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Abstract

An analytical investigation is conducted on Rayleigh wave propagation in a rotating fiber-
reinforced functionally graded (FG) half-space subjected to magneto-gravitational effects.
The orientation of the magnetic field is configured to facilitate a two-dimensional treatment of
the governing equations. A transcendental dispersion equation is established, which is shown
to reduce to well-known classical solutions under limiting conditions. Finally, parametric
studies are performed to quantify the influence of rotation, gravity, and material grading on
the phase velocity, with the findings presented graphically.

Keywords: Rayleigh waves; Fiber-reinforced medium; Functionally graded material; Mag-
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Introduction

The analysis of stress and deformation in fiber-reinforced composites has remained a focal
point of solid mechanics research for over thirty years. Although reinforcing techniques have
historical precursors, the evolution of modern materials science has necessitated more so-
phisticated applications for advanced engineering structures. The core design objective is

the optimization of tensile properties and load-carrying capacity without incurring significant
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mass penalties. An FRC typically comprises a dispersed fiber phase and a continuous matrix
phase, separated by an interphase region; the specific spatial orientation of the fibers—be
it unidirectional, random, or woven—dictates the material’s macroscopic anisotropy. The-
oretical foundations in the continuum modeling of such media were established by Belfield
et al.[1], following foundational work by Spencer [2], Pipkin [3], and Rogers [4, 5]. In many
instances, these composites are modeled as transversely isotropic elastic media, a framework
supported by the variational approaches of Hashin and Rosen [15] for deriving effective elas-
tic moduli.

The mechanical performance of fiber-reinforced composites can be significantly enhanced
through the incorporation of functional gradation. Over recent decades, functionally graded
materials (FGMs) have undergone rapid development and are increasingly utilized across
diverse engineering sectors. Unlike conventional layered laminates, FGMs are spatially het-
erogeneous composites characterized by a continuous and gradual variation in the volume
fraction of their constituent phases. First conceptualized in 1984 by researchers in Sendai,
Japan (Yamanouchi et al. [7]; Koviani [6]), these materials have since garnered extensive
academic attention. By virtue of their continuously varying macroscopic properties, FGMs
offer superior mechanical advantages over traditional laminates, particularly in the mitiga-
tion of interfacial thermal stress concentrations. Consequently, they are uniquely suited for
extreme operating environments, with applications spanning aerospace thermal protection
systems, thermoelectric generators, automotive braking components, and biocompatible im-
plants. Notable contributions include the work of Abd-Alla et al. [37], who examined radial
vibrations in rotating, functionally graded orthotropic half-spaces under gravitational influ-
ence, and Gunghas et al. [38], who explored the synergistic effects of rotation and magnetic
fields on thermoelastic solids. Furthermore, Barik et al. [35, 36] addressed various contact
mechanics problems within this framework. The convergence of mechanical anisotropy in
fiber-reinforced media with functional gradation remains a critical frontier in modern en-
gineering research, as underscored by the studies of Sahu [28],, Deresiewicz [30], Markham

[31], and Zorammuana [32].

The propagation of mechanical disturbances in solid media represents a foundational
pillar of physics and engineering. The evolution of wave dynamics is supported by a dis-
tinguished historical framework, with seminal contributions from Poisson, Cauchy, Green,
Lamé, and Stokes, as documented in Love’s classic treatise on the mathematical theory of
elasticity. While classical elasticity provides a robust starting point, it often falls short in
characterizing the elastic response of materials with complex internal microstructures. In
geophysics and seismology, the study of seismic waves—energy disturbances generated by
tectonic shifts or anthropogenic explosions—is essential for modeling Earth’s interior and op-

timizing resource recovery. These waves are fundamentally categorized into body waves and
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surface waves, the latter being primarily responsible for structural damage during seismic
events. Among these, Rayleigh waves (1885) are particularly significant due to their confine-
ment to the free surface and their substantial energy density. Consequently, understanding
the influence of initial stress on Rayleigh wave propagation is of paramount importance for
seismic risk mitigation and structural integrity assessment. Following Rayleigh’s pioneering
work, extensive research has addressed wave behavior in half-spaces and stratified systems
involving inhomogeneous or non-homogeneous media.

The literature regarding surface wave propagation is comprehensive [8, 9, 10, 11]. Unlike
body waves, surface waves are characterized by higher energy concentrations at the interface
and slower propagation speeds. Research by Acharya and Sengupta [12] and others [13, 14]
has examined these characteristics within fiber-reinforced anisotropic media. Because large-
scale geophysical systems are inherently non-inertial, the study of wave motion in rotating
media—pioneered by Schoenberg and Censor [34] —is of paramount importance. Addi-
tionally, magneto-elastic wave propagation represents a critical area of study in earthquake
science, with Acharya and Roy [33] investigating these phenomena in electrically conducting
reinforced media. Theoretical developments by Jassim [16] regarding the inhomogeneous
wave equation, and by Pradhan et al.[19] on anisotropic dynamics, have provided deeper
insights into material reinforcement. The influence of gravitational fields and initial stresses,
first identified by Bromwich [20], Love [21] and Biot [22], remains a focal point in contem-
porary models. Recent studies, such as those by Sethi et al. [40] and Abd-Alla et al. [41],
have integrated rotation, magnetism, and gravity to evaluate Rayleigh wave behavior in or-
thotropic and functionally graded media [39].

This study investigates the propagation of Rayleigh waves within a rotating, fiber-reinforced,
functionally graded elastic medium, accounting for the influences of a magnetic field and
gravity. The magnetic field orientation is assumed to permit a two-dimensional formulation
of the problem. A characteristic wave velocity equation for Rayleigh waves is derived, and
numerical simulations are performed using MATLAB to illustrate the relationship between
wave velocity and wave number. The influence of various governing parameters is analyzed
and represented graphically. Finally, the generalized results are compared with established
literature, with graphical comparisons highlighting the specific impacts of the additional
parameters introduced in this model.

Formulation of the Problem:

Consider a semi-infinite elastic medium composed of a functionally graded fiber-reinforced
material (FGFRM) bounded by a planar surface. A Cartesian coordinate system zyz is
established such that the origin O lies on the boundary surface, with the medium occupying
the region z > 0. The physical model is governed by the following assumptions:

the medium is subjected to a uniform external magnetic field Hy = (0, Hy, 0) and a constant
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Figure 1: Geometry of the problem

gravitational force acting in the positive z-direction. Furthermore, the system undergoes
uniform rotation with an angular velocity €2 = (0,£2,0). The reinforcing fibers are oriented
parallel to the z-axis, defined by the unit vector a = (1,0,0). Finally, the analysis focuses
on elastic wave propagation along the z-axis, where the disturbance is localized near the free
surface z = 0 and vanishes asymptotically as z — oc.

Based on the aforementioned assumptions, the displacement field is uniform along any line
parallel to the y-axis. Consequently, all field variables are independent of the y coordinate,
rendering the problem two-dimensional in the x — 2z plane. Since the medium is assumed to
be rotating with angular velocity €2 in an applied magnetic field of intensity Hy, an induced
magnetic field h = (0,h,0), an induced electric field E and a current density J will be
developed. If p. is the magnetic permeability of the medium then the total magnetic field
in the medium is B = u.H, where H = Hy + h is the magnetic field arising from applied
magnetic field Hy and induced field h. Denoting the displacement vector by u = u(z,1t),
the simplified system of the equations of electrodynamics for a slowly moving homogeneous
electrically conducting medium, may be written as

VXh:J—l-EoE

V xE=-uh (1)
V-h=0
E=-uxB
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where V is the Hamilton’s operator, ¢ is the electrical permeability, and u is the dynamic
displacement vector. Here we ignore the small effect of temperature radiant on the current
density vector J. The deformation is supposed to be small and dynamic displacement vector
is actually measured from a steady state reformed position.

Following Belfield et al. [1], the stress—strain relations for linearly fiber—reinforced elastic

medium may be expressed in tensor form as

Tij = Nep0ij + 207€; + & (QkQm€rmdij + Qia;€ky) @

+2(pr — pr) (asarer; + ajarers) + B (axamaiazepm)
where 7;; are the Cartesian components of the stress tensor, ¢;; are the strain components
related to the displacement vector u;. A, ur are elastic constants, «, 3, (ur — pr) are rein-
forcement parameters, and a = (ay, ag, az) such that a? + a3 + a3 = 1.

In the absence of body forces, the elastodynamic equations for the rotating medium take
the following form:

Ty + Fi = p (i + (2 X (Q x w)); +2(Q x 4);), (3)

where p denotes the material density. The body force components arising from the applied

magnetic field and gravitational effects are given by
F=JxB+pg(w,,0,—u,), u=(uy,us, us)=(u,0,w). (4)

By combining equations (1)—(3), and upon neglecting the cross-products of h and u (along
with their derivatives), the governing elastodynamic equations for the rotating, fiber-reinforced
medium subjected to magneto-gravitational effects are given by:

87'11 87'13 ow - 2 dw
i, 7S H R —e 20—
5 T g, TH X H)i+pgo = p i = Qut 2000 (5)
Om1 | 073 .
Ty T g, THo(J x H)o = pi, (6)
O, OTss (7 % HYs — pg 2 = p [ib — Pw — 20 (7)
P B Lo 3 Pgax P :

To account for the functionally graded nature of the medium, the constitutive elastic param-
eters, the reinforcement coefficients, and the mass density are assumed to vary exponentially
with the vertical coordinate z. This spatial distribution is modeled as:

A= Xekza a = &ekz7 B - Bekza P = ﬁekz7 rr = ﬂLekzu Hr = /:LTekZ7 (8)

where k is real constant.
Assuming the fibers are aligned with the x-axis a = (1,0,0), the constitutive equations

IJERTV 15 S010497 Page 5
(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)



Published by : International Journal of Engineering Research & Technology (IJERT)
https://lwww.ijert.org/ I SSN: 2278-0181
An International Peer-Reviewed Journal Vol. 15 Issue 01, January - 2026

provide the relevant components of the stress tensor as follows:

11 = (5\ + 20+ 4y, — 2fir + 5)611 + (5\ + &) (€2 + €33)| €%, (9)
Tog = (5\ +@)ers + (A + 2/ )ex + 5\633] e, (10)
T33 = (5\ +a)er; + Aegy + (A + QﬂT)€33] e, (11)
Tio = 2fipene™, Tz = 2fr€e13€",  Tog = 2firesze™. (12)

For brevity, the hats on the dimensionless parameters are suppressed hereafter. Upon ap-
plying equations (9)—(12) to (5)—(7), and taking

h=—Hy(uy,+w.,). (13)
the governing dynamical equations are obtained as follows:

(All + Mng) U + <B2 + Mng) Wz + KL U zz — 50”8]_—]3 (U
+pgwe + prk (wy +u.) = p (i — Qu+ 2Qw0)

PLVge + PV + kprv, = pi (15)

(A22 + MOH§> W + (B2 + MOHg) U + ML W gq — 50M3H§ w
—pguy+EkA+a)u, +kApw, =p (w — Q%w — QQu)

where
A= AN+ 20 +4pp —2pr + B, Ap=A+2ur, Bo=XA+a+pug.

For Rayleigh waves we concentrate only on eqn (14) and eqn (16) which reduces to

2 2 2
(CF + Cﬁ)% +(C3 + Cj)% + 3 <8—Zu + k2 + ka—w)
2
=(1 +C%)% — Q%u + 292—2} _g@_w
82_w+(02+02) 0?u N 282w+k()\+o¢)@+k o 0w
0z? 2 A 9r8z " B og? p Ox “45,
0w ou  Ou

G - AN CCHND o LA R
(L4 Cp)pm — Yw =207+ 95

H2 2H2
where CF = 41, €3 — toff, €3 — 2, €3 — e, ¢} — M, 7 — 4

(17)

(C;+C3)

(18)

C'4 = alfven velocity, Cy = P-wave velocity, Cy = velocity of light in vacuum.
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By introducing the dimensionless parameters 7, z, @, w, t such that
T = CQWT, 2 = Wz, U= Wi, W= cww, t = wt

where wdenotes the wavenumber, the Equations (17) and (18) for the half-space reduce

to
1+ >82a+< N )82w o 82a+ au+ Ow
—_— C C e K K—
X g2 T2 TXH) 5057 02 "oz T oz (19
82* . ow _Ow
0w (‘92 82 ou ow
/2 it /2 /2 et 1=
—Mﬁ—ﬂ@—r%wr Ou
o ot 99z
2 2 2 2
Wherecf:g—‘%,XH CQ,F Ow, —82,0’2:2—%7 =% 5= Ho‘,»y/:%:%cf

andM:1+XHg—§:1+CB.

Boundary Conditions

Assuming that the disturbance is propagating near the surface of the half space in the form of
Rayleigh waves, the boundary conditions at the free surface of the half-space can be written
as:

Ti3=0, 7m3=0 onz=0 (21)

Solution of the Problem:

To solve the governing equations, we seek a harmonic wave solution of the form:

(u,0,w) = {u(2),0,w(z)} exp{iw(z — ct)} (22)

where u(z),w(z) are are depth-dependent amplitudes. In this expression, w is the wave
number associated with a wave length of %’r and c is the wave speed. By substituting
equation (22) into the equations (19) and (20), we obtain

/2
[2 (D> + kD) + {Mc* — (14 xu)* +T7?}w?)u

/2
+iw{(c/22+XH)D+§+k%3—|—2CF’}w] =0
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[(cf +xu)D? + {Mw?c® +T? — w?c} }w +~'Dw
+ [(0'22 + xu)iwD — (g + 2" + 6')2@1} u=0 (24)

WhereDE%, I"'=Landyg =

From equations (23) and (24) we ge

€ |

-+

the following equations to determining u(z) or w(z):
{cF (}+xu) D"+ [cfuﬂ +k (f + xn) }DB + [c:’fwz (M +T7 = f)

+w? (¢ +xu) {M — (14 xu) + I} + kd'w? —w? (5 + ><H)2]D2 + [w‘*é/ {Mc —+1"}
+E{M+T7? =} +w? (&5 + xu) (20 + 4l + kcf + 5) ]D +w' {Mc® — (14 xu)

+ I {ME+T7 = F} 4+ w? (§ + b +2c07) (7 + 2 + B) bu(z),w(z) =0 (25)

Since u, w represent surface waves, we assume that they vanish as z — oco. Accordingly, we

seek a solution of the form

U(Z) _ [Ale—iw)\lz + Ble—iw)\gz] eiw(m—ct)7 (26)
UJ(Z) _ [A2€fiw)\1z + BZGfiw/\Qz] eiw(xfct). (27)

Using Eqgs. (26) and (27) in Egs. (23) and (24), and equating the coefficients of e=**1# and

e~ A2z t6 zero we obtain

A2 = klAl, (28)
By = koBy (29)

where (1+XH)—|—/\20/2—MC2+F/2+Z:I€/)\
ki = s 5 (i=1,2). (30)

(F 4+ xu)Xi +i(g + 2" + k)
and k' = f
Imposing the boundary conditions from Eq. (21) at z = 0 yields the following system of
equations:

()\1 — ]{fl)Al + ()\2 — k’g)Bl =0 (31)
(0,22 — Cg2 — )\1]51022) A1 -+ (0/22 — C? — )\QkQCf) Bl =0 (32)

For a non-trivial solution for the constants A; and Bj, the determinant of the coefficients
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must vanish, leading to the characteristic equation:

2 >\/12_ N 2o )\/22_ " n| =0 (33)
cy — ¢y — Mkicp ¢y — i — Aakacy

Equation (33) represents the dispersion relation (wave velocity equation) for Rayleigh waves
propagating in a rotating, fiber-reinforced, functionally graded medium subjected to mag-
netic and gravitational fields. In the absence of gravitational effects, this frequency equation
is consistent with the results obtained by Acharya [12]. Furthermore, by neglecting the influ-
ences of gravity, rotation, and the magnetic field, Eq. (33) reduces to the classical Rayleigh

wave velocity equation for an isotropic medium:

2\ 2 2\ 3 2\ 3
3909
55 &) €1

Numerical Results and Discussions:

The present research examines the collective impact of functionally graded parameters, mag-
netic fields, rotational forces, and gravitational effects on the propagation characteristics of
Rayleigh waves in fiber-reinforced media. To evaluate these effects numerically, three dis-
tinct parameter sets—designated as Fiber-1, Fiber-2, and Fiber-3—were adopted from the
established literature [25, 31, 32] as detailed below.

A=94x10Nm™2, pup=189x10°Nm2, pu;=245x10°Nm 2,
p=17x10"kgm*

A=05.65x10°Nm™2, pp=246x10°Nm2, ;=566 x 10°Nm2,
p=226x10°kgm>

A=759x10°Nm™2, pr=35x10°Nm2, pup=707x10"°Nm?
p=16x10*kgm™>

Although the theoretical framework accommodates arbitrary propagation directions, the
numerical computations are restricted to specific orientations to facilitate calculation and
highlight key trends in wave velocity under fibre-reinforced functionally graded character-
istics of the media. Utilizing the aforementioned parameter sets, this numerical analysis
examines the propagation behavior of Rayleigh waves under varying media conditions. Fig-
ures 2-6 present the Raleigh wave velocity plotted against the wavenumber for different
configurations of reinforcement and functional grading.
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Figure 2: Variation of Rayleigh wave velocity for different fiber reinforced media with fixed value of graded
parameter k

Figure 2 displays the variation Rayleigh wave velocity with respect to wavenumber for dif-ferent fibre
reinforce media with a fixed functionally gradation. It indicates that the Rayleigh wave velocity decreases
when the value of wave number increases. We also observe that for a fiber-reinforced medium, the Rayleigh
wave velocity is affected significantly by the rein-forcing parameter. The dispersion curves indicate that the
Rayleigh wave velocity vanishes in the short-wavelength limit as the wavenumber increases (w —00): the
wave velocity approaches to zero. Figure 3 illustrates the influence of the magnetic field on Rayleigh wave
velocity. The velocity decreases with increasing wave number. Furthermore, at a constant wave number, the
Rayleigh wave velocity is found to decrease as the applied magnetic field intensity increases.
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Figure 3: Effect of magnetic field on Rayleigh wave velocity.
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The effects of rotation and material density are captured in Figures 4 and 5 respectively, where an increase

in either parameter yields a reduction in wave speed. Figure 6 is plotted to observe the influence of different

gravity parameter on the Rayleigh wave velocity with respect wave number. It is observed that for a

particular value of wave number, Rayleigh wave velocity decreases with the increase of gravitational effects.
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Figure 5: Effect of density on Rayleigh wave velocity.
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Figure 7: Effect of functionally graded parameter £ on Rayleigh wave velocity
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Finally, Figure 7 demonstrates that the functional gradation parameter (k) significantly
alters the velocity magnitude; specifically, the intensification of material gradation (increased
k) results in a consistent attenuation of the Rayleigh wave velocity.

Conclusion:

The study focuses on how a plane surface wave propagating in a rotating fiber-reinforced
functionally graded (FG) half-space is affected by an applied magnetic field, rotation, density,
gravity, fiber-reinforcing and functionally gradation. A significant observation across these
figures is that as the wavenumber increases (i.e., in the high-frequency limit, w — 00),the
wave velocity asymptotically approaches zero. The results indicate that the direct effects of

different parameters on Rayleigh wave velocity are very pronounced.
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