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Abstract— In this paper we have proved a theorem “On the
Euler Summability of a differentiated Fourier series which
generalizes known results however our theorem is as follows

Theorem: If f:@du = o(log%) ast— 0 and {nq,}is a
monotonic convergence sequence

a(x)
Such that 024

I E(n,t) _ q(x) .
S0~ dt—o(i(l_x)zq,(x)) As x 11, then the series

Y=, 0B, (t), at t =x is summable (E, q) for g > 0 to the
value s.
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1. Definition and Notations: Let Y;>_, a, be a given infinite
series with partial sums s,,. The sequence Euler’s transform of
a sequence {s, }is defined by
11 t,=(q+ DY, (Z) q"*s, , where g > 0, if
t, = s Asn — oo, we say that {s,} or Y.i_,a, are summable
(E,q) (g>0), to s or symbolically we write {s,}€s
(E,q) for(q>0), to s or symbolically we write{s,} €
s(E, q), for q > 0, Hardy[3],
It is evident that that (E, 0) is equivalent to convergence.
1.2 Let f(t) be a periodic function with period 27 and

integrable in the Lebesgue sense over the interval (-, ) and
let

1.2.1. f(t)~%ao + Y i(a,cosnt + sinnt) = Y2 A (t) be
the Fourier series of f(t).Then the differentiated series of
(1.2.1) at t =x, is

— oo and

subjects classification:

1.2.2. 3> ; n(b,cosnx — a,sinnx) = Y,r_; nB, (x)
Throughout we use the following notations for
0<g<l1

123 y@) =fx+t) —f(x—1)

1.2.4. P(q,t) =1+ g% + 2q cost

1.25. Q(q,t) = tan™! {&}

q+cos t

1.2.6. E(n,t) = ¥p>, (E) q" X sin (k + %) t
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1.27. P(t) = #n(t()_; — C, where C is constant K denotes an
2

absolute constant not necessarily the same in each occurrence.
1.3. Introduction: The following theorem on Euler
summability of derived Fourier series is due to  Ray {7}.

Theorem A: If g (t) is of bounded variation to the right of t=0
and g (t) = O (1) as t — 0,then derived Fourier series at t = x,
is summable (E,q)forq>0,to the value s, where

t -1

g(®)=¥(®) (4sin>) - sand

P) =fx+t) —f(x—1).
Chandra[1] generalized above theorem for Euler summability
of Fourier series in the following form:
Theorem B: If @(t)log = o(1), t - 0, then, X2, A, (x) €
s(E,q) for g > 0.The object of this paper is to generalize
Theorem A and B by establishing the following theorem.

1.4. We assert the following main theorem
Theorem:

1421f [T 4y = o(log?) ast - 0
and {nq,} is a monotonic convex sequence such that

akx)
L42 ogw ~

m E(n,t) _ q(x)
and f;_,,—5—dt=o0 ((1—x)2q’(x))

as x T 1, then the series Y7, nB,(t), at t = x is summable
(E,q) for g > 0 to the value S.
1.5. Proof of the theorem: note that

0B, (x) = = [ y()Qsin(Q + 1) dt so that

S, (x) = ‘%f: q;(t)%(% + QZ cosiia + 1)) dt

. 3
sin (n + f) t dt
2 sin (%) t

1" d
- ] vog

3
1™ 2nsin(3/2)tcos(n+5)t—sin(n+ 1)t
f w(t)< ( 2) >dt
0

T 4sinZ(3/2)t
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3
_L(TY@sint+ 1) 20 (WO cos (n+3) t
T -, (3 T e
0 4sin? (f) t 0 4 sin (7) t
_ 1 pm P(t)sin(n+1)t T 3
== Wdt- = [ P(t)cos (n+z) tdt
= fﬂ P(t) sin(n+ Dtdt

_;fo P(t)n cos (n + ;) tdt +0(1)

Therefore,
QX =

P()
ﬁq(x) fn 2 (X%, qux"sin(n + 1)t}dt

_ﬂq(x)fo P(t) J;zlnqnx“cos(n +3/2)tdt + o(1)
Or

f —E(n t)dt

—ﬁq - jo P(HP(q,t) dt

Q) — o(1) =

211 - 12 y Say
Now, E(n,t) = I(Zy-;g,x"*'e™)

= H{E1 Ag, X, x0T
_ © it(l_ n+1 int)
=1 [anl Aq, {u}]

1—xelt

- ~ 1571 A, |

o xn+Zei(n+1)t
= _Zn=1 ACln { }

1—xelt
= Ag,x"?sin(n + 2)t
Q(q. 0 [Z i

—x? Z A1 x™sin(n + 2)t

n=1

1—xelt

l.5.1.=
Q(q 5 [Xe_, A%q,x""2sin(n + 2)t + 1-

x2) ¥o1 Aqp 11 x"sin(n + 2)t]

We have

1 5.2.

ZAqn n+2 = (1 —x)ZP K = —(1-x)q()

n=1

1.5.3

Z 2qpx"t =—-(1 —X)ZAqHX““ . ) q(x)
n=1 n=1

5.4
Z A(ng,)x"*% = —(1 — X)Z ng, x"*+!

=—x(1- X)Zq x)

1JERTV 31520828

Xn+2ei(n+1)t

}
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1.5.5.

> e = —(1-x) ) Mg
n=1 n=1

=(1-2)3¢ ()
Also,

Az(nqn) = (n + 2)qn+2 - 2(1’1 + 1)qn+1 +nq,

(N+ DA%q, = (0 + Dpyz —
This implies that
Az(nqn) - (Il + 1)A2(qn) =qn+2 —Gn

2(11 + 1)qn+1 + (l’l + 1)qn

Or,

(n + 1)A2(qn) = Az(nqn) +dn — dn42

Hence,

Z(n + 1)A%q,x"*?

— z AZ (nqn)xn+2
n;l o
+ Z ann-+-2 _ Z qn+2Xn+2
n=1 n=1
, (1-x)3

=(1-x°q® - q®)

1.5.6. and
D (04 DGy X" = 2900 — (1 = x)q )
n=1

So that

1.5.7.

n+1 ( ) 2
Z(n)Aq X <2+ (1 -x)d ®)
Now using (1.5.1), (1.5.6) and (1.5.7)
2 =9 |p(t ™ |P(t
1] < U ﬂdt+f ﬂIE( t)ldt]
nq(x) |J, t a-x) t
2 A=) |p(t ™ |P(t
_ U l()ldt+j I()I ]
©q(x) [Jo t (1-x) 1Q(q, D)
Z A%q,x" 2sin(n + 2)t
n=1
+(1-x%) Z A 1x™2sin(n + 2)t
n=1
2 =9 |p(t ™ |P(t 1
< U l()ldt+f l()ldt]
nq(x) [Jo t a-x) ¢t |Q(q, DI
(In +)A%q,x"*% + (1 — x?)
n=1 o
+ Z(n + 1)Aqn+1x"+2]
- n=1
< Z A%q,x"*2sin(n + 2)t(1
n=1 -
- x3) Z Aqy41x"2sin(n + 2)t
n=1
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2 A= |P(D)| K |P(t)|
= mq(x) U;, t de+ f(l—x) Q(X t)

ann+2 +

n=1
[oe]

+ Z(n + 1)Aqy X"+
n=1

2 (1-x) T
= UO |P(t)|dt+f( [P(t)|dt

;()[(1 X)HI;1 X)|p1’(t)|dt] +
f(l_x) | t(zt)l dt(1 —x)*q () (x +3)
G RUIOlN S L ol
=T a® [L |p(t)|dt+(1x)f(l_x)tz

(1-x%

1-x) Q( 0

(n+1)(1-x%) ) nAg,x" ™!
o > s

2k(x+3)ql ®)(1-x)3 [f‘l‘[ E(n,t) d E(n,n)]
= Zkxte (900" t 4+ 20y
1-=x) n?

q() 3

integrating by parts

=0(1) asx7T1byusing (1.4.2) and (1.4.3)

Proceeding as in E(n, t), we easily get,(1.5.8)

P(q,t) = N

+(1-x%) Z A (ng,)x"*1cos (n +
n=1
Therefore, Using (1.5.4), (1.5.5) and (1.5.8),

2 (1—x) T
PSS UO IP(O)|dt + f(l_x)w(t)ut

5
A?(ng,)x"*"?cos (n + E) t+

- 5
Z (1-x3) Z A(ng,)x"cos <n + —) t
n=1 ] 2
n=

1JERTV 31520828

5
(ng,)x"*2cos (n + E) t}
5) )
2

] 1
1Q(q, )]

d

< |
“q®) [(1 —x)3 0
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k 1 (1=x)
=7 I( o

i IP(t)I
—d

+(1
S 5
—x3) Z A(ng,)x"*'cos (n + E) t

n=1
(1—x)
[P(D)]dt

Z A% (ng, )x™+2

)

"OPOI, nt
+f(1_x) ](ZAz(nq )x"+2

+(1 =% EA(nqn>xn+1>

(1) n=1

o TP
<ol o[ St

{(1-20% (O +3)}

k(x+3)q’ (1-x) T |P
= KW [0 peg)de+ (1 - 2° [, P i)

q(x)

3
_ M{f(l X)E(“ D e 4 “)} by integration by parts

q(®) 3

By hypothesis (1.4.2) and (1.4.3). This completes the proof of
the theorems.
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