — Xp41(t, X0, Yo) | < a()MpCy I X(¢, X0, Yo) — Xp (£, X0, ¥o) |l

+ a(t)MﬁCZ " y(t’ xO’ yO) - yp (t! in )’o) ” (223)
And similarly
Il §(t, x0, o) — Vp+1(t, X0, ¥0) | < a(t)NgCs Il X(t, X0, ¥0) — X (t, X0, ¥0) |l
+ a(t)NgCs || (¢, x0,¥0) — ¥y (t, X0, ¥o) |l .. (2.24)
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From (2.23) and (2.24) in vector form, we get

Il £(t, %0, o) — Xp+1(t, X0, ¥o) |l Il £(t, X0, ¥o) — xp (£, X0, ¥o) |l
<A
I y\(t, Xo, yO) - yP+1(t: Xo, }’0) I Il 5\’(tv X0, yO) - yp(t! X0, yO) I
< AANP(E—-NAN)"1p
Hence

Il £(t, xo,¥0) — xp+1(t: X0, Yo) |l
< APTYE —A)Ip ..(2.25)
Il §(t, %0, Yo) — Vp+1(t, X0, ¥0) |l
Thus (2.17) is true in general.
So

” k\(t' xOJ.VO) - xm(tJ xOJ.VO) "
lim <(E-AN)"1n lim A™
m—o ~ m-—oo

Il §(t, %0, o) — Yim(t, X0, ¥0) |l

Because lim A™ = 0, and therefore
m—oo

” k\(t' xO! YO) - xm(tJ xO! YO) "
lim =0
m—oo A
I y(t' Xo, yO) - ym(t' Xo, yO) l
And hence
k\(t' xO' yO) xm(tl in }’0) x(tl xOI yO)
= lim =
A m-oo
Y(t, x0, o) Ym (&, X0, Yo) y(t, x0,¥0)
x(t, X0, ¥o)
and this proves that the solution is a unique on the domain (2.15).
y(t,x0,¥o)

3. EXISTENCE SOLUTION OF (1.1) WITH BOUNDARY CONDITION (1.2).

The problem of the existence solution for the system (1.1) with boundary condition (1.2) is uniquely connected with the
existence of zeros of the vector function :-

1 T+T 1
l - -1 _ -1
A5(0, xo, Vo) ./T ] f@,yB(T, ), x(T, %0, ¥o), 4, u)dr + T [A41A7" + E)xo — e, A3 ]\|

A3(0,x0,¥0) 1™ 1 . )
7] 9@y 0 @)+ BB+ E)yo - B
- (3.1)
A1(0, %0, ¥0)
the vector function is approximately determined by the following :-
A5(0, xo, ¥o)

1 +T 1
(7] 7B, 500,700t ) + 425 + By = 1457\
T

Aim(O, X0, yO)

A5n (0, X0, ¥o) 1 (™7 1
| 96 B, 0 0, o )T + 7 [BBT + By €877
T
...(3.2)
Theorem 3.1: If the hypotheses and all conditions of the theorem (3.1) are given then the following inequality are satisfy :-
d1> _
x * ,AM(E — AT
I 5.0, %0, ¥0) = 83 (0,0, 70) I <(d2 (E=N"n)
< ..(3.3)

” A;(OerryO) - A;m(o' xo.)’o) " ((Cdlz>'Am(E _ A)—ln )

where

d1 = Mﬁcl, dz = MBCz, d3 = NﬁC3, d4 = NBC4.
Proof . From the equations (3.1) and (3.2), we have
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d
" A;(O’XOiyO) - A;m(oi xo,j)’o) ” S ((d;);Am(E - A)_ln) (34)
and

d
18500, 30) = Bim (O, x0,30) 1= (), A™CE = 1)) ~(35)

From (3.4) and (3.5), we get (3.3).
Now, we prove the following theorem taking into account that the inequality (3.3) will be satisfy for all m > 0,x, € D,,
Vo € D1x-
Theorem 3.2: Let the vector function f(¢t,y(t, @), x, u, u) and g(¢,y(t, @), y, w, v) of the system (1.1) with boundary condition
(1.2) are defined on the interval [a, b] and [c,d] in R. Assume that for any integer m > 0, the sequence of function (3.2)
satisfies the function inequalities :-
; . d -
min_ Kin(0,30,30) < (1), A"E ~ )7y

X0€J1,Y0€J2

p .. (3.6)
max A%, (0,x0,vo) = ( 1),Am E—-N1
L 1m (0, %0, ¥0) (Ccif ( )7n)
min_ 850,50,50) < — () A" (E = D))
X0€J1,Y0€J2 4 3 7)
&\ i - nrimy .. 3.
max A%, (0, x,, > ( ), —7A)”
ool X s 2m (0, X0, ¥o) ( d, ( n

where x, € J; = [a+§MﬁM +By,b— "My M —Bl]
and
T T

Yo €Ja =[c+5NgN +By,d —-NgN =B, |.
Then (1.1) with boundary condition (1.2) has a periodic solution
(X) x(t’xo’YO)

y y(t, %o, Yo)
forxo € [a+ ]y, b —Ji]and y, € [c + ], d — ],].
Proof . Let x4, x, and y;, y, be any points belonging on the intervals I, and I, respectively, such that

Aim(o' X1, yl) = min A;m(o; Xo, yO)
Fo€lLYo€ly .. (3.8)
A1 (0,x5,y2) = max A7, (0, x0,¥0)
X0€I1,Y0€l2
Ay (0,x1, 1) =  min_ A5,(0,x0,¥,)
*o€l1 o€l (39
Azm(o' x2'y2) = max A;m(otthyO)
X0€I1,Y0€EI>
By using the inequalities ( 3.4), (3.5), (3.6), (3.7) and (3.8), we obtains
A;(O' X1, yl) = A;m(oﬁxlﬁ yl) + (A;(O, X1, yl) - A;m(olxll yl)) <0
. . . . ..(3.10)
A7(0,x2,y2) = A1 (0, %2, 7)) + (81(0, X2, ¥,) — A1 (0, x5, 52)) > 0
A5(0,x1,y1) = A5, (0, x4, ¥1) + (85(0,x1, 1) — A5, (0, %1, ¥,)) <O
..(3.11)

A;(O'xl'yl) = A;m(O,xz,yZ) + (A;(O,xz,J’Z) - A;m(ov xZ!yZ)) >0

and from the continuity of the functions A7 (0, x4, y,) and A% (0, x,, ¥o) and the inequalities(3.10) and (3.11), then there exist
and isolated points x° € [x;,x,] and y° € [y,, y,] such that A% (0, x,,v,) = 0 and A% (0, xo,y,) = 0. This means that (1.1) has

x> x(t, %o, Yo)

a solution (

y(t' Xo, yO)
4. STABILITY OF SOLUTION OF (1.1) WITH BOUNDARY CONDITION (1.2).
In this section, we study the stability theorem of a periodic solution for (1.1).
Theorem 4.1: Suppose that the function (3.1) be given. Then the following inequalities :

B,
<

Il A0, xo,¥0) | B,
NgN + =

and

y

. (41)
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<

Il 700, x5, ¥5) — A1(0, x5, ¥8) |l <R1 Rz) Il xg — x5 I
. (42)

I 4300, x5, x5) — A3(0, x5, 8) Ry Ri/ \llyg —¥5 |l
are holds for all x, x;, x§ € D, and y,, ¥4,y € Dy, where
B, = [[(A143" + E)xo — e A7 ||, B, = |(BiB; " + E)yo — €;B; |,
By = IlA,A7" + Ell, By = BB + BNl Fy = [(1-2Mp0,) (1= ZNpC,)17Y

T? T
F2 = (1 _TNBM:BCZC3F1)_1’ wy = F1F2 <1 _ENBC‘}) (E+B3),
T T
W, = EMﬁCZFle(E + B4), W3 = EN{;C3F1F2(E + B3),
T T?
W4 = Fl (1 - EM!;C]_) (E + B4) 1 + TNﬁMﬁC2C3F1F2 )
B
Ry = Mp(Cywy + Cows) + TS:Rz = M, (Cyw; + Cowy), Rz = Ng(C3w; + Cuws),

B
Ry = Ng(Cswy + Cywy) + 7‘*
Proof . From the equation (3.1), we get

B
I A% (0,0, ¥0) I| < MgM + 71 . (43)
And

* BZ
12500, x0, ¥o) Il < NgN + = . (4.4)

From (4.3) and (4.4), we get (4.1).
Now, by using the function (3.1), we get
Il A5(0,x3, y3) — 810, x2, y3) IS MpCyllx(t, x¢,v8) — x(t, x3, vl

B
+ MG lly (e, x5, 58) = y(6, 8,y + = llxg — x| - (45)
And
I A500,x3, &) — 85(0,x2,¥3) 1 < NpCsllx(t, x3, &) — x(t, x3, ¥l
1.1 2 .2 B, 1 2
+NCully (¢, x0, y0) — y(t, x5, yo) Il + T llyo — sl .. (4.5)

where x(t, x3, y3), x(t, x2,y2), y(t, x3, v&) and y (¢, x2, y&) are solutions of the integral equations :-

t
(e 3,6 = x5 + |
T

1 +T
f(z. B, a),x(z, x5, y§), 1, ) —;j f@ BT, )

t—71
T [e; A3 — (4,451 + E)xk ] .. (4.7)

,x(t,xk, v, ) [ dT +

1 +T
g(T,ﬂ(T,a),y(T,x(’)‘,y(’f),w,v) _Ff g(‘r,,[?(‘r,a)

t
vk ) =y + |
T

t—1

(T, xE v, w,v) [ dT + [e;B;* — (B,B;* + E)y{] - (4.8)

with
x(t, xX, y&) = x&, y(t, xk, &) = y&, where k = 1,2.
Now, use the equation (4.7) , as follows

T
It x5, y0) = x (6, x3,y8) | < 5 MgCy lx(t, x5, ¥5)=x (8,5, Y5 yo)

+ =M;C x3, y8)— x2,y2 +(E+B xg — x? 4.9
2 L2 ”:)’(t; O'yO) y(t’ OiyOyO)” ( 3)“ 0 0” ( . )
then we can write

T
I x(t, x5, ¥0) — x(t, x5, ¥5) 1 < (1 — EMﬁcl)_l(E + B3)llxg — x5l

+ —MC,(1— =M, C;)?! xd, yH— x2,y? 4,10
2B 2( >y Dy (x5, ¥0)—y (&, x5, Yo Yol l .. (4.10)
A|SO, use the equation (4.8), we get
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T
Iyt x5, y0) = y(t,x6,y8) 1 < = NpCs lIx(t, x5, y0) =x(t, x5, 5 y0)

T
+ 5 NsCally(t, x5, ¥8)—y (&, x¢, y5yll + (E + B)llys — yéll ... (4.11)

then we write this equation as follows
1,1 2 4,2 T -1 1 2
Il y(t x5, 0) —y(& x5, y5) I < (1 — ENyCzt) (E +Bllys — w5l

ZM C 1— Z]V C -1 1 1y _ 2 2 412
o MpCa(1 = 5 Ny C)™ It X0, yo ) —x(8, x5, Y5 Yol - (412)
By substituting inequality (4.12) in (4.10), we get

1.1 2.2 r 1 2
Il x(t, x5, v5) — x(t, x5, v5) | < F1F, (1 _ENVCAL (E + B3)llxg — x5l

T
+ 5 MpCFyFp(E + B)llyo — v .. (4.13)
Also, substituting the inequality (4.12) in (4.14), we find that

1.1 2 4,2 r 1 2 r
Il y(t, x5, ¥0) — ¥(t, x5, ¥5) I < ENﬁcsFle(E + B3)llxg — x5l + Fy (1 _EMycl)

T2

Finally, we substitute the inequalities (4.13) and (4.14) in (4.5), we get (4.2)and substitute the inequalities (4.13) and (4.14)
in (4.6), we get (4.2).

Theorem 4.2: Let the system (1.1) with boundary conditions (1.2) be defined in the domain (1.3). Suppose that G, and G, be
closed and bounded domain subset of domain D, and D,,. Then, G; and G, have points at which the A —constant is zero, then
for any point x, € D, and y, € Dy, the following inequality holds :-

A1) amep _ Ayt B,
= + .. (4.15)
Il A5, (0, X0, ¥0) I (ds) Mmoo B,

forallm > 0 and x, € D,, ¥y € Dy,
Proof . By using the inequality (4.1), we get

B
I A1 €0, %0, ¥0) Il < MpM + 71
and
. B,
Il 450, %0, ¥o) Il < NgN + =
Also, from (3.1), we have

" A;m(o' xO' yO) ” = ” A;m(o'xo' YO) - A;(O' xO' yO) + A;(O, xO; }’o) "
S ” A;m(o' xO' yO) - A;(O! xO! YO) " + " A;(O, xO) yO) "
B
< ((Zl) JAME =N ) + (MBM + —1) .. (4.16)
2 T
and
" Azm(ol xOl yO) ” = ” A;m(oﬂ xO! yO) - AE(O,XO, yO) + AE(O! x()! y()) "
< 1 A%,(0,x0, ¥0) — 85(0,x0, o) I + 11 A5(0, x0, o) |l
B
< <<Z3) JAME — A7) + (NﬁN + %) . (417)
4

Rewrite the inequalities (4.16) and (4.17) in a vector form, we get (4.15).
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