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 Abstract:- In this work, we deals with approximate, uniqueness and stability of a solutions of  boundary value problems for new 

systems of integro-differential equations .We provide a scheme of numerical- analytic method based upon successive approximation 

for investigate the periodic solution of ordinary differential equations, which are given by Samoilenko. We give sufficient conditions 

for the solvability of the problem and prove the uniform convergence of the approximations to the limit functions . Also these 

investigations lead us to the improving and extending the results of Butris. 
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1. INTRODUCTION 

           Theory of differential equations has been of great interest for many years. It plays an important role in different subjects, 

such as physics, biology, chemistry, etc. and the study of periodic solutions for non-linear system of differential equations with 

boundary conditions is very important branch in the differential equation theory [3,11,14,16,25]. Many results about the 

existence and approximation of periodic solutions for system of nonlinear differential equations have been obtained by 

numerical-analytic methods that were proposed by samoilenko [21,24]. The periodic solutions for some nonlinear systems of 

integro-differential equations with boundary conditions have been used to study numerous problems for example 

[1,2,5,9,10,23,24]. 

          The so-called numerical-analytic method for investigating a periodic solution, is widely used for studying solvability of 

nonlinear boundary value problem and constructing approximate solutions [4,19,20], and it is convenient for finding harmonic 

oscillations arising in various systems described by ordinary differential equations, differential equations with retarder 

argument and with impulsive action, integro-differential equations, partial differential equations and differential equations with 

boundary conditions [5,6,7,12,13,15,17,18,].  

 

            In [8] Butris and Taher, studied the periodic solution of integro-differential equations depended on special function with 

singular kernels having the following form  

𝑑𝑥

𝑑𝑡
= 𝑓(𝑡, 𝛾(𝑡, 𝛼), 𝑥(𝑡), 𝜇,∫ 𝑅(𝑡, 𝜏)(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏)

𝑡

−∞

𝑑𝑦

𝑑𝑡
= 𝑔(𝑡, 𝛾(𝑡, 𝛼), 𝑦(𝑡), 𝜔,∫ 𝐺(𝑡, 𝜏)(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏)

𝑡

−∞ }
 
 

 
 

                                         

  where  

𝜇 = ∫ 𝛾(𝜏, 𝛼)𝑥(𝜏)𝑑𝜏 
𝑏

𝑎
 and 𝜔 = ∫  𝛾(𝜏, 𝛼)𝑦(𝜏)𝑑𝜏

𝑑

𝑐
, 𝑥 ∈ 𝐷1 ⊂ 𝑅

𝑛 , 𝑦 ∈ 𝐷2 ⊂ 𝑅𝑛 , 

where 𝐷1 and 𝐷2 are compact domains where 𝛾(𝜏, 𝛼) is the Gamma function. 

       Consider the following problem :- 

𝑑𝑥

𝑑𝑡
= 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥(𝑡), 𝜇,∫ 𝑅(𝑡, 𝜏)(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏)

𝑡

−∞

𝑑𝑦

𝑑𝑡
= 𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦(𝑡), 𝜔,∫ 𝐺(𝑡, 𝜏)(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏

𝑡

−∞

)
}
 
 

 
 

                                        … (1.1) 

with boundary conditions  
𝐴1𝑥(𝜏) + 𝐴2𝑥(𝜏 + 𝑇) = 𝑒1
𝐵1𝑦(𝜏) + 𝐵2𝑦(𝜏 + 𝑇) = 𝑒2

}                                                                                            … (1.2) 

where  

𝜇 = ∫ 𝛽(𝑡, 𝛼)𝑥(𝜏)𝑑𝜏 
𝑏

𝑎
 and 𝜔 = ∫  𝛽(𝑡, 𝛼)𝑦(𝜏)𝑑𝜏

𝑑

𝑐
, 𝑥 ∈ 𝐷1 ⊂ 𝑅𝑛 , 𝑦 ∈ 𝐷2 ⊂ 𝑅𝑛, 

where 𝐷1 and 𝐷2 are compact domains . 

        Let the vector functions 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥, 𝜇, 𝑢) and  𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦, 𝜔, 𝑣) are defined and continuous on the domain :- 

(𝑡, 𝛽(𝑡, 𝛼), 𝑥, 𝜇, 𝑢) ∈ 𝑅1 × 𝐺1 = (−∞,∞) × 𝐷 × 𝐷1 × 𝐷𝜇 × 𝐷𝑢
(𝑡, 𝛽(𝑡, 𝛼), 𝑦, 𝜔, 𝑣) ∈ 𝑅1 × 𝐺2 = (−∞,∞) × 𝐷 × 𝐷2 × 𝐷𝜔 × 𝐷𝑣

}                           … (1.3) 

where 𝐷𝜇 , 𝐷𝜔 , 𝐷𝑢 and 𝐷𝑣  are bounded domains subset of Euclidean space 𝑅𝑛 . Also  
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𝑢 = ∫ 𝑅(𝑡, 𝜏)(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏,
𝑡

−∞
𝑣 = ∫ 𝐺(𝑡, 𝜏)

𝑡

−∞
(𝑥(𝜏) − 𝑦(𝜏))𝑑𝜏, 𝐷 = [𝜏, 𝜏 + 𝑇] × (0,1]. And also  𝐴1 = (𝐴1𝑖𝑗), 𝐴2 =

(𝐴2𝑖𝑗), 𝐵1 = (𝐵1𝑖𝑗) and 𝐵2 = (𝐵2𝑖𝑗) are (𝑛 × 𝑛) non-negative constant matrices and 𝑒1 = (𝑒11, 𝑒12, 𝑒13, … , 𝑒1𝑛) , 𝑒2 =

(𝑒21, 𝑒22, 𝑒23, …  , 
𝑒2𝑛) are positive constant vectors.   

           Suppose that the functions 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥, 𝜇, 𝑢) and 𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦, 𝜔, 𝑣) satisfy the following inequalities : 
∥ 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥 , 𝜇, 𝑢) ∥  ≤  ‖𝛽(𝑡, 𝛼)‖‖ 𝑓(𝑡, 𝑥 , 𝜇, 𝑢)‖ ≤ 𝑀𝛽 𝑀

∥ 𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦 , 𝜔, 𝑣) ∥ ≤ ‖𝛽(𝑡, 𝛼)‖  ∥ 𝑔(𝑡, 𝑦 , 𝜔, 𝑣) ∥≤ 𝑁𝛽𝑁
}                                … (1.4)    

∥ 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥1, 𝜇1, 𝑢1) − 𝑓(𝑡, 𝛽(𝑡, 𝛼), 𝑥2, 𝜇2, 𝑢2) ∥  
     ≤ 𝑀𝛾(𝐾1 ∥ 𝑥1 − 𝑥2 ∥ + 𝐾2 ∥ 𝜇1 − 𝜇2 ∥ +𝐾3 ∥ 𝑢1 − 𝑢2 ∥)              … (1.5) 

∥ 𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦1, 𝜔1, 𝑣1) − 𝑔(𝑡, 𝛽(𝑡, 𝛼), 𝑦2, 𝜔2, 𝑣2) ∥  
      ≤ 𝑁𝛾(𝐿1 ∥ 𝑦1 − 𝑦2 ∥ + 𝐿2 ∥ 𝜔1 − 𝜔2 ∥ +𝐿3 ∥ 𝑣1 − 𝑣2 ∥)              … (1.6) 

for all 𝑡 ∈ 𝑅1, 𝑥, 𝑥1, 𝑥2 ∈ 𝐷1, 𝑦, 𝑦1 , 𝑦2 ∈ 𝐷2, 𝜇, 𝜔, 𝑢 and 𝑣 are belong to 𝐷𝜇 , 𝐷𝜔 , 𝐷𝑢  and 𝐷𝑣  respectively, where 

𝑀,𝑁, 𝐾1,  𝐾2,  𝐾3, 𝐿1,  𝐿2 and 𝐿3 are positive constants. Also 𝛽(𝑡, 𝛼) is said to be special function( Beta function). The isolated 

singular kernels 𝑅(𝑡, 𝜏) and 𝐺(𝑡, 𝜏) satisfying the following conditions :- 

∥ 𝑅(𝑡, 𝜏) ∥≤ ℎ𝑒−𝛼(𝑡−𝜏)

∥ 𝐺(𝑡, 𝜏) ∥≤ 𝜎𝑒−𝛽(𝑡−𝜏)
}                                                                                                     … (1.7) 

where −∞ < 0 ≤ 𝜏 ≤ 𝑡 ≤ 𝜏 + 𝑇, 𝛼 and 𝛿 are positive constants.  

         We defined the non-empty sets as follows :- 

𝐷𝜒 = 𝐺1 − (
𝑇

2
𝑀𝛽𝑀 +𝐵1)

𝐷1𝜒 = 𝐺2 − (
𝑇

2
𝑁𝛽𝑁 + 𝐵2)}

 
 

 
 

                                                                                             … (1.8)  

where  

𝐵1 = ‖𝑒1𝐴2
−1 − (𝐴1𝐴2

−1 + 𝐸)𝑥0‖  and 𝐵2 = ‖𝑒2𝐵2
−1 − (𝐵1𝐵2

−1 + 𝐸)𝑦0‖. 
         Furthermore, we suppose that the largest eigen-value of the matrix 

Λ = (

𝑇

2
𝑀𝛽𝐶1        

𝑇

2
𝑀𝛽𝐶2

𝑇

2
𝑁𝛽𝐶3        

𝑇

2
𝑁𝛽𝐶4

) less than one, i.e. 

𝜆𝑚𝑎𝑥(Λ) =
𝜑1 + √𝜑1

2 + 4(𝜑2 − 𝜑3)

2
< 1                                                                   … (1.9) 

where 𝜑1 =
𝑇

2
𝑀𝛽𝐶1 +

𝑇

2
𝑁𝛽𝐶4, 𝜑2 = (

𝑇

2
𝑀𝛽𝐶2) (

𝑇

2
𝑁𝛽𝐶3) and  

𝜑3 = (
𝑇

2
𝑀𝛽𝐶1) (

𝑇

2
𝑁𝛾𝐶4) 

            Define the sequence of functions on the domain (1.3) by the following 

𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) = 𝑥0 +∫ [𝑓(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑥𝑚(𝜏, 𝑥0, 𝑦0), 𝜇𝑚, 𝑢𝑚)  −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼)
𝜏+𝑇

𝜏

 

 

           , 𝑥𝑚(𝜏, 𝑥0, 𝑦0), 𝜇𝑚, 𝑢𝑚)] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
 [𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0 ]                … (1.10) 

and  

𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) = 𝑦0 +∫ [𝑔(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑦𝑚(𝜏, 𝑥0, 𝑦0), 𝜔𝑚, 𝑣𝑚)  −
1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼)
𝜏+𝑇

𝜏

 

 

, 𝑦𝑚(𝜏, 𝑥0, 𝑦0), 𝜔𝑚, 𝑣𝑚)] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
 [𝑒2𝐵2

−1 − (𝐵1𝐵2
−1 + 𝐸)𝑦0 ]              … (1.11) 

with  

𝑥0(𝑡, 𝑥0, 𝑦0) = 𝑥0,  𝑦0(𝑡, 𝑥0, 𝑦0) = 𝑦0, 𝑚 = 0,1,2, …  . 
where 

𝜇𝑚 = ∫ 𝛽(𝜏, 𝛼)𝑥𝑚(𝜏,
𝑏

𝑎

𝑥0, 𝑦0)𝑑𝜏, 𝜔𝑚 = ∫ 𝛽(𝜏, 𝛼)𝑦𝑚(𝜏,
𝑑

𝑐

𝑥0, 𝑦0)𝑑𝜏 

𝑢𝑚 = ∫ 𝑅(𝑡, 𝜏)(𝑥𝑚(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦𝑚(𝜏, 𝑥0, 𝑦0))𝑑𝜏 
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𝑣𝑚 = ∫ 𝐺(𝑡, 𝜏)(𝑥𝑚(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦𝑚(𝜏, 𝑥0, 𝑦0))𝑑𝜏 

Lemma 1.1.[19]  Let 𝑓(𝑡, 𝛾(𝑡, 𝛼), 𝑥, 𝜇, 𝑢) and 𝑔 (𝑡, 𝛾(𝑡, 𝛼), 𝑦, 𝜔, 𝑣) be vectors which are defined on the interval [𝜏, 𝜏 + 𝑇], then 

(

∥ 𝑄1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑄2(𝑡, 𝑥0, 𝑦0) ∥
) ≤ (

𝛼(𝑡)𝑀𝛽𝑀 + 𝐵1

𝛼(𝑡)𝑁𝛽𝑁 + 𝐵2

)                                                                  … (1.12) 

satisfies for  𝜏 ≤ 𝑡 ≤ 𝜏 + 𝑇 and  𝛼(𝑡) ≤  
𝑇

2
, 

 

where 𝛼(𝑡 )= 2(𝑡 − 𝜏) (1 −
𝑡−𝜏

𝑇
) for all 𝑡 ∈ [𝜏, 𝜏 + 𝑇], 

𝑄1(𝑡, 𝑥0, 𝑦0) = ∫ [𝑓(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢) −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥(𝜏, 𝑥0, 𝑦0),
𝜏+𝑇

𝜏

 

          𝜇, 𝑢)𝑑𝜏] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
[𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0]              

𝑄2(𝑡, 𝑥0, 𝑦0) = ∫ [𝑔(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑦(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)  −
1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼), 𝑦(𝜏, 𝑥0, 𝑦0),
𝜏+𝑇

𝜏

 

       𝜔, 𝑣)𝑑𝜏] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
[𝑒2𝐵2

−1 − (𝐵1𝐵2
−1 + 𝐸)𝑦0]          

Proof  . 

 ∥ 𝑄1(𝑡, 𝑥0, 𝑦0) ∥ ≤ (1 − 
𝑡 − 𝜏

𝑇
 )∫ ‖𝛽(𝜏, 𝛼)‖ ‖𝑓(𝜏, 𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)‖ 𝑑𝜏

𝑡

𝜏

 

+
𝑡 − 𝜏

𝑇
∫ ‖𝛽(𝜏, 𝛼)‖ ‖𝑓(𝜏, 𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)‖ 𝑑𝜏
𝜏+𝑇

𝑡

+ ‖𝑒1𝐴2
−1 − (𝐴1𝐴2

−1 + 𝐸)𝑥0‖ 

                           ≤  𝛼(𝑡)𝑀𝛽𝑀 + 𝐵1 

so that 

 ∥ 𝑄1(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑀𝛽𝑀 + 𝐵1                                                                             … (1.13) 

and 

 ∥ 𝑄2(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑁𝛽𝑁 +  𝐵2                                                                              … (1.14) 

From (1.13) and (1.14) we conclude that the inequality (1.12) holds . 

 

 

2. APPROXIMATION SOLUTION FOR THE SYSTEM (1.1) WITH BOUNDARY CONDITIONS (1.2). 
           

     In this section, we shall the investigation of approximation solution of the system (1.1) with boundary conditions (1.2) by 

the following :- 

Theorem 2.1: If the system (1.1) with boundary conditions (1.2) defined in the domain (1.3), continuous in 𝑡, 𝑥, 𝑦 and satisfy 

the inequalities (1.4) to (1.7) and the conditions (1.8) and (1.9). Then the sequence of functions (1.10) and (1.11)   
convergent uniformly as 𝑚 → ∞ on the domain :- 

(𝑡, 𝑥0, 𝑦0) ∈ [𝜏, 𝜏 + 𝑇] × 𝐷𝜒 × 𝐷1𝜒                                                                                  … (2.1)  

to the limit function (

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) defined on the domain (2.1) which is periodic in 𝑡 of period 𝑇 and satisfying the following 

integral equations :- 

𝑥(𝑡, 𝑥0, 𝑦0) = 𝑥0 +∫ [𝑓(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)  −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼),
𝜏+𝑇

𝜏

 

𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)] 𝑑𝜏 + 
𝑡 − 𝜏

𝑇
 [𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0 ]              … (2.2) 

 and  

𝑦(𝑡, 𝑥0, 𝑦0) = 𝑦0 +∫ [𝑔(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑦(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)  −
1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼),
𝜏+𝑇

𝜏
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𝑦(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)] 𝑑𝜏 + 
𝑡 − 𝜏

𝑇
 [𝑒2𝐵2

−1 − (𝐵1𝐵2
−1 + 𝐸)𝑦0 ]             … (2.3) 

which are unique solutions on the domain (2.1), provided that 

 (

∥ 𝑥(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
) ≤ (

𝑇

2
𝑀𝛽𝑀 + 𝐵1

𝑇

2
𝑁𝛽𝑁 + 𝐵2

)                                                               … (2.4)  

 and  

(

∥ 𝑥(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ Λ𝑚(𝐸 − Λ)−1𝜂                                                … (2.5) 

for all 𝑚 ≥ 0, 𝑥0 ∈ 𝐷𝜒 , 𝑦0 ∈ 𝐷1𝜒 and 𝑡 ∈ 𝑅1, where 𝐸 is identity matrix. 

Proof.  Setting 𝑚 = 0 in the sequence of functions (1.10),(1.11) and using Lemma 1.1, we have  

‖𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0‖ = ‖‖∫ [𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥0, ∫ 𝛾(𝜏, 𝛼) 𝑥0𝑑𝜏,∫ 𝑅(𝑡, 𝜏)
𝑡

−∞

𝑏

𝑎

𝑡

𝜏

                

                     (𝑥0 − 𝑦0)𝑑𝜏) − 
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥0, ∫ 𝛾(𝜏, 𝛼) 𝑥0𝑑𝜏,∫ 𝑅(𝑡, 𝜏)

𝑡

−∞

𝑏

𝑎

𝜏+𝑇

𝜏

 

                    (𝑥0 − 𝑦0)𝑑𝜏) + 
𝑡 − 𝜏

𝑇
[𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0]‖                             

Hence  

‖𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0‖ ≤  𝛼(𝑡)𝑀𝛽𝑀 +𝐵1 ≤ 
𝑇

2
𝑀𝛽𝑀 + 𝐵1                                           … (2.6) 

for all 𝑥1(𝑡, 𝑥0, 𝑦0) ∈ 𝐺1, for all 𝑡 ∈ [𝜏, 𝜏 + 𝑇], 𝑥0 ∈ 𝐷𝜒 .  

and similarly, we get 

‖𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0‖ ≤  𝛼(𝑡)𝑁𝛽𝑁 + 𝐵2 ≤ 
𝑇

2
𝑁𝛽𝑁 + 𝐵2                                             … (2.7) 

for all 𝑦1(𝑡, 𝑥0, 𝑦0) ∈ 𝐺2, for all 𝑡 ∈ [𝜏, 𝜏 + 𝑇],  𝑦0 ∈ 𝐷1𝜒 . 

Thus, by mathematical induction, we can prove that  

∥ 𝑥𝑚(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥ ≤
𝑇

2
𝑀𝛽𝑀 + 𝐵1

∥ 𝑦𝑚(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥ ≤
𝑇

2
𝑁𝛽𝑁 + 𝐵2 }

 
 

 
 

                                                                        … (2.8) 

 i.e. 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∈ 𝐺1, 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∈ 𝐺2,  𝑥0 ∈ 𝐷𝜒 , 𝑦0 ∈ 𝐷1𝜒 , for all 𝑡 ∈ [𝜏, 𝜏 + 𝑇],  

𝑚 = 0,1,2, …  . 
Rewrite  the inequality (2.8) by the vector from, then we get (2.4). 
          We claim that the sequence of functions (1.10) and (1.11) are uniformly convergent on the domain (2.1). 
         We begin by finding an estimate for ‖𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0)‖ and  

‖𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0)‖, since 

𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) = ∫ [[𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥𝑚(𝜏, 𝑥0, 𝑦0),
𝑡

𝜏

𝜇𝑚, 𝑢𝑚) 

− 𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥𝑚−1(𝜏, 𝑥0, 𝑦0), 𝜇𝑚−1, 𝑢𝑚−1)] −
1

𝑇
 ∫ [𝑓(𝜏, 𝛽(𝜏, 𝛼),

𝜏+𝑇

𝜏

      

𝑥𝑚(𝜏, 𝑥0, 𝑦0), 𝜇𝑚, 𝑢𝑚)  −  𝑓(𝜏, 𝛽(𝜏, 𝛼),𝑥𝑚−1(𝜏, 𝑥0, 𝑦0), 𝜇𝑚−1, 𝑢𝑚−1)]𝑑𝜏] 𝑑𝜏 

and  

𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) = ∫ [[𝑔(𝜏, 𝛽(𝜏, 𝛼), 𝑦𝑚(𝜏, 𝑥0, 𝑦0),
𝑡

𝜏

𝜔𝑚, 𝑣𝑚) 

− 𝑔(𝜏, 𝛽(𝜏, 𝛼), 𝑦𝑚−1(𝜏, 𝑥0, 𝑦0), 𝜔𝑚−1, 𝑣𝑚−1)] −
1

𝑇
 ∫ [𝑔(𝜏, 𝛾(𝜏, 𝛼),

𝜏+𝑇

𝜏
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𝑦𝑚(𝜏, 𝑥0, 𝑦0), 𝜔𝑚 , 𝑣𝑚)  −  𝑔(𝜏, 𝛽(𝜏, 𝛼),𝑦𝑚−1(𝜏, 𝑥0, 𝑦0), 𝜔𝑚−1, 𝑣𝑚−1)]𝑑𝜏] 𝑑𝜏          

where 

𝜇𝑚−1 = ∫ 𝛽(𝜏, 𝛼)𝑥𝑚−1(𝜏,
𝑏

𝑎

𝑥0, 𝑦0)𝑑𝜏, 𝜔𝑚−1 = ∫ 𝛽(𝜏, 𝛼)𝑦𝑚−1(𝜏,
𝑑

𝑐

𝑥0, 𝑦0)𝑑𝜏 

 

𝑢𝑚−1 = ∫ 𝑅(𝑡, 𝜏)(𝑥𝑚−1(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦𝑚−1(𝜏, 𝑥0, 𝑦0))𝑑𝜏 

𝑣𝑚−1 = ∫ 𝐺(𝑡, 𝜏)(𝑥𝑚−1(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦𝑚−1(𝜏, 𝑥0, 𝑦0))𝑑𝜏                                                          

        Using the inequalities (1.5) and (1.6), we have  

‖𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0)‖ ≤ 𝛼(𝑡)𝑀𝛽𝐶1‖𝑥𝑚(𝑡, 𝑥0, 𝑦0)−𝑥𝑚−1(𝑡, 𝑥0, 𝑦0)‖ 

+ 𝛼(𝑡)𝑀𝛽𝐶2‖𝑦𝑚(𝑡, 𝑥0, 𝑦0)−𝑦𝑚−1(𝑡, 𝑥0, 𝑦0)‖                                … (2.9) 

where 𝐶1 = 𝐾1 + 𝐾2𝑀𝛽(𝑏 − 𝑎) +
ℎ

𝛼
𝐾3 and 𝐶2 =

ℎ

𝛼
𝐾3 

And   
‖𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0)‖ ≤ 𝛼(𝑡)𝑁𝛽𝐶3‖𝑥𝑚(𝑡, 𝑥0, 𝑦0)−𝑥𝑚−1(𝑡, 𝑥0, 𝑦0)‖ 

                               + 𝛼(𝑡)𝑁𝛽𝐶4‖𝑦𝑚(𝑡, 𝑥0, 𝑦0)−𝑦𝑚−1(𝑡, 𝑥0, 𝑦0)‖                               … (2.10) 

where 𝐶3 =
𝜎

𝛽
𝐿3  and 𝐶4 = 𝐿1 + 𝐿2𝑁𝛽(𝑑 − 𝑐) +

𝜎

𝛽
𝐿3 

 Rewrite the inequalities (2.9) and (2.10) in vector form 

(

∥ 𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ 𝛬(

∥ 𝑥𝑚(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚−1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚−1(𝑡, 𝑥0, 𝑦0) ∥
) 

                                                                                                                                                … (2.11) 
          If we set 𝑚 = 1 in (1.23) and (1.24), we get 

(

∥ 𝑥2(𝑡, 𝑥0, 𝑦0) − 𝑥1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦2(𝑡, 𝑥0, 𝑦0) − 𝑦1(𝑡, 𝑥0, 𝑦0) ∥
) ≤ 𝛬(

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
)                         … (2.12) 

         Next, set 𝑚 = 2  and use (2.12), we have 

(

∥ 𝑥3(𝑡, 𝑥0, 𝑦0) − 𝑥2(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦3(𝑡, 𝑥0, 𝑦0) − 𝑦2(𝑡, 𝑥0, 𝑦0) ∥
)  ≤ Λ2 (

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
)                    

          Setting  𝑚 = 2, yields in the same way 

(

∥ 𝑥4(𝑡, 𝑥0, 𝑦0) − 𝑥3(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦4(𝑡, 𝑥0, 𝑦0) − 𝑦3(𝑡, 𝑥0, 𝑦0) ∥
) ≤ Λ3 (

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
)                    

and by mathematical induction, we obtain that  

(

∥ 𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ 𝛬𝑚 (

∥ 𝑥𝑚(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚−1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚−1(𝑡, 𝑥0, 𝑦0) ∥
) 

Now, from 𝑚 = 1,2, … and 𝑝 ≥ 1, we have 

(

∥ 𝑥𝑚+𝑝(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+𝑝(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ (

∥ 𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) 

+(

∥ 𝑥𝑚+2(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚+1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+2(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚+1(𝑡, 𝑥0, 𝑦0) ∥
) + ⋯+ (

∥ 𝑥𝑚+𝑝(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚+𝑝−1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦𝑚+𝑝(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚+𝑝−1(𝑡, 𝑥0, 𝑦0) ∥
)  

≤ 𝛬𝑚 (

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
) + 𝛬𝑚+1 (

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
) + ⋯+              

   𝛬𝑚+𝑝−1 (

∥ 𝑥1(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥

∥ 𝑦1(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥
) 
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Therefore, 

(

∥ 𝑥𝑚+𝑝(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑝(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥

) ≤ 𝛬𝑚 (𝐸 + Λ +⋯+ Λ𝑝−1)𝜂                   … (2.13) 

where 𝜂 = (

𝑇

2
𝑀𝛽𝑀 + 𝐵1

𝑇

2
𝑁𝛽𝑁 + 𝐵2

) 

For all 𝑡 ∈ [𝜏, 𝜏 + 𝑇], 𝑥0 ∈ 𝐷𝜒 and 𝑦0 ∈ 𝐷1𝜒 . 

 Since 
𝜑1+√𝜑1

2+4(𝜑2−𝜑3)

2
< 1 and lim

𝑚→∞
Λ𝑚 = 0, so that the right side of  (2.13) tends  

to zero. Therefore, the sequence of function (

  𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) is convergent uniformly on the domain (2.1) to the limit function 

(

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) which is defined on the same domain. 

Let  

𝑙𝑖𝑚
𝑚→∞

(

𝑥𝑚(𝑡, 𝑥0, 𝑦0)

𝑦𝑚(𝑡, 𝑥0, 𝑦0)
) = (

  𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
)                                                                   … (2.14)  

         Since the sequence of functions (1.10) and (1.11) are conations in 𝑡  of period 𝑇, then the limiting function 

(

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) is also conations.  Also, by the Lemma 1.1 and the inequality (2.13) the inequalities (2.4) and (2.5) are holds 

for all 𝑚 ≥ 0. 
         By using the relation (2.14) and proceeding in (1.10) and (1.11) to limit, when 𝑚 → 0, convinces us that the limiting 

function (

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) is the a solution of the integral equations (1.10) and (1.11). 

         Finally, we must still prove that (

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) is a unique solution of (1.1)  

with boundary conditions (1.2). Assume that (
𝑥̂

𝑦̂
) is another solution for the system (1.1) with boundary conditions (1.2), i.e.  

 

𝑥̂(𝑡, 𝑥0, 𝑦0) = 𝑥0 +∫ [𝑓(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑥̂(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)  −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼),
𝜏+𝑇

𝜏

 

𝑥̂(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)] 𝑑𝜏 + 
𝑡 − 𝜏

𝑇
 [𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0 ]             … (2.15) 

 and  

𝑦̂(𝑡, 𝑥0, 𝑦0) = 𝑦0 +∫ [𝑔(
𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑦̂(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)  −
1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼),
𝜏+𝑇

𝜏

 

                        𝑦̂(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)] 𝑑𝜏 + 
𝑡 − 𝜏

𝑇
 [𝑒2𝐵2

−1 − (𝐵1𝐵2
−1 + 𝐸)𝑦0 ]           … (2.16)  

      where 

𝜇 = ∫ 𝛽(𝜏, 𝛼)𝑥̂(𝜏,
𝑏

𝑎

𝑥0, 𝑦0)𝑑𝜏, 𝜔 = ∫ 𝛽(𝜏, 𝛼))𝑦̂(𝜏,
𝑑

𝑐

𝑥0, 𝑦0)𝑑𝜏 

𝑢 = ∫ 𝑅(𝑡, 𝜏)(𝑥̂(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦̂(𝜏, 𝑥0, 𝑦0))𝑑𝜏 
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𝑣 = ∫ 𝐺(𝑡, 𝜏)(𝑥̂(𝜏,
𝑡

−∞

𝑥0, 𝑦0) − 𝑦̂(𝜏, 𝑥0, 𝑦0))𝑑𝜏 

       Now, we shall prove that (

 𝑥  (𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) = (

 𝑥̂  (𝑡, 𝑥0, 𝑦0)

𝑦̂(𝑡, 𝑥0, 𝑦0)
) for all 𝑡 ∈ [𝜏, 𝜏 + 𝑇] and 𝑥0 ∈ 𝐷𝜒 , 𝑦0 ∈ 𝐷1𝜒 . And to do this we 

need to prove the following inequality :- 

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ Λ𝑚(𝐸 − Λ)−1𝜂                                              … (2.17) 

where 

𝑀 = max
𝑡∈[𝜏,𝜏+𝑇]

|𝑓(𝑡, 𝛽(𝜏, 𝛼), 𝑥̂(𝑡, 𝑥0, 𝑦0), 𝜇, 𝑢)|  

and  

𝑁 = max
𝑡∈[𝜏,𝜏+𝑇]

|𝑔(𝑡, 𝛽(𝜏, 𝛼), 𝑦̂(𝑡, 𝑥0, 𝑦0), 𝜔, 𝑣)|      

From (1.10), (1.11) and suppose 𝑚 = 0 in (2.13), we have  

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥= ‖
‖𝑥0 +∫ [𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥̂(𝜏,

𝑡

𝜏

𝑥0, 𝑦0), ∫ 𝛽(𝜏, 𝛼)
𝑏

𝑎

𝑥̂(𝜏, 𝑥0, 𝑦0)𝑑𝜏, 

               ∫ 𝑅(𝑡, 𝜏)(
𝑡

−∞

𝑥̂(𝜏, 𝑥0, 𝑦0) − 𝑦̂(𝜏, 𝑥0, 𝑦0))𝑑𝜏) −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥̂(𝜏, 𝑥0, 𝑦0)
𝜏+𝑇

𝜏

, 

        ∫  𝛽(𝜏, 𝛼) 𝑥̂(𝜏, 𝑥0, 𝑦0)𝑑𝜏,∫ 𝑅(𝑡, 𝜏)(
𝑡

−∞

𝑥̂(𝜏, 𝑥0, 𝑦0)
𝑏

𝑎

− 𝑦̂(𝜏, 𝑥0, 𝑦0))𝑑𝜏)𝑑𝜏

]
 
 
 

𝑑𝜏 

+
𝑡 − 𝜏

𝑇
[𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0] − 𝑥0‖              

 Hence  

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥0 ∥ ≤ 𝛼(𝑡)𝑀𝛽𝑀 + 𝐵1 ≤ 
𝑇

2
𝑀𝛽𝑀 + 𝐵1                                         … (2.18)  

By the same way, we get  

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦0 ∥ ≤ 𝛼(𝑡)𝑁𝛽𝑁 + 𝐵2 ≤ 
𝑇

2
𝑁𝛽𝑁 + 𝐵2                                          … (2.19)  

Thus (2.17) is true for 𝑚 = 0, suppose that (2.18) and (2.19) are true for 𝑚 = 𝑝, we have  

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑀𝛽𝐶1 ∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥     

                 + 𝛼(𝑡)𝑀𝛽𝐶2 ∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥                                    … (2.20)  

And similarly  

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑁𝛾𝐶3 ∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥ 

+ 𝛼(𝑡)𝑁𝛾𝐶3 ∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥                                    … (2.21)     

 

Rewrite the inequalities (1.34) and (1.35) in a vector form, we get  

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥
) ≤ Λ𝑝(𝐸 − Λ)−1𝜂                                                … (2.22) 

Then, when 𝑚 = 𝑝 + 1, we have 

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝+1(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑀𝛽𝐶1 ∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥ 

                 + 𝛼(𝑡)𝑀𝛽𝐶2 ∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥                                     … (2.23) 

And similarly  

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝+1(𝑡, 𝑥0, 𝑦0) ∥ ≤ 𝛼(𝑡)𝑁𝛽𝐶3 ∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥ 

                 + 𝛼(𝑡)𝑁𝛽𝐶3 ∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥                                    … (2.24)    
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   From (2.23) and (2.24) in vector form, we get  

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝+1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝+1(𝑡, 𝑥0, 𝑦0) ∥
) ≤  Λ(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝(𝑡, 𝑥0, 𝑦0) ∥
) 

 ≤  Λ Λ𝑝(𝐸 − Λ)−1𝜂                                                          
Hence  

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑝+1(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑝+1(𝑡, 𝑥0, 𝑦0) ∥
) ≤ Λ𝑝+1(𝐸 − Λ)−1𝜂                                       … (2.25) 

Thus (2.17) is true in general. 

So  

lim
𝑚→∞

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) ≤ (𝐸 − Λ)−1𝜂 lim

𝑚→∞
 Λ𝑚 .    

 

Because lim
𝑚→∞

 Λ𝑚 = 0, and therefore 

lim
𝑚→∞

(

∥ 𝑥̂(𝑡, 𝑥0, 𝑦0) − 𝑥𝑚(𝑡, 𝑥0, 𝑦0) ∥

∥ 𝑦̂(𝑡, 𝑥0, 𝑦0) − 𝑦𝑚(𝑡, 𝑥0, 𝑦0) ∥
) = 0 

And hence  

(

𝑥̂(𝑡, 𝑥0, 𝑦0)

𝑦̂(𝑡, 𝑥0, 𝑦0)
) = lim

𝑚→∞
(

𝑥𝑚(𝑡, 𝑥0, 𝑦0)

𝑦𝑚(𝑡, 𝑥0, 𝑦0)
) =(

𝑥(𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) 

and this proves that the solution (

𝑥(𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) is a unique on the domain (2.15). 

3. EXISTENCE SOLUTION OF (1.1)  WITH BOUNDARY CONDITION (1.2). 
 

The problem of the existence solution for the system (1.1) with boundary condition (1.2) is uniquely connected with the 

existence of zeros of the vector function :-    

(

Δ1
∗(0, 𝑥0, 𝑦0)

Δ2
∗ (0, 𝑥0, 𝑦0)

) =

 
(

  
 

1

𝑇
∫ 𝑓(𝜏, 𝛾𝛽(𝜏, 𝛼), 𝑥(𝜏, 𝑥0, 𝑦0), 𝜇, 𝑢)𝑑𝜏 +

1

𝑇
[𝐴1𝐴2

−1 + 𝐸)𝑥0 − 𝑒1𝐴2
−1]

𝜏+𝑇

𝜏

1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼), 𝑦(𝜏, 𝑥0, 𝑦0), 𝜔, 𝑣)𝑑𝜏 +

1

𝑇
[𝐵1𝐵2

−1 + 𝐸)𝑦0 − 𝑒2𝐵2
−1]

𝜏+𝑇

𝜏 )

  
 
        

                                                                                                                                           … (3.1) 

the vector function (

Δ1
∗(0, 𝑥0, 𝑦0)

Δ2
∗ (0, 𝑥0, 𝑦0)

)

 

 is approximately determined by the following :-  

(

Δ1𝑚
∗ (0, 𝑥0, 𝑦0)

Δ2𝑚
∗ (0, 𝑥0, 𝑦0)

) =

 
(

  
 

1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼), 𝑥𝑚(𝜏, 𝑥0, 𝑦0), 𝜇𝑚, 𝑢𝑚)𝑑𝜏 +

1

𝑇
[𝐴1𝐴2

−1 + 𝐸)𝑥0 − 𝑒1𝐴2
−1]

𝜏+𝑇

𝜏

1

𝑇
∫ 𝑔(𝜏, 𝛽(𝜏, 𝛼), 𝑦𝑚(𝜏, 𝑥0, 𝑦0), 𝜔𝑚, 𝑣𝑚)𝑑𝜏 +

1

𝑇
[𝐵1𝐵2

−1 + 𝐸)𝑦0 − 𝑒2𝐵2
−1]

𝜏+𝑇

𝜏 )

  
 
       

. . . ( 3.2) 
Theorem 3.1: If the hypotheses and all conditions of the theorem (3.1) are given then the following inequality are satisfy :- 

(

∥ Δ1
∗(0, 𝑥0, 𝑦0) − Δ1𝑚

∗ (0, 𝑥0, 𝑦0) ∥

∥ Δ2
∗ (0, 𝑥0, 𝑦0) − Δ2𝑚

∗ (0, 𝑥0, 𝑦0) ∥
) ≤

(

 
 
〈(
𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉

〈(
𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉

)

 
 
                     … (3.3) 

where  

𝑑1 = 𝑀𝛽𝐶1,  𝑑2 = 𝑀𝛽𝐶2,   𝑑3 = 𝑁𝛽𝐶3,   𝑑4 = 𝑁𝛽𝐶4. 

Proof . From the equations (3.1) and (3.2), we have  
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∥ Δ1
∗(0, 𝑥0, 𝑦0) − Δ1𝑚

∗ (0, 𝑥0, 𝑦0) ∥ ≤ 〈(
𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂〉                                    … (3.4) 

and 

∥ Δ2
∗ (0, 𝑥0, 𝑦0) − Δ2𝑚

∗ (0, 𝑥0, 𝑦0) ∥ ≤ 〈(
𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂〉                                   … (3.5) 

From (3.4) and (3.5), we get (3.3). 
        Now, we prove the following theorem taking into account that the inequality (3.3) will be satisfy for all 𝑚 ≥ 0, 𝑥0 ∈ 𝐷𝜒 , 

𝑦0 ∈ 𝐷1𝜒 . 

Theorem 3.2: Let the vector function 𝑓(𝑡, 𝛾(𝑡, 𝛼), 𝑥, 𝜇, 𝑢) and 𝑔(𝑡, 𝛾(𝑡, 𝛼), 𝑦, 𝜔, 𝑣) of the system (1.1) with boundary condition 

(1.2) are defined on the interval [𝑎, 𝑏] and [𝑐, 𝑑] in 𝑅1. Assume that for any integer 𝑚 ≥ 0, the sequence of function (3.2) 
satisfies the function inequalities :- 

𝑚𝑖𝑛
𝑥0∈𝐽1,𝑦0∈𝐽2

Δ1𝑚
∗ (0, 𝑥0, 𝑦0) ≤ − 〈(

𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂〉

 𝑚𝑎𝑥
𝑥0∈𝐽1,𝑦0∈𝐽2

Δ1𝑚
∗ (0, 𝑥0, 𝑦0) ≥   〈(

𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂〉

}                                             … (3.6) 

𝑚𝑖𝑛
𝑥0∈𝐽1,𝑦0∈𝐽2

Δ2𝑚
∗ (0, 𝑥0, 𝑦0) ≤ − 〈(

𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂〉

 𝑚𝑎𝑥
𝑥0∈𝐽1,𝑦0∈𝐽2

Δ2𝑚
∗ (0, 𝑥0, 𝑦0) ≥   〈(

𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂〉

}                                             . . . (3.7) 

where 𝑥0 ∈ 𝐽1 = [𝑎 +
𝑇

2
𝑀𝛽𝑀 +𝐵1 , 𝑏 −

𝑇

2
𝑀𝛽

 
𝑀 − 𝐵1]  

and  

 𝑦0 ∈ 𝐽2 = [𝑐 +
𝑇

2
𝑁𝛽𝑁 + 𝐵1 , 𝑑 −

𝑇

2
𝑁𝛽𝑁 − 𝐵2 ].  

Then (1.1) with boundary condition (1.2) has a periodic solution  

(

𝑥

𝑦
) = (

𝑥(𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
) 

 for 𝑥0 ∈ [𝑎 + 𝐽1, 𝑏 − 𝐽1] and 𝑦0 ∈ [𝑐 + 𝐽2, 𝑑 − 𝐽2]. 
Proof . Let 𝑥1, 𝑥2 and 𝑦1, 𝑦2 be any points belonging on the intervals 𝐼1 and 𝐼2 respectively, such that 
Δ1𝑚
∗ (0, 𝑥1, 𝑦1) = 𝑚𝑖𝑛

𝑥0∈𝐼1,𝑦0∈𝐼2
Δ1𝑚
∗ (0, 𝑥0, 𝑦0)

Δ1𝑚
∗ (0, 𝑥2, 𝑦2) = 𝑚𝑎𝑥

𝑥0∈𝐼1,𝑦0∈𝐼2
Δ1𝑚
∗ (0, 𝑥0, 𝑦0)

}                                                                   … (3.8) 

Δ2𝑚
∗ (0, 𝑥1, 𝑦1) = 𝑚𝑖𝑛

𝑥0∈𝐼1,𝑦0∈𝐼2
Δ2𝑚
∗ (0, 𝑥0, 𝑦0)

Δ2𝑚
∗ (0, 𝑥2, 𝑦2) = 𝑚𝑎𝑥

𝑥0∈𝐼1,𝑦0∈𝐼2
Δ2𝑚
∗ (0, 𝑥0, 𝑦0)

}                                                                   … (3.9) 

By using the inequalities ( 3.4), (3.5), (3.6), (3.7) and (3.8), we obtains 

Δ1
∗(0, 𝑥1, 𝑦1) = Δ1𝑚

∗ (0, 𝑥1, 𝑦1) + (Δ1
∗ (0, 𝑥1, 𝑦1) − Δ1𝑚

∗ (0, 𝑥1, 𝑦1)) < 0
                                                                                     

Δ1
∗(0, 𝑥2, 𝑦2) = Δ1𝑚

∗ (0, 𝑥2, 𝑦2) + (Δ1
∗ (0, 𝑥2, 𝑦2) − Δ1𝑚

∗ (0, 𝑥2, 𝑦2)) > 0
                                                                                     

}             … (3.10) 

Δ2
∗ (0, 𝑥1, 𝑦1) = Δ2𝑚

∗ (0, 𝑥1, 𝑦1) + (Δ2
∗ (0, 𝑥1, 𝑦1) − Δ2𝑚

∗ (0, 𝑥1, 𝑦1)) < 0
                                                                                     

Δ2
∗ (0, 𝑥1, 𝑦1) = Δ2𝑚

∗ (0, 𝑥2, 𝑦2) + (Δ2
∗ (0, 𝑥2, 𝑦2) − Δ2𝑚

∗ (0, 𝑥2, 𝑦2)) > 0
                                                                                      

}             … (3.11)  

and from the continuity of the functions Δ1
∗(0, 𝑥0, 𝑦0) and Δ2

∗ (0 , 𝑥0, 𝑦0) and the inequalities(3.10) and (3.11 ), then there exist 

and isolated points  𝑥0 ∈ [𝑥1, 𝑥2] and 𝑦0 ∈ [𝑦1 , 𝑦2] such that Δ1
∗(0, 𝑥0, 𝑦0) = 0 and Δ2

∗ (0, 𝑥0, 𝑦0) = 0. This means that (1.1) has 

a solution (

𝑥

𝑦
) = (

𝑥(𝑡, 𝑥0, 𝑦0)

𝑦(𝑡, 𝑥0, 𝑦0)
). 

4. STABILITY OF SOLUTION OF (1.1) WITH BOUNDARY CONDITION (1.2). 
               In this section, we study the stability theorem of a periodic solution for (1.1). 
Theorem 4.1: Suppose that the function (3.1) be given. Then the following inequalities  : 

(

∥ Δ1
∗ (0, 𝑥0, 𝑦0) ∥

∥ Δ2
∗ (0, 𝑥0, 𝑦0) ∥

) ≤

(

 
 
𝑀𝛽𝑀 +

𝐵1
𝑇

𝑁𝛽𝑁 +
𝐵2
𝑇 )

 
 
                                                                         … (4.1) 

and 
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(
∥ Δ1

∗ (0, 𝑥0
1, 𝑦0

1) − Δ1
∗(0, 𝑥0

2, 𝑦0
2) ∥

∥ Δ2
∗ (0, 𝑥0

1, 𝑥0
1) − Δ2

∗ (0, 𝑥0
2, 𝑦0

2) ∥

) ≤ (

𝑅1   𝑅2

𝑅3   𝑅4

)(
∥ 𝑥0

1 − 𝑥0
2 ∥

∥ 𝑦0
1 − 𝑦0

2 ∥

)                         … (4.2) 

are holds for all 𝑥0, 𝑥0
1, 𝑥0

2 ∈ 𝐷𝜒 and 𝑦0, 𝑦0
1, 𝑦0

2 ∈ 𝐷1𝜒 , where  

𝐵1 = ‖(𝐴1𝐴2
−1 + 𝐸)𝑥0 − 𝑒1𝐴2

−1‖, 𝐵2 = ‖(𝐵1𝐵2
−1 + 𝐸)𝑦0 − 𝑒2𝐵2

−1‖, 

𝐵3 = ‖𝐴1𝐴2
−1 + 𝐸‖,  𝐵4 = ‖𝐵1𝐵2

−1 + 𝐸‖,   𝐹1 = [(1 −
𝑇

2
𝑀𝛽𝐶1) (1 −

𝑇

2
𝑁𝛽𝐶4)]

−1, 

𝐹2 = (1 −
𝑇2

4
𝑁𝛽𝑀𝛽𝐶2𝐶3𝐹1)

−1,  𝑤1 = 𝐹1𝐹2 (1 −
𝑇

2
𝑁𝛽𝐶4) (𝐸 + 𝐵3), 

𝑤2 =
𝑇

2
𝑀𝛽𝐶2𝐹𝐹2

1
(𝐸 + 𝐵4),  𝑤3 =

𝑇

2
𝑁𝛽𝐶3𝐹1𝐹2(𝐸 + 𝐵3), 

  𝑤4 = 𝐹1 (1 −
𝑇

2
𝑀𝛽𝐶1) (𝐸 + 𝐵4) [1 +

𝑇2

4
𝑁𝛽𝑀𝛽𝐶2𝐶3𝐹1𝐹2], 

 𝑅1 = 𝑀𝛽(𝐶1𝑤1 + 𝐶2𝑤3) +
𝐵3
𝑇
, 𝑅2 = 𝑀𝛾(𝐶1𝑤2 + 𝐶2𝑤4),  𝑅3 = 𝑁𝛽(𝐶3𝑤1 + 𝐶4𝑤3), 

  𝑅4 = 𝑁𝛽(𝐶3𝑤2 + 𝐶4𝑤4) +
𝐵4
𝑇
   

Proof . From the equation (3.1), we get  

∥ Δ1
∗(0, 𝑥0, 𝑦0) ∥ ≤  𝑀𝛽𝑀 +

𝐵1
𝑇
                                                                                        … (4.3) 

And  

∥ Δ2
∗ (0, 𝑥0, 𝑦0) ∥ ≤  𝑁𝛽𝑁 +

𝐵2
𝑇
                                                                                         … (4.4) 

From (4.3) and (4.4), we get (4.1). 
          Now, by using the function (3.1), we get  

∥ Δ1
∗(0, 𝑥0

1, 𝑦0
1) − Δ1

∗(0, 𝑥0
2, 𝑦0

2) ∥≤  𝑀𝛽𝐶1‖𝑥(𝑡, 𝑥0
1, 𝑦0

1) − 𝑥(𝑡, 𝑥0
2, 𝑦0

2)‖ 

+ 𝑀𝛽𝐶2‖𝑦(𝑡, 𝑥0
1, 𝑦0

1) − 𝑦(𝑡, 𝑥0
2, 𝑦0

2)‖ +
𝐵3
𝑇
‖𝑥0

1 − 𝑥0
2‖                   … (4.5)  

And  

∥ Δ2
∗ (0, 𝑥0

1, 𝑦0
1) − Δ2

∗ (0, 𝑥0
2, 𝑦0

2) ∥ ≤  𝑁𝛽𝐶3‖𝑥(𝑡, 𝑥0
1, 𝑦0

1) − 𝑥(𝑡, 𝑥0
2, 𝑦0

2)‖ 

+𝑁𝛽𝐶4‖𝑦(𝑡, 𝑥0
1, 𝑦0

1) − 𝑦(𝑡, 𝑥0
2, 𝑦0

2)‖ +
𝐵4
𝑇
‖𝑦0

1 − 𝑦0
2‖                    … (4.5)  

where 𝑥(𝑡, 𝑥0
1, 𝑦0

1), 𝑥(𝑡, 𝑥0
2, 𝑦0

2), 𝑦(𝑡, 𝑥0
1, 𝑦0

1) and 𝑦(𝑡, 𝑥0
2, 𝑦0

2) are solutions of the integral equations :- 

𝑥(𝑡, 𝑥0
𝑘 , 𝑦0

𝑘) = 𝑥0
𝑘 +∫ [𝑓(

𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑥(𝜏, 𝑥0
𝑘, 𝑦0

𝑘), 𝜇, 𝑢)  −
1

𝑇
∫ 𝑓(𝜏, 𝛽(𝜏, 𝛼)
𝜏+𝑇

𝜏

 

 

, 𝑥(𝜏, 𝑥0
𝑘 , 𝑦0

𝑘), 𝜇, 𝑢)] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
 [𝑒1𝐴2

−1 − (𝐴1𝐴2
−1 + 𝐸)𝑥0

𝑘 ]              … (4.7) 

𝑦(𝑡, 𝑥0
𝑘, 𝑦0

𝑘) = 𝑦0
𝑘 +∫ [𝑔(

𝑡

𝜏

𝜏, 𝛽(𝜏, 𝛼), 𝑦(𝜏, 𝑥0
𝑘 , 𝑦0

𝑘), 𝜔, 𝑣)  −
1

𝑇
∫ 𝑔(𝜏 , 𝛽(𝜏, 𝛼)
𝜏+𝑇

𝜏

 

 

, 𝑦(𝜏, 𝑥0
𝑘 , 𝑦0

𝑘), 𝜔, 𝑣)] 𝑑𝜏 +
𝑡 − 𝜏

𝑇
 [𝑒2𝐵2

−1 − (𝐵1𝐵2
−1 + 𝐸)𝑦0

𝑘]           … (4.8) 

with  

𝑥(𝑡, 𝑥0
𝑘 , 𝑦0

𝑘) = 𝑥0
𝑘, 𝑦(𝑡, 𝑥0

𝑘, 𝑦0
𝑘) = 𝑦0

𝑘 ,  where 𝑘 = 1,2. 
 

Now, use the equation (4.7) , as follows 

∥ 𝑥(𝑡, 𝑥0
1, 𝑦0

1) − 𝑥(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤  
𝑇

2
𝑀𝛽𝐶1 ‖𝑥(𝑡, 𝑥0

1, 𝑦0
1)−𝑥(𝑡, 𝑥0

2, 𝑦0
2𝑦0)‖         

          + 
𝑇

2
𝑀𝛽𝐶2 ‖𝑦(𝑡, 𝑥0

1, 𝑦0
1)−𝑦(𝑡, 𝑥0

2, 𝑦0
2𝑦0)‖ + (𝐸 + 𝐵3)‖𝑥0

1 − 𝑥0
2‖    … (4.9) 

then we can write  

∥ 𝑥(𝑡, 𝑥0
1, 𝑦0

1) − 𝑥(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤ (1 − 
𝑇

2
𝑀𝛽𝐶1)

−1(𝐸 + 𝐵3)‖𝑥0
1 − 𝑥0

2‖ 

+  
𝑇

2
𝑀𝛽𝐶2(1 − 

𝑇

2
𝑀𝛾𝐶1)

−1‖𝑦(𝑡, 𝑥0
1, 𝑦0

1)−𝑦(𝑡, 𝑥0
2, 𝑦0

2𝑦0)‖            … (4.10) 

Also, use the equation (4.8), we get  
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∥ 𝑦(𝑡, 𝑥0
1, 𝑦0

1) − 𝑦(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤  
𝑇

2
𝑁𝛽𝐶3 ‖𝑥(𝑡, 𝑥0

1, 𝑦0
1)−𝑥(𝑡, 𝑥0

2, 𝑦0
2𝑦0)‖         

          + 
𝑇

2
𝑁𝛽𝐶4 ‖𝑦(𝑡, 𝑥0

1, 𝑦0
1)−𝑦(𝑡, 𝑥0

2, 𝑦0
2𝑦0)‖ + (𝐸 + 𝐵4)‖𝑦0

1 − 𝑦0
2‖   … (4.11) 

then we write this equation as follows 

∥ 𝑦(𝑡, 𝑥0
1, 𝑦0

1) − 𝑦(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤ (1 − 
𝑇

2
𝑁𝛾𝐶4)

−1(𝐸 + 𝐵4)‖𝑦0
1 − 𝑦0

2‖ 

+
𝑇

2
𝑀𝛽𝐶3(1 − 

𝑇

2
𝑁𝛾𝐶4)

−1‖𝑥(𝑡, 𝑥0
1, 𝑦0

1)−𝑥(𝑡, 𝑥0
2, 𝑦0

2𝑦0)‖              … (4.12)  

By substituting  inequality (4.12) in (4.10), we get 

∥ 𝑥(𝑡, 𝑥0
1, 𝑦0

1) − 𝑥(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤ 𝐹1𝐹2 (1 −
𝑇

2
𝑁𝛾𝐶4) (𝐸 + 𝐵3)‖𝑥0

1 − 𝑥0
2‖ 

 + 
𝑇

2
𝑀𝛽𝐶2𝐹1𝐹2(𝐸 + 𝐵4)‖𝑦0

1 − 𝑦0
2‖                        … (4.13) 

Also, substituting the inequality (4.12) in (4.14), we find that 

∥ 𝑦(𝑡, 𝑥0
1, 𝑦0

1) − 𝑦(𝑡, 𝑥0
2, 𝑦0

2) ∥ ≤
𝑇

2
𝑁𝛽𝐶3𝐹1𝐹2(𝐸 + 𝐵3)‖𝑥0

1 − 𝑥0
2‖ + 𝐹1 (1 −

𝑇

2
𝑀𝛾𝐶1) 

(𝐸 + 𝐵4) [1 +
𝑇2

4
𝑁𝛽𝑀𝛽𝐶2𝐶3𝐹1𝐹2] ‖𝑦0

1 − 𝑦0
2‖                         … (4.14)  

Finally, we substitute the inequalities (4.13) and (4.14) in (4.5), we get (4.2)and substitute the inequalities (4.13) and (4.14) 
in (4.6), we get (4.2).  
Theorem 4.2: Let the system (1.1) with boundary conditions (1.2) be defined in the domain (1.3). Suppose that 𝐺1 and 𝐺2 be 

closed and bounded domain subset of domain 𝐷𝜒 and 𝐷1𝜒 . Then, 𝐺1 and 𝐺2 have points at which the Δ −constant is zero, then 

for any point 𝑥0 ∈ 𝐷𝜒 and 𝑦0 ∈ 𝐷1𝜒 , the following inequality holds :- 

(

 
 
∥ Δ1𝑚

∗ (0, 𝑥0, 𝑦0) ∥

∥ Δ2𝑚
∗ (0, 𝑥0, 𝑦0) ∥

) ≤

(

 
 
〈(
𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉

〈(
𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉

)

 
 
+

(

 
 
𝑀𝛽𝑀 +

𝐵1
𝑇

𝑁𝛽𝑁 +
𝐵2
𝑇 )

 
 
              … (4.15) 

for all 𝑚 ≥ 0 and 𝑥0 ∈ 𝐷𝜒 , 𝑦0 ∈ 𝐷1𝜒 . 

Proof .  By using the inequality (4.1), we get  

∥ Δ1
∗(0, 𝑥0, 𝑦0) ∥ ≤ 𝑀𝛽𝑀 +

𝐵1
𝑇

 

and  

∥ Δ2
∗ (0, 𝑥0, 𝑦0) ∥ ≤ 𝑁𝛽𝑁 +

𝐵2
𝑇

 

Also, from (3.1), we have  

∥ Δ1𝑚
∗ (0, 𝑥0, 𝑦0) ∥ = ∥ Δ1𝑚

∗ (0, 𝑥0, 𝑦0) − Δ1
∗(0, 𝑥0, 𝑦0) + Δ1

∗(0, 𝑥0, 𝑦0) ∥ 
                                ≤  ∥ Δ1𝑚

∗ (0, 𝑥0, 𝑦0) − Δ1
∗(0, 𝑥0, 𝑦0) ∥ + ∥ Δ1

∗(0, 𝑥0, 𝑦0) ∥   

≤ 〈(
𝑑1
𝑑2
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉 + (𝑀𝛽𝑀 +

𝐵1
𝑇
)                                … (4.16) 

and  

∥ Δ2𝑚
∗ (0, 𝑥0, 𝑦0) ∥ =  ∥ Δ2𝑚

∗ (0, 𝑥0, 𝑦0) − Δ2
∗ (0, 𝑥0, 𝑦0) + Δ2

∗ (0, 𝑥0, 𝑦0) ∥ 
                                ≤  ∥ Δ2𝑚

∗ (0, 𝑥0, 𝑦0) − Δ2
∗ (0, 𝑥0, 𝑦0) ∥ + ∥ Δ2

∗ (0, 𝑥0, 𝑦0) ∥  

≤ 〈(
𝑑3
𝑑4
) , Λ𝑚(𝐸 − Λ)−1𝜂 〉 + (𝑁𝛽𝑁 +

𝐵2
𝑇
)                                  … (4.17) 

Rewrite the inequalities (4.16) and (4.17) in a vector form, we get (4.15). 
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