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Abstract

In this paper we obtained a theorem on the degree of approximation
of functions belonging to Lip(a, ) class by (C,2)(E,1) product mean of
its Fourier series.
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1 Introduction

Let f(t) be a periodic function with period 27w and integrable in the sense of
Lebesgue. The Fourier series of f(t) is given by

1 = :
f(t) = an—l—Z(ancosnt—l—bnsmnt) (1.1)

n=1
A function f € Lip « if
lf(x+1t)— f(x)] =O(|t|]*) for 0 < a < 1 (1.2)

And a function f € Lip (o, 7) if
1/r

( / Wlf(w+t)—f(l’)|“dx> O for0<a<|fre]  (13)

The degree of approximation of a function f : R — R by a trigonometric
polynomial ¢n of order n is defined by (Zygmund [3])

[t = [fllee = sup{ftn(z) — f(2)| : = € R} (1.4)
if .
E;:2"Z(Z) Sk — S asn — oo (1.5)

k=0
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n
then an infinite series Z ay with the partial sums s,, is said to be summable

k=0
(E,1) to the S, (Hardy [2]). The (C,2) transform of the (E,1) transform E}!

defines the (C,2) (E,1) transform of the partial sums s, of the series Zak.
k=0

Thus if

"\ 2(n—k+1)
) (x) = E} — — 00

where E! denotes the (E,1) transform of s, then the series Zak is said to
k=0
be summable by (C,2) (E,1) means to s. We shall use the following notations:

o(t) = f(z+1)+ f(z —t) = 2f(x)

2 Main Result

We shall generalize the theorem of Albayrak [1].

Theorem 2.1. If f : R — R is 27 periodic, Lebesgue integrabble on [—, 7]
and belonging to Lip (a, ) class then the degree of approximation of f by the
(C,2) (E,1) product means of its Fourier series satisfies for n =0, 1,2, ...

CoE), ~ flle = O | ———t
G2 — 11 wa%w

1 1>f0r0<04§1&7’21

3 Proof

The n'® partial sum S, (x) of the series (1.1) at ¢ = x is defined as

&@:ﬂm+%z%@@%§§%t
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So the (E,1) means of the series (1.1) are

E! = 2‘”2 (Z) sg(x) forn=0,1,2,...

k=0

=10+t [ s (35 (D) om (++3) )

k=0

= f(z) + ! /07r o(t) Im (e%(l + e“)”)

2ntly sint/2

L7 e@) it -
:f(x)+2”+17T/0 sint/2]m (e2)(1 4 cost +sint)" dt

]_ u t it t t t n
= f(x) + on+lr /0 siqrﬁl(tEQIm {622" cos” 5 <cos 3 + 2 sin §> }dt
L [7 et t t t t t
= f(z) + /0 ot) 2" cos” §’Im{(COS§+iSin§) (cos%—i—isin%)}dt

PAGRY Y sint/2

1 T t t t
.gzﬁ( ) cos" = sin(n4 1)=dt

21 J, sint/2 2 2

= @)+ o
therefore (C,2) (E,1) product means of the series (1.1) are

2(n—k+1)

(n+1)(n+2) E(x)

(Cy, E)p(w) =Y

n=0

o 2n+1l) & 2 .
P e DR {C) Rl s ey ;’“ B (@)

k=0 —0
= f(z) + 7T(n1+ ) /0 sg?nt)ﬁ <Z k - cos® <%> sin(k + 1)%) dt
2 \k=0
1 BCONE ty L
T om0 mE2) ), s (;k-coskéan(k%—l)é) dt
= fle)+ L — I (3.1)
Now
_ ! o) (N~ ow (P t
I:= 7r(n+1)(n+2)/0 sin £ (;k o8 (2) sm(k:—|—1)2> dt
B 1 A"\ B (<& £\ | t
= T Dt < ; +/¢7}ﬁ) st (gk - cos” <§> sin(k + 1)§> dt
IQ - 121 + 122 (32)
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Applying the fact that f € Lip (o, r) and sin § > L. We have
il € g [ -
A= w(n+2) sm
Noza t
2(n+ 2

Using Holder inequality.

Iy| < —— dt 1)°dt
) [/ ] {/ 0 }
0 1 1

(n+1)22) (n+ 1)/

—° ((n +11>a/2> <<n+ ;)

6(t)
t

IA

By using & - cos® (1) = ——72% - cos £, we estimate .
2

" —2(cos* (L
> (cos® (5))

b
SlIl2

sin =

(1)

t t
‘ cos 5 sin(k + 1)5' dt

1 s
o2l < m(n+1)(n+2) / 1
Vn+1
< —27
T (n+1)(n+2
—2m
(n+1)(n+2
2 /” o . (cos™t —1)
= 1 sint——— —==dt
—1)2
m(n+1)(n+2) A (cost — 1)

= A— B. (3.4)

k=0

COSn—I—l t 1)
—2 | dt
cos— -1

(COSTH-l t 1)
— | dt
2

a—
a—2

n+
t
1
t
cos= — 1
1

T
.

Now

2 i cos™t - sint
S A —
™ ) / 1 cost — 1
vn+

<A / pasgy — 1 / M) 4

1 (n+2) 3
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Using h older inequality.

C1 1 1
: (”+2)O ((n—l— 1)(53) ' (n+1)2

C1 1 1
< O a_3 : 11
(n+2) <<n+ 1)2—2) (n+1)5%

1
0] e — (3.5)
(n+1)272
where C'1 is positive constant.
Bl - 2 /” ja2 sin t(cos™ "t — 1>dt
Tn+1)(n+2) ) 4 (cost — 1)2
Vntl

c2__ [ 4
——dt
) /ﬁ

<
“(n+1)(n+2 t3

Using Holder inequality

C2
1Bl < m(n+1)(n+2)

T r 1/r - 1/s
[ | dt] .[/1 W]
VATt nt
02 a—3\r X
= <n+1><n+2>/;+1“ )y <—<n+1>;s

C2 1 1
S T (<n+1ysz> | (<n+1);2a)

1
B|<O| —————= (3.6)
(n+1)2+1a
In similar way, we can obtain
1
L1 =0 (W) (3.7)
n + 27 or

from (3.1), (3.2), (3.3), (3.4), (3.5), (3.6) and (3.7) we have

1(Ca BYL — £(@) ]l = O (#)

(n+1)3 2
This completes the proof of the theorem.
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4 Corollary

If r = oo then above theorem reduces to Inci (Albayrak [1]).

1(Coy B)L = ()] = O (;) |

(n+1)2
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