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Abstract

A function f is called a graceful labelling of a graph G with ¢ edges if f is an injection
from the vertices of G to the set {0,1,2,...,q} such that, when each edge zy is assigned the
label |f(xz) — f(y)| , the resulting edge labels are distinct. A graph G is said to be one modulo
N graceful (where N is a positive integer) if there is a function ¢ from the vertex set of G to
{0,1, N, (N +1),2N,(2N +1),...,N(¢g — 1), N(g — 1) + 1} in such a way that (i) ¢ is 1 —1 (i)
¢ induces a bijection ¢* from the edge set of G to {1,N +1,2N +1,...,N(¢ — 1) + 1} where
¢" (uv) = |p(u) — ¢(v)|. In this paper we prove that the n-Polygonal snakes , " and P, are one
modulo N graceful for all positive integers N .
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1 Introduction

S.W.Golomb [1] introduced graceful labelling.Odd gracefulness was introduced by R.B.Gnanajothi
[2] .C.Sekar [6] introduced one modulo three graceful labelling. In this paper we introduce the concept of
one modulo N graceful where N is any positive integer.In the case N = 2, the labelling is odd graceful
and in the case N = 1 the labelling is graceful. We prove that the n-Polygonal snakes, C,(f) and Py,
are one modulo N graceful for all positive integers N .

2 Main Results

Definition 2.1. A graph G with q edges is said to be one modulo N graceful (where N is a positive
integer) if there is a function ¢ from the vertex set of G to {0,1,N,(N +1),2N,(2N +1),...,N(q —
1),N(g—1)+1} in such a way that (i) ¢ is 1 —1 (ii) ¢ induces a bijection ¢* from the edge set of
G to {I,N+1,2N+1,...,N(q— 1)+ 1} where ¢*(uv) =|p(u) — ¢(v)]|.

Definition 2.2. Consider k copies of path P, .An mn-Polygonal snake containing k number of n-
Polygons is obtained from a path vi,vs,...,v, by identifying the pendant vertices of ith copy of the path
P, with v;_1 and v; for i =1,2,... k.

Definition 2.3. The one point union of t cycles of length n is denoted by C,(f) .This graph has t(n—1)+1
vertices and tn edges.

Definition 2.4. Let u and v be two fized vertices. We connect u and v by means of "b" internally
disjoint paths of length ”a” each. The resulting graph is denoted by P, .

Theorem 2.5. n-Polygonal snakes for n = 0(mod4) are one modulo N graceful for every positive
integer N .
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Proof: Let n =4r,r > 1.Let there be k polygons.This graph has 4rk — (k — 1) vertices and 4rk
4r) (n

edges. For 1 < j <k let ul(»j),j =1,2,...4r be the vertices of ith polygon. Identify u; ' with wu,
ugm with ugl) , and so on.

Define
us) 1) = plul) ) = 4Nr(i—1)  for i=1,2,3,4...,

o(us)) = d(uly;) ) = 4Ntk — (N —1) = 2Nr+ N —4Nr(i —1) for i =1,2,3,4...,

¢(ud) ) =aNrk — (N —1) = YU=2) _4Nyr(i—1) for j=2,4,6,8...,4r —2 and i=1,2,34...

d(ud) )= N+ M3 L 4Np(i 1) for j=3,5,7,9...,2r — 1 and i=1,2,3,4...

o(ul) ) =2N + (J 5 4+ ANr(i—1) for j=2r+1,2r+3,...,4r — 1 and i=1,2,34..

d(ud)) = N@2r +1) + Y2 L 4Nr(i — 1) for j =2,4,6,8...,4r — 2 and i=1,2,3,4..

¢(us)) = 4Nrk — (N —1) —2Nr — Y8 _yNp(; —1) for j = 3, 5,7...,2r—1 and 1:1,2,3,4. y
¢(uS)) = ANrk—(N—-1)—2N7r—N-Y=8 _4Np(i-1) for j=2r +1,2r +3,...,4r — 1 and i=1,2,34. ..

Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of the n-Polygonal snakes for
n = 0(mod4) .

Example 2.6. Graceful labelling of the 12 -Polygonal snake. (No.of polygons=15)
58 4 9 51 46 16 21 39 34 28

99 29

32

30

Example 2.7. Odd graceful labelling of the 8 -Polygonal snake. (No.of polygons=9)
141 6 12 131 125 22 28 115 109 38 44 99 93 54 60 83 77 70

0 341 40 301 80 261 120 221 160 73

Example 2.8. One modulo 4 graceful labelling of the 4-Polygonal snake. (No.of polygons=4)
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Theorem 2.9. n-Polygonal snakes for n = 2(mod4) are one modulo N graceful for every positive
integer N if the number of polygons is even .

Proof: Let n =4r+2 and let there be k = 2s polygon.This graph has 4rk — (k — 1) vertices and
4drk edges. For 1 < j <k let ugj),j =1,2,...4r be the vertices of ith polygon. Identify uf”) with

“gl) ) ué‘”) with uél) , and so on.

Define
dusy) ) = d(uS ) = N(4r+3)(i —1)  for i=1,2,3,4...,5
¢(u$)) — G(ullr D) = N(dr +2)k — (N = 1) —4Nr — N(dr+ 1)(i - 1) for i=1,2,3,4...,s
6(us) ) =N+ 4 N(ar+3)(i—1) for j=3,57,9...,4r +1 and i=1,2,34. .5
us)) ) = (47"+2)k—(N—1) NUZ2 N (4r41)(i—1) for j=2,4,6,8...,4r and i=1234... s
d(uS)) = N(4r+2)k—(N—1)—2Nr—Y0=3) _ N(4p41)(i—1) for j=3,5,7...,4r +1 and i=1,2,34...
¢>(U§’z)) N@2r+1)+ M2 4 N(4r + 3)(2 —1) forj=2,4,6,...,2r and i=1,2,34...,s

d(ul)) = N(2r+1)+2N+ NU 2 L N(4r+3)(i—1) for j=2r+2,2r+4,...,4r and i=1,2,34,...,s
Clearly ¢ is 1 —1 and ¢ deﬁnes a one modulo N graceful labelling of the n-Polygonal snakes for
n = 0(mod2).

Example 2.10. One modulo 8 graceful labelling of the 10 -Polygonal snake. (No.of polygons=4)
16 297 273 72 104 225 201 160

0 249 88 177 176

Example 2.11. One modulo 5 graceful labelling of the 10 -Polygonal snake. (No.of polygons= 6 )
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10 286 271 45 65 241 226 100 120 196 181 155

291 15 30 26 46 70 85 221 01
5 2817 [276 50 0 236 31 105 15 191

296 20 25 2611 /251 751/80 2161 /206

0 256 95 211 110 166 165

Example 2.12. Graceful labellmg of the 6 -Polygonal snake. (No.of polygons: 4)
18 17

244 2! /3 21-\ //19 9. /10 ‘5\16

\ \
{ { Y z

0 20 7 15 14

Theorem 2.13. Let C’ﬁf) denote the one point union of t cycles of length n.C’,(f) is one modulo N
graceful when n=4,8,t>2 and n=6,t even and t > 4 for every positive integer N > 1.

Proof: Case (i) n=4,t>2
For 1< i< t. Let ugj),j =1,2,3,4 be the vertices of the ith cycle with the one point identification
ofu(l) () §)at Ug .
Deﬁne

¢(ug) =0

d(u?) = aNt — (N —1) = Y02 _9N(i—1) for j=2,4 and i=1,2,34...,t

dul®) = ANt — 2N —4N(i—1) for i=1,2,3,4...,t

Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of Cf«f) when n=4,t > 2.

Example 2.14. One modulo 10 graceful labelling of C’iﬁ)

1JERTV 215100899 www.ijert.org 3517



International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 2 Issue 10, October - 2013

161

100

140

Example 2.15. Odd graceful labelling of 024)
4

Case (ii) n=28,t>2
For 1< < t. Let ugj),j =1,2,...,8 be the vertices of the ith cycle with the one point identification

of ugl),uél),...,ugl) at ug .
Define
$(uo) =0 ‘
8Nt — (N —1)—2N(@i—1) - YU=2 if§=1,2,3...,t and j = 2,8
() = 6Nt—(N—1)—2N(i—1)fM7T_‘1) ifi=1,2,3,...,tand j = 4,6
‘ ANt — N — 4N (i — 1) — 2NU=3) ifi=1,2,3,...,tand j = 3,7
6Nt — 2N — 4N (i — 1) ifi=1,2,3,...,tand j =5

Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of 07(:) when n =8t > 2.

Example 2.16. Odd graceful labelling of C’é4)
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28 39

Example 2.17. One modulo 7 graceful labelling of C’é?’)
112

141

4
99 8

Case (iii) n=6, t iseven t >4 let t =2s

For 1 < ¢ < 2s. Let ugj),j =1,2,...,6 be the vertices of the ith cycle with the one point identification
1 Q) (1)

of uy’,us 'y .. uy’ at ug.
Define
$(uo) =0
6Nt — (N —1)—2N(@i—1) - YU=2 if§=1,2,3,...,2s and j = 2,6
p(ud)) = 4Nt—N—4N(i—1)'—w ifi=1,2,3,...,2sand j = 3,5
: ANt — (N —1) — NG=D ifi=1,3,5,...,2s— 1 and j = 4
ANt — (4N — 1) — NG=2) ifi=2,4,6,...,2s and j = 4
Clearly ¢ is 1 — 1 and ¢ defines a one modulo N graceful labelling of C,(f) when n = 6,t is even
and t > 4.
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Example 2.18. One modulo 4 graceful labelling of C’éﬁ)

49

41

56 35

Theorem 2.20. P, for all a > 2 and for all odd b is one modulo N graceful for every positive integer
N . Here P,, is a path of length m — 1.

Proof: Let b=2r+1,r>1

Define . <
i r
X(t)= 0 ift>r
Define
P(u) =0
(v) = { % if a is even
——+1 if a is odd
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For J=13,5,...
¢y =N(a(2r+1) 1) +1-N@G—1)— (2r +1)(j — 1) if i=1,2,3,...,2r +1
For j =2,4,6,...

$(u) = X@){2N(r + 1) + N(i — 1) + (2r + 1)(j — 2)} + (1 = X(@)){N + N(i — 1) + (2r + 1)(j —
2)} ifi=1,2,3,...,2r+1
Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of F,; for all a > 2 and for

all odd b .
Example 2.21. One modulo 3 graceful labelling of Ps s
88 18 3 33
8‘5 21 70 36
® a4 L J
9 6.7 24
12 6.4 27
15 6.1 3.0

Example 2.22. One modulo 4 graceful labelling of Ps 7
137 39 109 60
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Theorem 2.24. Py, for all b> 2 is one modulo N graceful for every positive integer N .

Proof:
Define

P(u) =0

¢(v) =2Nb

)
$(v\) =N(@ab—1)+1-b(j —1) = N(i—1) for i=12,...,b and j=1,3
p(w$)) = 2Nb— N —2N(i —1) for i =1,2,...,b
Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of P, for all b > 2
Example 2.25. One modulo 3 graceful labelling of Pag

106 51 79
r . *
/103 45 76
/. . LI
// \ A
/ 100 39 73\

Example 2.26. One modulo 5 graceful labelling of Pig
116 55 86

91 5 61
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Example 2.27. Graceful labelling of Py 4
16 7 12

13 2 9

Theorem 2.28. P, for all b > 2 is one modulo N graceful for every positive integer N .

Proof:
Define

¢(u) =0

¢(v) = Nb

¢(U¥)) =2Nb—(N—-1)—N(i—1) for i=1,2,...,b
Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of P, for all b > 2
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Example 2.29. One modulo 6 graceful labelling of Ps g

48

<4

Example 2.30. Graceful labelling of P>
12

Y
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Example 2.31. One modulo 8 graceful labelling of Ps 19
153

A
/{ 4 5\
/ \

Theorem 2.32. Py._1 4, for all » > 1 is one modulo N graceful for every positive integer N .

Proof:
Deﬁne
=0
N6+ 16{ %1}]“ if 7 is odd
N[14 + 16{ = -1} +1 if r is even
For ¢ = 2, 3,4, ..

_ N47“—147"—(N—1)—N(i—2)—%(4r—1)(j—1) ifj=1,3,5,...,2r—1
o N4r—14r—(2N—1)—N(i—2)—%(47’—1)(]’—1) ifj=2r+1,2r+3,5,...,4r -3
For 7 =2,3,4,...,2r

S0 = ANT + N(i —2) + Y (dr —1)(j —2) if i=2,4,...,4r -2

For i =2r+1,2r+2,...,4r

¢(v§i))—2Nr+N(z—2r—1)+ Nar—1)(j—2) ifi=2,4,....4r—2
@) ONr(dr —1)— (N—1)+(j—1) ifj=1,3,5...,4r—3

¢(”1)_{2Nr(4r—1)—N—(j—2) ifj=2,4,6,... 4r —2

Clearly ¢ is 1 — 1 and ¢ defines a one modulo N graceful labelling of Pj._1 4, for all ¢ > 2 and
for all odd b .

Example 2.33. One modulo 3 graceful labelling of Pr g
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91

Example 2.34. One modulo 5 graceful labelling of Ps 4

26 25
0 31
46 15
Example 2.35. Graceful labelling of Ps 4
6 5
0 7
10 3

Theorem 2.36. F,; for all even a > 4 is one modulo N graceful and for all even b > 4 for every
positive integer N .

Proof: Case (i) Let a=4r, r>1
Let b =2m,
Define
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1 ift<m

‘T(t){ 0 ift>m

L1 if 7 = 1(mod 2)
y(])_{ 0 if 5 = 1(mod 2)

Define

o(u) =N(r—1)
¢(v) =4Nrm — N(r+1)
S(o)) = y(){8Nrm — (N — 1) = MC2=y 4y (j 4+ 1){Nr - N = 57} ifj=1,2,3,...,2r — 1

J y(j){aNrm — (N —1) = U221 g5 4 1) {aNrm — N — BU220% f G = 2r 20 41, 4r — 1
For i =2,3,...,2m

o (i))_{ SNrm — (N —1) — Nr— N(i — 2) — NU=D@m=1) 4513 op 1

= 2
8Nrm — (2N — 1) — Nr — N(i — 2) — NU=DCm=D ¢ 5 — o0 4 1,20 +3,...,4r — 1

$(v) = 2(@){N@m +r — 1) + N(i — 2) + X020y 4 (1 g (i) {N(m +r — 1) +
N(i—m—1) 4 NU=2Cm=Dy ¢ 5 — 12 4r —2

Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of P, ; for for all even a > 4
and for all even b > 4.

Example 2.37. One modulo 5 graceful labelling of Ps g

931 0 236 115 116 110 121

Example 2.38. One modulo 7 graceful labelling of P44

106 49 50
99 28 Tl

0 42
92 14 64
85 21 57

Example 2.39. Graceful labelling of Pi2.4
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2 20
4 4 4 7 38 10 34 13 31 16 28
3 5 4 8 37 11 33 14 30 17 27
Case (ii) Let a=4r+2, r>1
Let b=2m,
Define
1 ift<m
m(t)_{o if £ > m

) 1 if j = 1(mod 2)
YD =90 it =1(mod 2)
Define
P(u) =
d(v) = (4r +2)m — Nr
$(v") = y(){2N(dr +2)m — (N — 1) - XCH=Iy oy (M=) i j=1,2,3,...,2r +1 .
$(v) = y(){N (4r+2)m+1+ 202"y 1y (4 1) {N (4r+2)m _NG2e2) 20} i j=2r 42,20 +3,...,4r + 1
For z'f 2,3,...,2m
H(l") = ANm(dr +2) — (N — 1)~ N(r+1) ~ N(i—2) - Ya=DEm=U ¢ 533 447
(;S(v;”) =z(i)){N(r+2m)+ N(i—2)+ W} + (1 —z(@){N(r+m)+
N(i—m—1)+ MU=2Em=Dy f j =94 . 2
o(vy)) = e (@) {N(r +2m + 1) + N(i - 2) + MR 4 (1 2(@)){N(r +m + 1) +
N(i —m — 1) + HU=RCm=IY - 3f = 9 4 2 90 £.4,.0., 47
Clearly ¢ is 1 —1 and ¢ defines a one modulo N graceful labelling of P, ; for for all even a > 4
and for all even b > 4.

Example 2.40. One modulo 4 graceful labelling of Pg 4

89 0 93 48 49
- . ° . -
85 20 3 36 61
4 44
81 192 69 28 57
7 1£; 6;’) 3-2 5'

Example 2.41. One modulo 5 graceful labelling of Piga
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Example 2.42. Graceful labelling of P g

35 0 36 18
Ps > @ L4

34 . 29 13

Py » @ L4

33 8 2.8 14

32 4 27 10

.1 5; 2.6 1-1

0 6 25 12

. . . .
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