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ABSTRACT
In this paper, the orbital and orbit are basic ideas in group theory. Xu Changliang began to investigate the orbital equations
in the primitive permutation groups. There are two equations of orbital to be solved. The aim of this paper is to interpret the

solution to the first orbital equation P" = P™ and the second orbital equation P™ = PUP, where m > 3. Some general
theory of permutation group is needed for the statement and proof of the result in this paper.
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1. INTRODUCTION

We first introduce the basic idea under lying a permutation group form a monoid, the binary relation
invariant Neumann, P.M. and Praeger, C.E. [1] discussed the orbital equation PoP = P in their study of
three star permutation groups. The aim of this paper is to complete the discussion of two equation of
orbital P" = P™ andP™ = PUP, where m > 3, Neumann, P.M.[3] began the investigation of the
influence of some equations in this monoid.
In this paper, suppose that S is a non-empty set and let G is a transitive subgroup of S. Consider that the
group G acting on a set S, the orbitals are the orbits of G in S x S. The suborbits are orbits of G; fort e
S; G is transitive.
The relation

P(t)={x €S|(t,x) e P} (1.2).
This shows that a one to one corresponding subdegree of G on S. The number of suborbits or orbitals is
said to be rank of G. _
The paired orbital P of the orbital P is defined as

P ={(x1,%;) (x5, X,) € P} (1.2)

The orbital P is known as the self-paired if P =P .
The subsets P and T defined as;

PoT={(X,,X,) €S’ |(@xeS):(x,X) P} (1.3)
and (X, %X,)eT,
Since if P and T are orbitals, then P o T will be a union of orbitalsi.e PUT .
Therefore, for three binary relations P, T and Q

(PoT)eQ=Po(T-Q)

This is associated with orbitals.
Notice that if P and T are invariant of G then Po Twill also be invariant of G. The equality operator E
is an identity element and the relation P as being a non-trivial if P # E .
In this sense the empty relation @ is an element of zero, such thatP o ®=® = o P, for all binary
relations.
Let the group G is transitive on a set S and the universal set U satisfies PoU =U = Uo-P for any non-
zero invariant of group G binary relation P.
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In this section, Neumann, P..M.[3] focuses on a discussion of the equations
P?=PUP,P'=P, P?=P* P =P andP'=E.

Changliang, X. [2] proposed the two equations of orbitals P"= P™ and P" =PUP, where m >
3. The other section contains the solution of these two orbital equations.

2. SOLUTION OF THE ORBITAL EQUATION P"=P™

Let us consider that S is a non-empty set and the group G is a transitive subgroup of S. Some
general theory of the permutation group is needed for the statement and proof of the results in
this section. For the equation of orbital P" = P™, if G is strongly primitive on S.

By definition, if a strongly primitive permutation group leaves trivial proper transitive binary
relation invariant and we get the following statement.

If G is strongly primitive group on S and G has a non- trivial orbital P for which P"=P",
where n > m; then P™ is the universal relation on a set S. i.e.

P" =Uor P"™ =E

Such that |G| = |S| = p and n=m (mod. p), where p is a prime number.
To prove our main result we need a discussion of the orbital equation P" = P™[2]. Therefore, we
restate the theorems for ready reference.

Theorem 2.1: Let G is primitive on S and let T is a non-trivial invariant relation of G
satisfyingTo T =T. Then T is a non-trivial invariant partial-order relation of Gon Si.e. T =E or
T is the universal relation U on S.
Proof : We have

ToT=T (2.1)
Since T is a transitive relation. It has a corresponding equivalence relation E U (TN T), (say).
Because the group G is primitive, this must be E or universal relation U.
Therefore, there are some possibilities for TNT=®, E,Uand U/E. If TNT=®, then T is a
strict partial-order relation on S. If TN T =E, then T is a non-strict partial-order relation or
T=E.
IfFUECTNT ,thenEc ToT .SinceEc TandsothatEc TNT .
Therefore, TNT=U ie. T=U.
Theorem 2.2: Let G is a primitive on S and G has a non-trivial orbital P, Such that P"=P™
where n > m. Define q = n—m and the natural number N so that g (N-1) < m < qN. Then P™ is
a non-trivial invariant partial order relation of Gon Si.e. P=E or P" is the universal relation
UonS.
Proof: Givenas P" =P™ and P'=P™ for any natural number r with r > m.
Therefore, P"=P"®for natural number s and r with r > m.

Because gN >m and PN = pan+as (2.1)
In particular case, when s = N, we get from equation (2.1),then

paN = p2aN (2.2)
Now we define T=pN (2.3)

Since P™ is a non-trivial invariant partial order relation of G on S i.e. T = E. Hence T is the
universal relation U on S.
When T = E, then it is easy to prove that P9 = E.
Therefore, T is the universal relation U on S, because n > gN, we have
P" =U (2.4)
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If P is a orbital of G and P™ = U then P" = U for any n > m. Hence the equation P"=P", if Gis
strongly primitive on S, then the result is clear P =U or P"™ = E.

3. SOLUTION OF THE ORBITAL EQUATION P" =PUP

Neumann, P.M.[3], the orbital equations in the primitive permutation groups, If G is finite and
P? = PUP ,then G is two-homogeneous but not two transitive. The finiteness of the S turns out

to be significant for the analysis of the equation P? = PJ P . The result for the orbital equation
P™"=PUP, where m>3, applies in both the finite and infinite conditions : m is odd and
6] =[s|=2.
This section focuses on a discussion of the second orbital equation P™=P U P , where m>3. Let
G is a primitive on S and let P be a non-trivial orbital. Consider that P* =P UP and
Gl =[s|=2.
Theorem3.1: Let G is primitive on S and let P is non-trivial orbital. Consider that

P"=PUP, where m>3.
Suppose that the points X, X, X; ........  Xom_p € S, such that x, # x,and (Xx,Xx,,) €P for

i=1,2,3,......,2m-3 and (X, _,,X )eP.Then P=P.
Proof: The solution of the equation

P"=PUP (3.1)
where m>3
Consider that P= P, sothat PNP = .
We define

y(x)=P)UP(x) (3:2)
and #(X) = P(X) U P (x) U{x}. (3.3)
The first result, it is easy to show that either (x;,X,) € P or (X,,,%) € P. Consider that
(x,X,) &P and (x,,x)¢&P.
We show that the following equation :

w (%) =y (X,) (3.4)
Given that any value A in P(xy), because (x,,X,)¢ P and A # X, .
BUt (Xm’ Xm+l)l (Xm+!’ Xm+2)l (Xm+2'xm+3)! """"""" ’ (XZm—S’ X2m—2)l (X2m—2’xl) and (Xlil) are in P and

the equation (3.1) holds, we obtain that either (4,x,,) ¢ P or (x,,,4) € P and so that 4 € w(x,).
Therefore

w(x) Sy (X,) (3.5)

In the same way for the sequence of the points Xy, X2, X3, ........ Xm-1, Xm , then we obtain
v (Xn) Sy (%) (3.6)

From equations (3.5) and (3.6), then we get
w (%) =w(X,)

Hence the result (3.4) is proved correct.
Now we define equivalence relation (~) on S:
a =~ f ifand only if
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y(a) =y (p) 3.7)
Since G is primitive and the relation ~ is obviously an invariant equivalence relation of G. the
relation~is universal and trivial. Therefore the relation y(x,) = w(x,) holds and X; # X, ,then the

relation ~ is not trivial and so that it must be universal.

Since w(x,) = @(x,)and then x, ¢ y(X,).

Hence (x;,X,) ¢ P, this is a contradiction, so that either (x;,x,,) P or (x,,x)eP.

The first result is complete.

The second result, it is easy to prove that PUP =U | E.

In the same way exactly the proof w(x,) =w(x,) , but considering that either (x;,X.,) € P or

(X, X%,) € P ,we obtain the following result :
POOUPO)U R 5 PO)UP(G)U A, (3.8)
ie. $(x,) = p(x;,) 3.9

Now, a new relation ~ on S is define by
a ~ f ifand only if

P(a) = ¢(p) (3.10)
Since G is the primitive and the relation ~ is obviously a invariant equivalence relation of G and
the relation ~ is universal or trivial. Therefore ¢(x,) = ¢(x,), then the relation ~ is not trivial

and so that it is universal.

For any value X,  in S, so either (X,w)ePor (¢,X)ePand X =y .Sothat U [ EcPUP.
Therefore (PUP)NE =® andPUP =U |E.

Hence the second result is complete.

Suppose that any three point X3, X, and X3, such that
(X, %,) € Pand (x,,X,) € P. Because P = P, we have X, # X,

then (x,%) eU/E.
Since it follows that (x,x) e PUP,
therefore P°cPUP.

If P>= P then P™ = P?= P, which is not true. If P? = P U P then using the mathematical
induction on k, we see that PUP < P* forall k>2.

In particular, PUP < P™* then E < P™, which is not true.

If P>=P then P? =P, so that P*=P.

Therefore, P"= P, if n=1 (mod.3)

or P"= P, if n=2 (mod.3)

or E < P", if n=0 (mod.3)

which is not true.

Theorem3.2: Let G is primitive on S and P be a non-trivial orbital. Consider that
P"=PUP and m=>4.

Let P < P*and PUP = @ then there are points X, X, ,......... , Xaq €5, such that x, # X,
(X;,X;,,)ePfori=1,23,......... ;mand (X;,X,,,) €P.

i+1 m+1
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Proof: Suppose that an action expansion on a sequence of the point Xji, Xj2, ......... Xijk OF S
which satisfy (x;,x;,,)€S fori=123,........ k-1and (x;,x,) € P. The action expansion is
defined to add the two points in the following way, for the edge (x,,X,), because P c =58
We obtain x;,, andx ;,, which satisfy (x;;, X ;) € P, (X;;;,X;,) € P and (X ;,,X;,) € P.
Substituting the point xj11 and Xj1» to the sequence between x;; and Xj,, we obtain a new sequence
of the points Xj1, Xj11,Xj12,- - -« --. Xik -

Consider that m is even, we deal with the problem by some applications of action expansion. In
the case when n is odd, given an edge (y1,Ym+2), We obtain a sequence of four points
Y1,Ym:Yme+1,Ym+2 Which satisfy (y,.y,) €P, (V.Y na) €Pand (Yp.1Ym.) €P.

Step by step we obtain m+2 points yi, Y2, Y3, .......... , Ym+2-

Therefore (y,,y,,,) €P,Vi=1234,....mand P" =PUP.

We obtain that either (y,,y,,.,) €Por (v,...Y,) €P,since(y,y,,) P, we obtain y,#y,, .

If (y,.¥ 1) €Pthenys, yo,....... , Ym+1 are the points which satisfy the assertion of the theorem.

If (y,..,,Y,) € P, we obtain a sequence of three points ym«1,y1 and ym«2, Step by step we get a
sequence of m+1, when n is odd ,we deal with the problem by some application of the expansion.
Given any two points x; and Xm+1 Which satisfy (x,, X ,..;) € P by applying the expansion, we
obtain that the points X1 and X,, € Swhich satisfy (x,, x,,,) € Pand (X,,, X,,,;) € P.Itis clear
that x, # X,,.

Now, we get a sequence of the four points X1, Xm-1, Xm and Xm+1, Since n is odd, step by step we
obtain a sequence m+1 points X1,X2,X3,......... Xm«+1, SUCh that x, # x,,, then(x;, X;,;) € P and

(X, X)) €P fori=1,2,3,....... , m. Hence we get a sequence of m+1 points as required for the

theorem.
Theorem3.2: Let G is primitive on S and let P be a non-trivial orbital, consider that

P"™ =PUPand m>4,thennisoddand |[G|=2=]S|.

Proof: Suppose that P=P ,we have P" =P and P™ = P, by the theorem of Neumann [3];
G| = p=1S| and m=1(mod. p).

Also |G| =|S|= p and m=-1(mod.p) for some prime number p. So that p =2 and n is odd,
P=P.

First, we show that PNP®=d (3.1)

Consider that PN P® =®, since P < P™, we choose X1,X2,Xs,....... Xms1 from S, such
that(x,,x,,)eP fori=1,2,3,....... ;mand (X,,,,X,)eP.

Therefore P < P™, we obtain Xm+2, Xme+3,... ... , Xom Which satisfy (x;,x,,,) € P for i =m+1, m+2,
...... ,2m-1 and (X,,,,X,)€P.

Now the points X3, X2, Xs, ... ..., xom, Make a cycle of 2m points which is degenerate. For the (n+1)
POINtS X2, X3, .....,Xm+2, DECause (x;,x.,,) P, fori=2,3,....... ,m+1 andP™ =PUP, either

(X5, Xpip) €P OF (Xy0,%X,) €P.
If (x,,X,,,)€ P and the four points Xm+1, X1, X2, Xm+2 Make it impossible that P P* =®. So

that (x,,X,,,,) ¢ P and therefore (x,.,,X,) € P. By the same argument, we obtain the following

m+27
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results one by one (X5, X;) € P, (X;.0, %) €P, et , (X, X)) € P,and (x;,X,,,)€P. Since

(X, Xpey) € Pand (x,,.,, X;) € Pare both true .

Hence this contradiction complete the proof and the equation (3.1) is proved correct.
Secondly, it is easy to show that

m+3? m+41

P"? cPUP (3.2)
Since P* is a union of the orbitals, the equation (3.1) gives

PcP? (3.3)
Given a sequence of (m-1) points z3, z, z3, .......... , Zm-1 OF S ,which satisfy (z;,zi+1) for i =1, 2,
3, ... , m-2 . The action expansion is defined to add the two points in the following way for the

edge (z1, z,), because the equation (3.3) holds. There are two points ¢ and v, which satisfy

(2,,9),(d.w), (w,2,) € P.

Adding the two points ¢ and v, we obtain a sequence of m+1 points z,, ¢,y ,Z,,Z5,......Z 4

which satisfy (z,,9),(¢.w),(v,2,),(2,,23), ... +(2,,,,2,,) . This means that the equations
P™? c P" (3.4)
and P"=PUP (3.5)
Since the equation (3.2) is correct.
In the last, when P™* NP = @ , we have choose A, 4,, Agy.eeene.. ,An IN'S, which
satisfy (4,,4,,,) € P fori=1,2,3,...... ,m-2,and (4,,4,,,), since
PcP" (3.6)
We obtain a sequence of the points s, 1y, tg,e.enc.. , Uy Which satisfy (4,,,24) € P and
(L, )P for i=1,2,3,.......... ,m-2and (u,, ,,4)eP.
Therefore, (4,,4,,)€P and (4,_,,14) € P, then we obtain
A # 1y 3.7)
For the sequence of the points A4, 4,, A5 ,......... A AN L4, Ly, Uy, , M4, USing the theorem

(3.1) and we obtain

P=P (3.8)
which is the contradiction.
When P™? NP =a®, from equation (3.2), we obtain

P™2 =P (3.9)
Now consider that a sequence of the points wy,W,,wj, ... ... ... ...., Wn+1, Which satisfy
w, =W, (w,w,)eP and (w,w,,,)eP fori=1,2,3,......... m. Therefore, (w;,w_,,) e P, then
we obtain (w,,,,w,) e P .
We have cho0ose W+2,Wm+3, ... ..... ,Wam-2 ,such that(w;,w,,;) € P and (w,,, ,,w,) e P fori=
m+l,m+2,m+3,........... ,m-3.
So that we obtain a cycle of (2m-2) points wq,wz,Ws, .......,w2m-2, Which may be degenerate.
Therefore, w, # w,, using the theorem (3.1),then we obtain

P=P

which is the contradiction.

Corollary 3.1: If G is strongly primitive on S and has a non-trivial orbital P. Consider that
m>3 and
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P"=PUP
Then mis odd and |G| =2=]S].

The method of proof is elementary and purely combinatorial.
Theorem 3.4: Let G is primitive on S and let P be a non-trivial orbital. Consider that

P*=PUP
Then [G|=|S|=2.
Proof : When P=P,
we have Pi=pP
and Pi=P
By Neumann, P. M.[3], theorem (2.2)
G=[s|=p

and 3=1(mod.p), for some prime number p.
Since if p=2,then
G|=1s|=2.
When, P = P then we have
PcP®
If we choose a sequence of four points X3,X2,X3 and X4 such that (x1,X2), (X2,x3) and (x3,X4) and
also (x,,x,)eP.

Such as P-P,

we have
X, # X,

Using the theorem (3.1) in the case when n = 3 and we obtain
P=P

This show that P = P is not true.
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