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Abstract

In this paper we derived properties like differential
Subordination, Hadamard product, Quasi-Hadamard
product of Holomorphic Univalent and Multivalent
functions with positive, negative Taylor series
expansion. The results for Univalent functions are
defined by a generalized Salagean operator.
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1. Introduction

This paper contains the discussion of differential
subordination and discussion of convolution and
quasi-convolution. The differential subordination in
the complex plane is the generalization of a
differential inequality on real line. In convolution or
Hadamard product of two power series the term
“convolution” arises from the formula h(r2e') =
ifoznf(re"w‘f))g(re")dt, r < 1. Convolution has
the algebraic properties of ordinary multiplication. The
geometric series £(z) = Yp_1 2" = 12: acts as the
identity element under convolution fx£=f ¥f.
A lot of literature on differential subordination is
available in nuture for example Hardy, Littlewood
and Polya [1], Protter and Weinberger [2], Walter [3],
G. Goluzin [4],R. Robinson [5] S. S. Miller and P. T.
Mocanu [6] etc.The study of convolution has been
taken into consideration by number of authors,
Hayman [7], Epstein and Schoenberg [8], Loewner
and Netanyahu [9], Suffridge [10] and Robertson [11]
etc. We have also extended the concept of convolution
to quasi-convolution and have obtained nice

characterizations. For our convenience throughout this
paper we are considering

(az,(zo,nzo,mzo,os;/ <1,-20t9) =“"\

Ye(S+0)+p A’
$207206200<e<.,0<a<l,

N200<0< - <B<A<
DG = g1 6(n+¢) =2a,e(6+T) +p =2

11 Preliminary Lemma
1.1.1  Let f(z) be of the form
f(z) =z-3Y7_,a,,z*%, Then f(z) belongs to
T,(n,my,0,n,¢,A,B,a) if and only if
YO {[(2k — 1) + 2(2k—)B — 2(1—x)A]
% (1+(2k—1)0(n+c))"(1—V+y[1+(2k—1)0(17+€)])m}

a;

(B—24)(1-x)

P < 1.

Proof: Since f(z) € T,(n,m,y,0,1,¢,4,B,a) And
T*(n,m,y,0,1m,6,4,B,a) = ,

. v, A=P)z[DRF(2)]) +yz[DP*™ £ (2)]
{f fET™ GO TG ST (4B, “)}
(1—y)z[DIf ()] +yz[DI™ £ (2)]
Then P @D )
_ Z2=YP o 2k XM (1Y +yX™M)agz?K | 1+4[2(1—«)A+2B]z
T X, XN (I—y+yXMay 22k 14+2Bz
Where X =14+ 2k —1)a(n +¢)
Now, by definition of subordination, there exists w(z)
which is Holomorphic Function in U with w(0) = 0,
l[w(z)| =1 in U such that
Z=Yp o 2kX (1—y +y X ™)az 2%k 1+2[(1—)A+xB]w (2)
z2=Yp_, X (1—y+yX™)ay, z2k 14+2Bw(z)
then by simple calculations, we obtain

TR (2k—1)X" (1—y +y XM az z%¢ 1

(2B—2(1-)A-)xB-35_, 2[(2k =) B—(1—c) A]X" (1—y +y X ™ )ag, z2k—1
Thus by noting |w (z)| < 1, we get
w(z) =
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B2 (k=X 1=y +y X ™ )ag,z?* 1 |
2(B—4) (1) -X2_, 2[(2k —) B—(1—c)A]XT (1—y +y X ™ ag, 22k 1|
<1
Letting z - 17, we get

The2Rk=DX" (1—y+yX™)azy
2(B—A)(1—-) =Y 2[(2k—0)B—(1—-c)A]X™ (1—y +y X™)ay
o Xp=2(2k = DX (1 —y + yX™)ay
<2(B—-A)(1-x) - Y7, 2[(2k—x)B —
(1-)AIX"(1 —y +yX™)ay, Then
Y[k — 1) + 2(2k—c)B — 2(1—x)A]

[1+QRk—Dau]" (1—y+y[1+QRk—1)au]™)

x 2(B—4)(1—x) a2k} =L

<1

2. Analysis and Main Results

2.1 Applications of Differential
Subordination Let A(p,1) denote the class of
functions of the form
f@)=2" + X1 ap4nz™ (@, 20, pEN) (1)
which are holomorphic in the open unit disc
U=1{z:|z| <1}. Let f(2),9(z) € A(p,1), where

f(Z) =zP + Z;.[ozl ap+nZP+n and
9(2) = 2P + X571 by, 2Pt Then the convolution
@) =2 +3¥7, ap+nbp+nZP+n 2P )

Let A,B,o,n,¢ande¢, 6, the fixed real numbers.
A function f(z) € A(p,1) belongs to the

class Iy peesn (@A B) if it satisfies
1424z
1‘08,6,1,1) (f) < 142Bz (Z € U) (3)
s 5,7,p (f)
f( ) D£(6+r)+p 7
= 1= ol + 1D 4 g+ o 2@

zDb
where  H}7'f(z) = Zl’ + X 1?;"]) Apin 2P (4)

Where I is a gamma function. From above equation it
is follows that Z[H} ' f(2)] =
AH; f(2)- (A = p)H; ' f (2). (®)
This work is motivated by K. Piejko and J. Sokol [12]
and J. Patel and S. Rout [13], where we have used the
techniques of differential subordination to obtain
several interesting properties. A holomorphic function
f is said to be close-to-convex of order a(0 < a < 1).
If there exists a convex function h € A(1,1) and
B € R such that Re[ f @ ] >a for z€U.

elbh' (2)
flz) € A(p, 1) then

Theorem 2.1. 1 Let
z[z' P H} 1f(z)] = Az'~ ”H’lf(z)]
—(e[6 + 1] + )2} PH} T f(2)] - (6)

Proof We’know

z[H} 7 f(2)] = A} f(2) — (A — p)Hy ' f(2).

2 z[H7 (@) +1—pH} 7V f(2) = AH2 f(2) —

(A —-pHy 7 f(2) + (1 — pH 7 f (2).

=AH}f(z2) + 1 —)H}'f(z). But owing to
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z[H}~ 1f(Z)] +1-p)H; 7 f (@)

—zp[ 1= le 1f(z)] We obtain, Z[Z1 T’H’1 1f(z)]
= Az'~ ”H’1 @)+ @ - D[z PH 1f(z)]
Differentiating both sides we get, z[zl‘PHg‘lf(z)]”
= A[zl_pH;f(z)], — A[zl_pH;_lf(z)]l.

Thus theorem holds true.

Corollary 211  Let f(z) € A(p, Dand
z7PDEGFOFTP=1£(7) is convex univalent function

Then z'"PH}~!f(2) is close-to-convex of order W
With respect to z' P Hi 71 £ ().

Proof  Since z[z1 PH}™ 1f(z)]

—)L[Z1 pHAf(z)] —A[z1 I’H’1 1f(z)]
- 2[2VPH T (2)] = Az ‘pHAf(Z)]

—/1[ 1= PHA 1f(z)] We  obtain

Z1 A V4 .

[ pr()] = +1 Since

[21PH}Y @] Al PEET(2)

ZIPHET U (2) s a convex function,

Re Mz P Hf(2)] — Re 2[z' P HEf (2)] LA
l[z1PHE f (@)] al[zPHi @] 1A

1-1

> ReW Therefore, by definition of close-to-convex

we get the required result.

z[z1 pHA 1f(z)]

Theorem 212 Let fi(2), f,(2) € A(p, 1),

es,ts,r,,p [fl (Z)] < hl (Z) and ’Ee,(?,r,p [fZ (Z)] < h2 (Z):
where h,(z), h,(z) are convex univalent in U and if

ﬁ >0,1> au > 0 then £, 5., [HA 1 (hy * hy)(2)] <
L7 7 g (0 » By (Odt <. Thy (2) * ha(2)]

Proof Since fs,é',r,p [fl (Z)] < hl (Z) and
les.0pf2(2)] < hy(2) Then we have

fs,é,r,p [fl (Z)] * fs,é,r,p [fZ (Z)] < hl (Z) * h2 (Z) And
by [13], the convolution of convex univalent functions
is also the convex univalent function. Now, let

p(Z) = ‘gsé"rp[Hl_l(fl fl)(z)]
—n- ]H‘ Y- 1(f1*fz)(2)]

Then p(z) is holomorphic function and p(O) =1linU.
since we have z[H}~ 1f(z)]
= lHlf(Z) -@- P)H} 7' f(2)
2 p@) + 72D (2) = Legp [H) T (o * f1)(2)]
+2£2 (lg(sfp[H)1 YA+ f1)(Z)D
= (1 L) 2P [H7 @)+ B ()]
+%Zl P[H} 7 fi(2) « HA™ 1f2(Z)]

Hl[Hﬂ—l(fl*fz)(z)]
+au
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+ 22 {(1 =22 2P [} f1(2) « HY 7 o (2)]
FE S [ ()« B ()] )
= (1-22) 2P [HI (@) « B o ()] + %217
+ 2 2{(1-%p) [-pz C*VH " fi(2) * Hl 'fo(2)
2 (H @) B A@) |+ 21— p)
[x 27 (B @« B @)
+277 (7A@« T /(@) |}
~[1-2%pe (2) 0]
x (HI 7 f(2) » D171y () )
“[+ 5= 50)+ (4) a-n)
x 2177 (HI7Uf,(2) » B o))
(%) 2 (B L@« H @) |
Now Ceseplfi@]* Loprplfa(D)] =
[(1 - %‘p) ZPH} MU (2) + aTH z17? (H;_lfl(z))]
[(1-Lp) s ) + L 2 (B 1)
= (1 — %p)2 2 P[H} 7 fi(2) « H} 7 fo(2)]
+ (aTM)Z z7P (Z[H{}_lfl(z) *HI7f, (z)]’)! =
(1 - aTMp)z zP[H}Vf1(2) « HY U f(2)]
tf2(i-%0) 5+ ()]
X [HF1fi(2) * Hg_lfz(z)]' + (%ﬂ)z z%7P
x [HA V£, (z) * HF"1,(2)] . Then
p(2) +L2p'(2) =
Cespli@] * Lesp[f2(2)] < My (2) * hy(2).

2 _e(6+D)+p
p(z) < —z o (n+¢)

f t““ h1 (@) * hy(D)]dt < [hy(2) * hy(2)].

Theorem 2.1.3  Let f1(2) € £ 00505 A1, B1)

and fZ(Z) € {)angslit(p; AZrBZ) that is
1+A1Z 1+Apz
s5rp[f1(z)] </ 1+Byz and fe,&r,p [fZ(Z)] < 1+Bzz'
where—1<B; <A1 £1;-1<B, <4, <1

eS+1)+p>a+¢)>0 And ﬁzo Then
eer;a[H/1 1(fl fz)(z)]<1+(A1 B1)(A; — By)

N A_
2 ;
X =z ar [ o dt = q(z). Where

apu
= A(41-B1)(A2—B3)z
q(z) =1+ o X

[HI1£,(2) « HA 1, (2)]
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_ 1 A BBz
[1- B Bytz]'2F1 (1,1;2 + Tt ). @)
Proof  Since —- +Alz nd 242% are univalent convex

1+Byz

. 1+A12 1+A2z
functions, 1+Blz * 18,7 [1 + (4 - B) 1+B; z]
[1 + (42 = By) 1+B; z]
=1+ (4, —B)(4, —B,)———  Thus, by

1+B1Byz

Theorem 2.1.2 we have £, 5., [H} "1 (fi * ) (2)]

1 —=1
P T
<1+ (4~ 31)(/12 =Bz f) o
l
_ s(8+r)+p - a (A1—B1)(A2—-By)t
q(Z) - o (n+¢) " f t K (1 + 1-B1Bt )dt

=1+ (A —B)A; — BZ)JZ

A
X fol sa ' (1 — ByB,sz)~'ds Hence we obtained the
required result. Putting A =4, =B; =B, =1 in
Theorem 2.1.3, we have.

Corollary 2.1.2  Let fi(2), f,(2) € A(p,1). Let

Cegrp [A@] < T2 and L5, [f2(2)] < 7= then

A
Ztan

A
s§rp(f1 fz)(z)<1+4—z a 0 1+t dt.

Puttingo(n +¢) =1, (6 + 7)=0 in above
corollary 2.1.2  we have, next corollary.

Corollary 2.1.3 Let fi(2), fo(2) € A(p, 1). Let
1+z

o000 f1(2)] <— and 1£’ooop[fz(z)] < then

lop(fi * f2)(2) < 1+ 4pz~ pf _dt
Consider the following integral transform

F(z) = Z2 [F el f(0)dt = Bpo, S22« f(2)  (8)
Where f(z) € A(p, 1) and c + p > 0. Now since

H}~ 1f()— *f(z) =2 +
e, F(F’;?) an+pz”+p, Then we have Z[H{}_lfc(z)]’

= (c+p)Hy ' f(2) — cHy ' f.(2). 9

Theorem 2.1.4  Let u,c be real numbers (u = o)

suchthat c + p > 0. If f;(2), f(2) € A(p, 1) satisfy

HE7 N (ff2)(2) | (A1—B1)(A2—Bp)z
zP 1—31322

HE LR (2) %G (2)] (41-B1)(42—B)z
zP < q(Z) < 1-B1Byz

Where F,(z) is defined as
F.(z) = ””f tc f(t)dt = Tiro, S22 « £ (2)

I*A+
H (@) = o f(@) = 29 B o G 2.

G.(z) is deflned as G.(2) = Xy~ C+” —L2" « fp(2) and

q(2) =1+ (1 =B B,2)™" j“_';l( 1 —B)

X (A = Bz 2F1 (11 2+ c +piga).

then
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A-1(p . )
Proof Let p(z)=w then p(z) is

holomorphic ir) U with  p(0) = 1. Since we know
Z[H) 7 f(2)] = (c+p)H} 7 f(2)
—cH}7'f.(z). Hence

zp (2) _ ) < (A1—-B1)(A2—-B3)z

p(z) + c+p zP 1+ 1-B1Byz
_HATL(FAG) (@)
A Z—p < q(Z)

— —(c+p) (Z pctp—1 (14+A41t)  (14+Ayt)
(C + p)z fO t (1+B1t) * (1+B3t)

@B -B)7  Einally we obtain

<
1 + 1—31522

c+p

q(z) =1+ (1 - B;B,2)™* P (A1 — By)
. . Blez
X (A= Bz 2F1(1,1; 2+ c+p ,31322_1) If we

pUt5=T=0,p=A1 =A2 = 1'Bl =BZ =-1
in above Theorem 2.1.4, then we have

Corollary 2.1.4 Let ¢ + 1 > 0 where c a real number.
If £,(2), f,(2) € A(p, 1) and L2E < 1422 then

w <q(z) <1+ :TZZ- where

F.(z) = Xp=1 ﬁzn * f1(2),
6 (2) = X 2"+ f5(2),

_ _-1ett . 2
q9(z) = 1+4(1 - 271 = 2F1 (1,1, c+3 ,Z_l)

2.2 Convolution and Quasi-Convolution
Properties Let T denote the subclass of A consisting
of functions of the form
f@=z-3,az" (4 20) (10)
Let P(4, B, a) be the class of holomorphic functions

in U that satisfies f(z)<1+[(lzi% Where
—2<B<A<;0<a<l

Consider T, as as subclass of T that consists of
functions of the form f(2) = z — Y5, azez?*  (11)
Define T(n,m,y,0,1,6,4,B, @)

(. A-p)z[D"f @) +yz D" F ()]
_{f. ferte o eP(A,B,a)} (12)

T*(n,m,y,0,n,6,4,B,a) '

. ., 1=Nz[DEF ()] +yz[DI*M £ (2)]
VAV (A=YIDE f(2)+yD2¥™ £ (2) (13)
€ P(4,B,a)
S*(n,0,1n,6,A,B,a) =T(n,m,0,0,n,¢,A,B,a) (14)
K(n,m,o,n,¢,A4,B,a) =T(n,m,1,0,1,¢,4,B,a) (15)
S;(n,0,m,6,4,B,a) =T;(n,m,0,0,1,6,4,B,a) (16)
K;(n,m,o,n,6,4,B,a) =T,(n,m,1,0,1,¢,4,B,a) (17)
D"f(2) = z+ Lio,[1 + (k — Do(n + )], z*
DIf(z) = z + Lio,[1 + 2k — Doy + )" azz?*  (18)
Iff(z) =z—Yy,a,2z%* and g(2) =z —
¥, byz?k (agg, by, = 0) then the convolution is
defined by f(z) * g(2) = z — ¥i_; azbyz** (19)
In the present work, we propose to give some
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interesting generalized work of U. H. Naik and S. R.
Kulkarni [15], also there are many researchers who
have studied some proper -ties of univalent functions
with negative coefficients of type
f(2) = z = Y7, a,,z**like, Silverman and Berman
[16], Padmanabhan and Ganeshan [17] studied the
convolution properties of univalent functions with
negative coefficients, Joshi and Kulkarni [18] also
studied the properties of univalent functions with
missing coefficients. We shall make use of above
lemma, in our study.

Theorem2.2.1 If f(z) = z— Y¢_, ay,z%*
and g(z) = z — Y., by 22 Where ay;, = 0,
by, = 0 Such that
f(2),9(z) € T,(n,m,y,0,1n,¢,4,B,a), then
q(2) =z — X, az bZkZZk' € T;(n,m,y,0,1,6,41, B, @)
With 4, < 1—2j,B;, > ’f_Af. Where
, 1
7= [3+2(4—c)B—2(1—-)A]2 (1+3au )"
12(1—-)(B—A)>?
[1—y+y(1-3ap)™ —4(B—A)% (1-x)?]

Proof  Since f and g belong to,
T;(n,m,y,0,n,¢6A,B,a) therefore by lemma 1.1.1
292 {[(2k — 1) + 2(2k—c)B — 2(1—)A]

2 [(1+(2k71)au;’;;1::)ti/£1;(2k71)au])'"]aZk} <1 (20)
Y2, [(2k — 1) + 22k—x)B — 2(1—x)A]X™

X1 —y+yX™[2B -A)1-)] " ay <1 (21)
Yo, [(2k — 1) + 2(2k—x)B — 2(1—x)A]X™

XA —y+yX™[2(B-A)(1-)]1hy, <1 (22)
Where X =14+ 2k — 1)o(n +¢).

We contemplate to find A4, By, such that
—1<A; < By for

q(z) € TS (n,m,y,0,n,6, A1, By, a) , thatis,
27ol2k — 1) + (2k—0)B; — (1—s)4;]1X"

X (1 =y +yX™[(B; — A (1—)] tag,by < 1 (23)
By using Cauchy-Schwarz inequality, we get

=2 V(agha)? < Br=, Vay )Xk, Vb2 <1, (24)
V=1[02k—-1)4+2Q2k—x)B — 2(1—x)A]

X X"(1 =y +yX™I2(8 - A(1-0] ™ (25)

If Vi(agbyy) < V(ag,byy)?, then (23) is true, where
V, = [(2k — 1) + (2k—0)B; — (1—0)A;]X™
X (A —y+yX™)x [(B; — A)(1—0)] (26)

Or Vl(aZkak)E <V (k = 2'3,4’ ..... )
1
In view of (3.24), we have (a; by )z < V! (27)

Thus, to find V; such that v, =V? (28)
« [k = 1) + Qk—x)B; — (1—) A, ] X"

X (1 —y+yX™) SV?[(B; — A)(1-x)] (29)
. _ V2(1-)B1 —[(2k—1)+(2k—x)B11X™* (1—y +yX™)

s A = (30)

(A=) [V2 =X (1—y+yX™)]
Itisclearthat V2 > X"(1 —y +yX™) for k>1
From (30) we can get

www.ijert.org
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(B1-41) QCk-DX"(A—y+yX™)
B = G2 anaynrmyy 1T k=2 ()
The right hand side of (31) decreases as k increases,
then it has maximum for k = 2, then (31) is true if
(B1—4A1) 1
(B1—-1) — [3+2(4—x)B—2(1—x)A)%(1+3au)"
12(1-)(B—A)? .
[y (3" |-4G-12 (1—0?  J
We can see that j < 1. Fixing A; in (32), we have
j+A1
B, = Eey
—1 < A; < B; < 1. Then the proof is complete.

(32)

(33)

Corollary 2.2.1 If  f(z) =z — ¥y ,a,:z%% and
9(2) =z = Y7, by 2% where ay, =0, by, =
O such that f(z),g(2) € S5(n,0,1n,6,4,B,a), then
q(2) = z — X’y agy by z** € S3(n, 0,1, 6, A1, By, @)
With, -1 < A; <B; <1,—;<B<A<;

where 4; <1-2j;,B, 2124,

. 12(1—«)(3—,4])%

1= [3+2(4—)B—2(1—)A]2(1+3au )" —4(B—A)% (1—x)2

This corollary is entirely new and not found in the
literature. By letting n =x= 0 in Corollary 2.2.1, we
have the following result due to [15].

Corollary2.2.2 If f(2) =z— ¥y, a2?¢ and

9(2) = z = X7, bypz** where a,, =0, by, =0

such that f(z), g(z) € 5;(0,0,0,0,4, B, 0), then

q(2) = z — ¥, ay by z** € 55(0,0,0,0, 41, By, 0).

Where @y > 0,by 2 0,~3<B<A<s  With
A <1-2j,,B1 = ’%Al, hence

. 12(B-A4)? .

J2= [3+8B—24]2—4(B—4)%"

Theorem 222 If f(z) € T, (n,m,y,0,n,¢6A4A,B,a)
and g(z) e T,(n,m,y,0,1n,6C,D,a) then
f(2) xg(z) € T;(n,m,y,0,n,6,E,F,a). Where
E<1-2jF zfl%f with
. [6(1-x)(B—A)(D-C)]
7= [3+2(4—0)B—2(1—)A][3+(4—)D—(1—)C](1+3au )™

1

X
{[1-y+y (1+3ap)™]-2(B-A)(D—c)(1-)?}

Proof By making use of Theorem 2.2.1, and

Lemma 1.1.1 we obtain,
{(2k(F+1)—[1—F+(1—)E]}X™ (1—y +yX™)

(F-E)(1-a)
< (2k(2B+1)—[142B+2(1—c)A}X ™ (1—y 4y X™)
= 2(B—A)(1-a)
x {2k(D+1)—[1+xD+(1—c)CPIX™ (1—y +yX )= d, (34)
(D-0)(1-a)
Where X = [1+ 2k — D)aul, ap = 0.

Then by simple calculations we have
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F—-E QE-DX™(1-y+yX™)
1 2 Ga)ld X" 1y +7X™)] (35)
The right hand side of (35) decreases as k increases
and it has maximum for k = 2, then we obtain

FE [6(1-)(B=A)(D~C)]

F4+1 — [3+2(4—0<)B—2(11—oc)A][3+(4—o<)D—(1—o<)C](1+3ay)”

X I aBam26-H0-0a-8 - (36)
Itisclearthat j < 1. Now fixing E
we get Fz%,:.FS 1 and E<1-2j.

Corollary 2.2.3: If f(z) € S;(n,0,1n,6,A,B,a) And
g(z) € S;(n,0,1n,6,C,D,a) Then f(2) *g(z) €
Si(n,o,n, 6, E, F,a)where  E<1-—2j,F> ’;—jE
—J1
_ [6(0=)(B—A)(D-C)]
17 [342(4—«)B—2(1-)4]
1

with

x {3+(4-)D~(1~)C](1+30 (1 +¢)" ~2(B~A) (D—c) (1~)?}
This corollary is entirely new and not found in the
literature. By putting « = n = 0 in above Corollary, we
have the following result due to [15].

Corollary 2.2.4: If f(z) € 5,(0,0,0,0,4,B,0) and
g(2) € 55(0,0,0,0,C, D, 0) Then f(@2)=g(z) €
$3(0,0,0,0,E,F,0), where E<1—2j,F2> ’f_—f
[6(B—A)(D-C)]
3+8B—A][3+4D—C]-2(B—A)(D—c)} '

Corollary 225 If f(z) € K;(n,m,0,n,6,4,B,a)
And g(2) € K;(n,m,o,n,¢C,D,a), then
f(z2) xg(z) € K;(n,m,0,n,¢,E,F,a).
Where E <1—2j3,F z’f—f with
—]3
1

I3 = [342(4—x)B—2(1—x)A][3+(4—) D—(1—)C]
[6(1—x)(B—A)(D—C)] . .
e 261 Do) A" This corollary is
entirely new and not found in the literature. Letting
a=n=0,cr=%,n=1,g=1, in above

Corollary, we have the following result due to [15].

Corollary 2.2.6 If f(z) € K;(0,1,1/2,1,1,4,B,0)

and g(2) € K;(0,1,1/2,1,1,C, D, 0). Then
f(z)*g(z) € K;(0,1,1/2,1,1,E,F,0). Where
E<1-2j,F 2’1‘*—”;‘” with
—J4
[6(B—A)(D-C)]

J4+ = GareB—2413+4D—Cl—2(B—A)(D—0))

Theorem 2.2.3 Let f(z) = z — X7, ay,.z** Where,
az, = 0€Ty(n,my,o,n,¢6 A;,B;,a) and

9(2) = z = X7, by z?* with |by;| <1, i = 1. Then
f(@)* g(z) €T(n,m,y,0,n,6,A,B,a).

Proof By assumption, we have
Yokl — 1) + 2(2k—o)B — 2(1—x)A]
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(1—y+y[1+Ck—1)AH™ .
2(B—A)(1—=) aZk] < 1}. And  since
|by| <1 for i >1,then
o [(1+Q@k=Dap)* (1—y+y[1+2k—1)au )™
Lic=2 [ 2(B-A)(1—o0) ]aZkak'
< Yio{l(2k — 1) + 2(2k—)B — 2(1— ) A]
(1+Qk—1)ap)" (1-y +y[1+Qk—Dau )™
2(B—4)(1-) }azklbzkl <L
Thatis f(2) * g(2)
=2z — X7 ayubyz®* €T(n,my,0,1,6,A,B,a)

Corollary 2.2.7  Let f(z) = z — Y7, ay, 22k,
Where a,, =0 € S;(n,0,1.¢,4,B,a) and

9(2) =z = X7, by z?k With |by| <1, i > 1.
Then f(2) * g(z) € S*(n,0,1n,6,4,B, a).

This corollary is entirely new and not found in the
literature. By putting n == 0 in above Corollary, we
have the following result due to [15].

Corollary 2.2.8  Let f(z) = z — X7, ayez%¥,
Where a,, = 0 € 55(0,0,0,0,4,B,0) and

9(2) = z— 37, by z** With |by| <1, i > 1. Then
f(z) = g(z) € §7(0,0,0,0, 4, B,0)

Corollary 2.2.9  Let f(z) = z — Y7, ay, 22K,

Where a,, =0 € K;(n,m,0,1n,¢,4,B,a). And

9(2) = z = X7 , by z?* with |by;| < 1, i > 1. then

f(z) = g(z) € K(n,m,a,n,¢,4,B,a).This corollary

is entirely new and not found in the literature. By
. 1 .

putting n =x=0 and o = n=¢= 1 in above

Corollary, we have the following result due to [15].

Corollary 2.2.10

Let f(z) € K; (0,1,%2,1,1,,4, B, 0).

f(2) =z—3Y7,ay,z°* Where a,, >0, and
9(2) =z — Y7, by z?k Where | ay| <1,i>1.
Then f(z) * g(z) € K(0,1,1/2,1,1,4, B, 0).

Theorem 2.2.4 Let f,g € T;(n,m,y,0,1,6,4, B, %),
then q(z) =
z— Zfzz(aZkz + bZkZ) € T;(n,m, V.0, ¢, A, B, x).
where A, <1 -2 and B; = “2L with
. 1
J= [342(4—)B—2(1—c)A]2 (1+3ap)"
[24(1-)(B—4)?]
{[1-y+y(1+3au)™]-8(B-A)2(1-)? }’

Proof By assumption, we have

22022 [[(Zk—1)+2(Zk—o;)(tlzg—_i(;(zo_()og]xn(1—y+yxm)] 4y < 1
v [[(Zk—1)+2(2k—o;)(i—_zA()1(;ci<Z;]x"(1—y+yxm)] by, <1
Where X =1+ (2k — 1)au, thus ,
v [[(Zk—1)+2(Zk—o;)(lz—_ZA()l(IiZ;]X"(1—y+me) aZk]

<L

International Journal of Engineering Research & Technology (IJERT)

ISSN: 2278-0181
Vol. 2 Issue 4, April - 2013

o [[2k=1)+2Q2k-x)B—2(1—)AIX™ ( 1—y +yX™) 2
(Zk=2 GZk])

2(B-A)(1—x)
<1
Ly [(2k=1)+2(2k=00B-2(1-c)AIX" (1=y +yX™) ]2
" ak=2 2(B—4)(1-x) 2k
<1 37)

Then we may write

w1 [[@k=1)+2(2k—)B—2(1—<)A]X" (1—y+yX™)]?
Yi=2 2 [ 2(B—A)(1-x) ]

X (az” +by’) < 1 (38)
Therefore, the inequality (38) holds if
[Qk=1)+Qk—0)B1 —(1—)A1 X" (1—y4+yX™)

(B1—-A1)(1-)

1 [(2k—1)+2(2k—o<)B—2(1—oc)A]X"(1—y+me)]2 _v?
2 2(B—A)(1—) 2"
And by simplification, the last inequality gives
(B1—41) 2Qk—-DX"(1—y+yX™)

(B1+1) = A-a)[V2-2X"(1-y+ym)] (39)
The right hand side of (39) decreases as k increases
and if we put k = 2, we obtain
(B1—41) [24(1-x)(B—4)?]

(B1+1) — [3+2(4——0(1)3—2(1—0()A]2(1+3a;4)"

<

X Mty Bap) " 1 8G-A20—w?) J (40)
A1)

Now by fixing A; in (40), we have B; > 1
B; <1 give A; <1 — 2j. with j given in (40).

and

Corollary 2.2.11  Let
then q(z) =
z— ZI;”:Z(aZkZ + bZkZ)ZZk € Sz*(n; o,n, CIAIJ Bll 0()

Where A, <1—2j, and B, > All—t“ With
—J1

f,9 €S;(n,0,m,6,A,B,),

. [24(1-)(B-4)?]

= {[3+2(4—x)B—2(1—-x)A]2(1+3au )" —8(B—A)2(1-x)2 }

By putting n == 0 in Corollary 2.2.11, we have the
following result due to [15].

Corollary 2.2.12 Let f,g € 5;(0,0,0,0, 4, B, 0), then
q(z) =

z = Y5, (ay? + by *)z% € 55(0,0,0,0, Ay, By, 0).
Where 4, <1-2j, and B, > Af—t“ with

—J2

. 24[(B-4)?]
J2 = (Gres a8 Gom) Let the class T (n, p) of
functions of the form f(z) =zP — ¥i_ ., arz®
where (n,p € N,aq;, =0) (41)
f(z) will be Holomorphic and multivalent in the unit
disk u = {z:]z| < 1}. Consider the generalized

Ruscheweyh derivative J; SAEST £ ) defined as

Ja,n,g,/l,s,é,rf(z)

p

=27 = Sy O (R a2t (42)
0" f (2) =

F'(k+14+A-2p)T(w+2+1—p—au)T'(k+v—p+2)
I'(k—p+Dl(k+v—2p+24+A—ap)l(v+2)[(1+1—p)
v,0,TER=¢n=348¢=1andp=v=1

(43)
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We have Ruscheweyh derivative to univalent function.
Now we define a class
AB(0,1,6,¢,6,7,7,a,p,n) consisting of functions
f (z) o f the form (41) satisfying the condition

Jo,n,g,s,ﬁ,z)
Re S a f(Z)S S5
a-Pz2[gg " D@ Ayz|gg OV @] 43y D f ()
>a (44)
1 1
ze€uy 0<y<-, 0o <—mm— and
V=3 A-y)p(p—D+yp+1

Js NSEBTE(Z) as  defined in (42). Also Let
fl(z) =2zF — ZI?:n+p ak,izk (l = 1'2)
be in the class T(n,p) consisting of the family of
functions that are holomorphic in u. Then the quasi-

convolution  (fy * f =+ f,) of the functions
fu fo, e fo is defined by (fy * fo % f)(2)

=zP — Zlcfznﬂn [1i=1 ak,izkv (45)
Where [[qar; = ap1ars " Qg (n € N).

Theorem 2.2.5 Let f(z) e T(n,p). Then
f(z) € AB(0,1,6,¢,6,7,v,a,p,n) ifand only if
Xientp {1 —a[(1 - Y)k(k — 1) + vk + 1107 (K)a
<l1-o[(1- V)rl)(p -D+yp+1] S (46)
- o,n,6,,0,T
O<a< 1-y)p(p-D+yp+1 and 2, (k)

as defined in (43). The result holds true.

Proof Let f(z) eT(n,p). and suppose that
f(z) € AB(0,1,6,¢,6,7,7,a,p,n), then

Ja,n,q,s,zSJ
Re { g f(Z)a : }
A-Pz22[g MO f @] Az |gg 0T ()] +ag O f ()
>a (z € w).

1= a)J;" " f(2) = (1 = p)z?

x[g" @) vz gy (@)
By using the definition of Jg‘""'£‘5'7f(z), we obtain
lzIP {1—c [A=p)p(@ — D +yp+ 11} —
" 1-x [(1—p)k(k — 1) + vk + 1]
Zienp { S O }
Letting z — 1~ on real values yields

. 1-o [(1=pkk —1) + vk + 1]
Zk=n+p % Qg,n,c,e,é,r(k)ak
<l-<[A-y)p(p—-1)+yp+1] Where

a1,6E0,T _
Qp (k) -
T(k—2p+1+D)T(W+2+A—p—au)T(k+v—p+2)
F(k—p+1DI'(k+v—2p+24+A—au)l(v+2)[(1+ap)
Conversely, suppose (46) holds true, then
Iy @)
w= a, £,6,T o £,6,T o.1,6,868,T
A=P22[gg T @] Ayz[ag T @] +ap O @)
Thus by simple calculations we get the required result.
For sharpness the function f(z) is given by following
f@) =
1—x[(1-y)p(p—1D)+yp +1] n+p
0.1,6,0,T z .

{1-«[A-p)(p+p)(n+p-D+y (p+n)+11}0, (n+p)
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Corollary 2.2.13 Let

f(z) € AB(o,1,¢,¢,6,7,7,a,p,n), then a, <
1-x[(1-y)p(p—D+yp +1]

{1-[(1-p) (n+p)(n+p—D)+y (n+p) +113025 0T ()’

k>n+p. 47

Also, consider the class ABS(o0,1,¢6,¢,6,T,7,a,p, 1)

consisting of all functions f(z) € T(n,p) such that

zf'@ € AB(o,n,6,¢,6,7,y, @, p,n).

Theorem 2.2.6 The function
f € ABS(0,1,6,¢,8,7,y,a,p,n) ifand only if
Zhenp kK{1—x (6(n +¢) + )—ox (k — 1)
X@2-—ap+ (k=2)[A-aw])

X Qz‘"'q‘s“g'f (Ka, z*
<pll-a(l—awplp—-1) +aup +1].
Where 0<a< ! OSau<§,

oc{(1—ap)p(p—D+app +1Y
and ) MSEST (kY as defined in (43)

Corollary 2.2.14 Let
f(z) € ABS(0,1,¢,¢,8,1,7,a,p,n), then
1

a, <
k= () A=A —ap) (n+p) (n+p—1)+an (n—p)+11)}

% p(1-«[(A—y)p(p-D+yp +1])}
an,6E6,T

!Zp (n+p)
plz—(p?+2)]
= ) 2—lp+m)2+23Bg T (nap) |
Theorem 2.2.7: Let f € AB(0,1n,6,¢6,1,y,a,p,n)
then |z|P — (1—x[(A=)p(p-D+yp +11} S+

1-x[(1-y)(n+p)(n+p—1)+y (n+p)+1]
<|3," T f @] < 2l +
{1-«[A-y)p(p—D)+yp +1]} n+p 4
1—ap [1-y)(n+p)(n+p—1)+y (n+p)+1] 2] (48)
plzlp_1 _ () 1-«[A-y)p(-D+yp +11} |Z|n+p_1
1-«[(1-y)(n+p)(n+p—1)+y (n+p)+1]
1,6,€,0, _
<|lg;ms=* f@)] | < plzip=t +
@+n) {1-«[(1-y)p(-D+yp +11} n+p—1
Tl ) ()1 ey () 1] 121 ) (49)
Where 0<y<-, 0<a<——mmm,
2 A-y)p(-D+yp+1

om+¢)>-p, v,&8,TER, zEwW

575507 (n 4 p) =

r(n+14+2—p)f(v+24+1—p—au)I(n+v+2)
T+ (n+v+2+1—p—ap)T(Ww+2)I(1+A-p)

Proof For f € AB(o,n,¢,¢,8,1,v,a,p,n), we have
© M,6,€,6,

Zk=n+p ak-(); e T(k)
{1-x<[(1-y)p(p—D+yp +11}

- 1—«[(16—y)(n+p)(n+p—1)+y(n+p)+1]' s

|3y T @) = |2 = Ty ey ()2

< lzl? + 127+ B a2y ()

< |zP - (1—=[A—y)p(p—D+yp +11} |z +P

1-«[(1-y)(n+p)(n+p—1)+y (n+p)+1]

Therefore
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And a7 f (2)
> |Z|p _ {1-x[(1-y)p(p—1D)+yp +11} |Z|n+p.

o —[(1-p)(n+p)(n+p—D+y (n+p)+1]
Similarly, we can prove the relation (49).

Theorem 228 Let
fi(z) € AB(o,n,¢,¢,6,1,7,a,p,n) then
(fl*fZ* ----- *fg)(Z)EAB:L(O',T],C,&S,T,)/,(X,p,n)

n
and 0=¢< A-PpG-DHyp+l  Tim+p ) Where
fi(2) = 2P = ¥y Q2" (i=1,2,¢€N).
1—a;[(1-y)(n+p)(n+p—1D)+y (n+p)+1]

hi(n+p,4) = (a0 p-Dp+1]
0.,1.,6,€0,T _ <.
0, (n+p)—1 For0 <x;< e —tv—

Thus result holds true.

Proof By induction on ¢ For £ =1, the result is
true. For £ = 2, we have
5 a1 [A-p)kGe—D)+yk +1125 7507 (k)
le=n+p {1-a1[(1—y)p (p—D)+yp +11}
w  Umald-pkk-D+yk+10, T g
&Zk=n+p {1—ay[(1— _
2 y)p(go D+yp +11}
By Cauchy-Schwarz inequality we have
s ( 2 (-aA-pkk=D+yk +1]) ,)2
le=ntp \MU=1"0 g [a—)p-DHyp +11} 1
X Qz’f"’”"s'f(k) < 1. We have only to find the largest
& such that
5 {1-E[A-P)k (k=D +yk +11305 5% (k)
fe=n+p {1-¢[(1-p)p p—D+yp +11}
<1 Such that
{1-£[(1—)k (k=D+yk +1]} a
(1-¢[A-Ppp—D+yp+1p V1 "'21

{1—a;[(1=)k (k=) +vk +11}\2
< (112 L . Con ntly, w
= ( i=1 {1—ai[(1—y>p(p—1>+yp+1]}) Consequently, we

{1-¢[A—y)k (k—1)+yk +1]}

have to find ¢ su?h t[r:at ) {%—f[()l—y)p(ﬁ;}—l)+yp+1]}
< a.1,6,E0,T 1—a;[A=y)k(k—1)+yk+1
@ O {1-a;[(1-y)p (p—D+yp +11}

Thus (f; * £,)(2) € AB(0, 0,6, ¢, 5 T,y,a,p,n),
for 0<é< (1; Where

-Vp(p—1)+yp +1 T1(k)
fe) = [A-y)k(k-1) ]
(rr]gsﬁ‘r 1—a;[(1-y)k(k—1)+yk +1 _
O (1—a;[(1—y)p p—D+yp +11}
Sofor k >n+p we get

A 1 <1

Ay 2 <1

Ag 10k 2

n
0<¢s< A-PpG-Diyp+1  Ti(np)
Ty(n+p) = 05" (n +p)

2 1=a;[A=y)(+p)(n+p—D+y (n+p)+1]
X 11z -1
I {1—-a;[A-Y)p(p—D+yp +11}
Now suppose the result is true for any € N . Then we

Where

must show that

(fi * fo %= f;)(2) € AB(o,1, C,€5T%0¢ p,n),

where 0 < & < ! and
(A—p(—D+yp+1  Mq(n+pL+1)

2+1) = {1-¢[A—y)(n+p)(n+p—1)+y (n+p)+1]}

M
1 +p, (—¢[A—P)p—D+p+11)
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{1=a11[A-P) (+p)(n+p—D+y (np)+1125 707 (1))
-1,

{1=a111[A-p)p(p—D+yp +11} )
then by mathematical induction, we obtain the result
which is true for any positive integer. We want to

prove that (f; = f, =+ f)(2) = 2" — Ay 2",

Where Ay, =
¢ {1—a;[(A-y)p-D+yp +11} _
=1 1—ai[(1—y)(n+p)(n+p—1)+y(n+P)+1]!2;'”'g's'a'r(nﬂl)

1
0<xt,<—-—,
LT A-yp(e-D+yp+1

condition and this completes the proof of theorem. For
sharpness take the function f;(z) = z? —
(1-a;[A-y)pp-D+yp+1]} n+p
(1= [(A-P) (n+p)(ntp—1)+y (n+p) +11325 5 (n+p)
Similarly we can prove the result for
ABS(o,1,¢,¢,8,1,7,&,p,n) in next Theorem.

This is the required

Theorem 2.2.9 If

fi(z) € ABS(o,1,¢6,¢,6,T,7,a;,p, 1) for each
(i=12,¢) Then

(f1 fa xee *fz)(Z)le ABS(o,n, S8 8,7,v,a,p,n)

“0<p= A—apw)p(p—1)+aup +1 Tz(n+p£’)
T,(n+p?t)=

’ n+p)g" 50 (n4p)

=1 p (1—a;[(1—y)p (p—D+yp +11}
X{I=a,[A-y)n+p)n+p-1D+y(n+p)+1]}
—1. The result is sharp for the functions: f;(z) for
(i =1,2,+¥) given by
fi@) =7 -

p{l1-a;[A-Y)p(p-1)+yp +1]} P

(+p) 1= [(1=Y) (4p) (tp =14y (ntp)+11025 "0 ()
Puta; =xV (i = 1,2+, ¥) in Them. 2.2.8, we get

Corollary 2215 If fi(z) €
AB(0,1n,6,¢,6,1,y,%p,n)V(i = 1,2,~,f € N).
(fl*fZ* """ *ff)(z) EAB(U'U:C'S'&T'%[;:P:n)-
Where f = !

(1—y)p(p—1)+r}l/p +1

K4
(sl @ p-Dtyeup)+lop T ) |
1-[@-yp G- 1)+yp+1]) -
0 << ——— Then result is sharp for the
~ A=pp-D+yp +1 ]
function f;(z) forall (i = 1,2,~,¢ € N) given by
fi(z) = 2P —

{1—«[(1=y)p(p—1)+yp +11} 1D
(1=[(1=p)(+p) (n+p)=D+y (n+p+ DG 550 (n4p) '
Put a; =x for (i =1,2,~,¢) in Theorem 2.2.9,
then next corollary.

Corollary 2.2.16: If f;(z) € ABS(0,1,6,&,6,T,7, %
,p,n) for (i=12,-¢2€N). Then
(fl*fZ* """ *f{)(z)EABS(a,n,g,e,&T,y,ﬂ,p,n)
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1

where =
B A-y)p(-D+yp+1
n
- 0.1,6,60,T &
(n+p){(1—<[(1=y)(n+p) (n+p—1)+y (n+p)+11N02, """ (n+p)
p {1-x[(1-y)p (0 —)+yp +11}

Theorem 2.2.10: Let fi(2),f;(2), f3(2), fr(2)
defined by fi(2) =27 = Xinsp a2k €
AB(o,1,6,&,6,7,7,%,p,n). Where (i = 1,2, ¢ €
N). Then arithmetic mean of f; (i = 1,2,~,£ € N)
defined by h(z) = ;%2 fi(z), is  also  in
AB(o,1,6,66,1,7,%p,n) (i=12-,¢€N).

Proof: By definition of h(z) we have

h(2) 25 ;')0=1(Zp - Zf=n+p ak,izk) =zF -

Yicntp (%Zf‘;l ak,i) zF. Using Theorem 2.2.5,
Yinipll—x [(1 =kl — 1) + vk + 1]}
AR OO E

T (T {l—oc [(1 =PIk (ke — 1) + vk + 1]}

X !2;""('8’5'7 (k)) Ay

1 oo
S Xib -« [I-yp-D+yp+1],
Then we obtain h(z) € AB(a,1,¢,¢,6,7,7,a,p,n).

Theorem 2.2.11: Let f(z) and g(z) be in the class
AB(0,1,6,¢,6,7, 7, 0, p, n), then  h(z)) = tf(z) +
(I — tg(z), 0 < t < 1, also belongs< to
AB(0,1,6,¢,6,T,7,a,p,n).

Proof: By definition of h(z) we have

h(z) = 2P — X7, 1p[ta, + (1 — t)b]z*, where
f(2) = 2P — X i 2" And g(z) = 2P —
Yrntp b 2%, (ax, by = 0).Using theorem 2.2.5
- (A -p)k (k=D)+yk +11325 550 (k)

Zk=n+p 1-x[(1-y)p(p—D+yp +1]
X [ta, + (1 — )b ]
W e A—k(k=D+yk +1125 " (1)
= t2k=n+P ; U *

1-«[(1-y)p(p—D+yp +1] .
o {1—[(1=)k (k=1 +vk +1130, "% (k)
(1= 8) Xty 1-[(1-y)p (p—D+yp +1] be <1
then h(z) € AB(o,1,¢,¢,6,7,Y,a,p,n). consider the
generalized Jung-Kim-Srivastava integral operator

q — oD _ oo F(q+{+p)F((+k) k
F (z) = 2P — Xizn+p TCparcit HE Where
q = 0,{ > —1. [19], then we have the next theorem.

Theorem 2.2.12: Let f € AB(0,1,6,¢,6,T,Y,a,p,n)
be defined by (41) and ¢ > 0, > —1 then F(q(z)
defined above also belongs to
AB(o,1,6,¢,6,1,7,a,p,n).

Proof: By Theorem 3.3.5, we have
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o 1-«[(1-y)k(k—=D+yk +1] ~on,6.e6,T K
Zk:”“’ 1-x[(1-y)p(p—D+yp—-1]""P (k)

[F(q+(+p)l"(§+k)] a

T +p)T(q+{+k)

Zoo 1—oc[(1-y)k(k—1)+yk +1] Qa,n,g,s,é,r
k=n+p 1 —«[(1—y)p(p—D+yp +1] P

I'(q+{+p)T'({+k)

AT Y T < for k> , then

T +p)T(q+S+k) — 0 =n+p ¢

Fl(2) € AB(0,1,6,¢,6,1,y,a,p,1)

(k)ak <1

Since

Theorem 2.2.13: Let qu (2) be defined, having Taylor

series  expansion of the form, F{q =zP —
I T(q+{+p)T({+k) k q ; ;
Dh=n+p e HZ Then F/'(z) is starlike of
order B0 < B <p). in
|Z| SRl(o-;n)c;€)6;‘[)y;a;ﬁ;p;n): 1
inf [(p—ﬁ)F(q+(+k)F(Z+p) 1-o<[(1=p)k (k=1 +yk +1] T
kentp LE=BITC+IN(q+{+p) 1=«[(1~y)p (p—D+yp +1]

1
x [ gmse 0 (k)]

Proof: We must show that
z Féq(z) _
F (2)
o I'(q+{+p)T({+k) k—
< k=n+p m(/‘ —p)alz|*7?

_ _ Yy L@ +{+p)T(E+k) k—p
<@e-A(1 Ziewer g scon 17 )
fen k—p < P=BN@H AT +p
"% [l(Zl e, LoTGHOTG ¢ 40)
1-«<[(1-y)k(k—1)+yk +1 a.1,6,E68,T H

. Hen roof.
1—x[(1-y)p(p—D+yp+1] P (k). Hence proo

p|<p-20. Or

z Féq(z)
-b
Fl(2)
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