
On the Degradation of PPO Advantage 
Estimates Under Non-Stationary Aerodynamic 

Disturbances: A Theoretical Bound and 
Empirical Validation

Sahil Patil
Department of Aerospace Engineering

Indian Institute of Technology Bombay (IIT 
Bombay) Mumbai, India

Nasiruddin Kabir
Department of Aerospace Engineering

Indian Institute of Technology Bombay (IIT 
Bombay) Mumbai, India 

Abstract—Proximal Policy Optimization (PPO) is now the
default choice for training autonomous UAV flight controllers, but
its convergence guarantees assume a stationary Markov Decision
Process. Real aerospace environments break this assumption:
atmospheric turbulence, wind shear, and gust loading inject
stochastic perturbations whose intensity varies from rollout to
rollout. We study how the Generalized Advantage Estimation
(GAE) bias scales with disturbance intensity σ. For a quadratic
value function driven by a zero-mean disturbance, we prove that
the expected bias admits an upper bound that is quadratic in
σ: ΔA(σ) ≤ C(θ, T, λ, γ) · σ2, with C depending on the policy
parameters, rollout length T , the GAE decay parameter λ, and
discount factor γ. We give a closed form for C in terms of
the spectral norm of the LQR value-function Hessian and the
closed-loop disturbance-propagation gain. We test the bound in
two settings. An analytical LQR baseline, whose linear policy
stays stable at every disturbance level, follows the quadratic law
almost exactly (R2 = 0.9999). A learned Stable-Baselines3 PPO
controller, trained independently at each of eight disturbance
levels (σ ∈ {0.00, 0.05, 0.10, 0.20, 0.30, 0.50, 0.80, 1.00} m/s) and
evaluated over 200 episodes per level, departs sharply from the
pure quadratic prediction: the policy collapses under strong
turbulence, so a quadratic fit reaches only R2 = 0.845 and a
free power-law fit gives an exponent of 3.44. We then derive a
critical threshold σ∗ beyond which the bias exceeds a chosen
fraction of the nominal advantage scale, giving practitioners
a concrete design criterion. To our knowledge this is the first
formal, quantitative link between turbulence intensity and PPO
training degradation in an aerospace RL setting.

Index Terms—Proximal Policy Optimization, Generalized Ad-
vantage Estimation, Non-Stationary MDP, UAV Flight Control,
Gradient Bias, Turbulence Model, Deep Reinforcement Learning,
Aerospace Autonomy

I. INTRODUCTION

Deep reinforcement learning (DRL) has become a seri-

ous contender for autonomous aerospace control, spanning

quadrotor attitude stabilization, fixed-wing trajectory tracking,

and multi-UAV conflict resolution [1]–[3]. Among policy-

gradient methods, PPO [4] is the one practitioners reach for

most often, thanks to its stability, simple implementation,

and better sample efficiency than TRPO or on-policy A3C.

Much of that stability comes from Generalized Advantage

Estimation (GAE) [5], which builds a low-variance estimate

of the advantage function from sampled rollouts.

PPO’s theoretical guarantees lean on an assumption that

is easy to overlook: the underlying MDP is stationary, with

transition dynamics T (s′ | s, a) fixed across every time

step and episode. On controlled benchmarks such as MuJoCo

locomotion this holds well enough. Aerospace is different.

The operating environment is non-stationary by nature, i.e.

turbulence, wind shear, and thermal gradients all perturb the

vehicle dynamics, and their intensity drifts continuously. The

Dryden and von Kármán models [6] that dominate aerospace

simulation treat these perturbations as colored Gaussian noise

whose intensity tracks a severity parameter σ.

Even though these disturbances are everywhere in practice,

we are not aware of any prior work that quantifies how σ
erodes the quality of PPO’s advantage estimates, or that pins

down a threshold past which convergence is at risk. The

consequence is that practitioners pick σ in simulation by feel,

with no principled rule for when the disturbance level starts

to undermine PPO’s assumptions.

This paper makes three contributions:

•

•

We derive an upper bound on the expected GAE advan-

tage estimation error ΔA(σ) that is an explicit quadratic
function of σ, with a closed-form constant C(θ, T, λ, γ).
The quadratic scaling, rather than linear, falls directly out

of pairing a quadratic value function with a zero-mean

disturbance.

We test the bound in two regimes: an analytical LQR

controller, which obeys the quadratic law almost exactly,

and an independently trained Stable-Baselines3 PPO con-

troller, which departs from it once the learned policy

begins to collapse.

• We derive the critical turbulence threshold σ∗ as a func-

tion of a prescribed bias tolerance f , giving aerospace RL

practitioners a concrete criterion for designing simulation

environments.
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II. BACKGROUND AND RELATED WORK

A. Proximal Policy Optimization

PPO [4] maximizes a clipped surrogate objective to keep

policy updates from destabilizing training. At iteration k it

collects a rollout dataset Dk = {(st, at, rt)} under the current

policy πθk , estimates advantages Ât with GAE, and maximizes

LCLIP(θ) = Et

[
min

(
rt(θ)Ât, clip(rt(θ), 1− ε, 1 + ε)Ât

)]
,

(1)

where rt(θ) = πθ(at | st)/πθk(at | st) is the importance ratio.

The advantage estimate Ât sets both the direction and the size

of the update, so a corrupted estimate points the gradient the

wrong way, and clipping, which only limits the magnitude of

any single step, does nothing to fix a systematically biased

direction.

B. Generalized Advantage Estimation

GAE [5] forms the advantage estimate as an exponentially

weighted sum of TD residuals:

AGAE
t =

T−t−1∑
l=0

(γλ)l δt+l, (2)

where δt = rt + γV (st+1)− V (st) is the one-step TD error,

λ ∈ [0, 1] is the decay parameter, and γ is the discount factor.

When V is fit under nominal dynamics but evaluated along a

disturbed trajectory, every TD residual picks up error from two

sources at once: the reward discrepancy and the value-function

mismatch at the perturbed states.

C. Non-Stationarity in Aerospace RL

Non-stationary dynamics have been studied through domain

randomization [7] and robust MDPs [8], but those analyses

target the policy performance gap under distribution shift, not

the statistics of the advantage estimator itself. The closest prior

work is Padakandla et al. [9], who studied Q-learning under

slowly varying MDPs but did not treat actor-critic methods or

GAE. On the aerospace side, Bohn et al. [10] and Panerati et

al. [11] showed empirically that turbulence hurts PPO training,

but neither characterized the rate of degradation. That rate is

what we set out to quantify.

III. PROBLEM FORMULATION

A. Nominal MDP

We model a UAV in a 2D position-velocity state space, with

state s = (x, vx, y, vy)
� ∈ R

4 and continuous action a =
(ax, ay)

� ∈ R
2 giving commanded acceleration increments.

The nominal discrete-time dynamics with timestep Δt are

st+1 = Ast +B at, (3)

where A ∈ R
4×4 and B ∈ R

4×2 are the standard double-

integrator matrices with Δt = 0.1 s. The reward is the usual

LQR cost:

r(st, at) = −(s�t Qst + a�t Rat), Q = I4, R = 0.1 I2.
(4)

B. Disturbed Dynamics

We inject a crosswind into the y-velocity component at each

step, modelling a lateral gust:

st+1 = Ast +B at + E wt, wt ∼ N (0, σ2), (5)

where E = (0, 0, 0, 1)� steers the wind into the lateral

velocity state and σ ≥ 0 is the turbulence intensity, with σ = 0
recovering the nominal MDP. The gust is i.i.d. and zero-mean

at each step (the white-noise limit of the Dryden spectrum),

which is enough to expose the scaling law we analyze. A fully

colored Dryden process is discussed in Section VI.

C. Policy and Value Function

We use a linear-quadratic regulator (LQR) policy πθ(s) =
−Ks, with gain K taken from the discrete-time infinite-

horizon LQR solution. The optimal value function V ∗(s) =
−s�Ps, where P is the unique positive-definite solution

of the discrete-time algebraic Riccati equation (DARE), is

available in closed form, so we can compute GAE errors

exactly and keep value-approximation error from confound-

ing the analysis. The Riccati solution P has diagonal en-

tries [12.999, 4.848, 12.999, 4.848], obtained by iterating the

DARE recursion to a fixed-point tolerance of 10−12 (reached

in 141 iterations). The key structural fact is that V ∗ is

quadratic in the state; together with the zero mean of wt,

this is what produces the quadratic scaling derived below.

D. PPO Training Setup

Where classical control would hand us an analytic policy,

we instead let PPO learn the flight controller directly from

simulated experience, using the Stable-Baselines3 implemen-

tation. We train a separate policy for each turbulence level

σ. Both the policy and value networks are MLPs with two

hidden layers of 64 units and Tanh activations, trained for

1 000 000 timesteps each. Hyperparameters are γ = 0.99,

GAE λ = 0.95, learning rate 3 × 10−4, rollout length 2048,

minibatch size 64, and 10 optimization epochs per rollout.

This lets us measure GAE bias not only under a fixed analytic

policy but inside a fully learned, black-box deep RL controller.

Fig. 1. PPO training curves. Mean rollout return, value loss, and approximate
KL divergence over 1 000 000 timesteps for each turbulence level σ. Higher
σ produces visibly more variance and instability during learning.

IV. MAIN THEORETICAL RESULT

A. Advantage Error Decomposition

Let AGAE
t (σ) be the GAE advantage at step t computed

from a trajectory drawn under disturbance intensity σ, using
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the true value function V ∗. Define the advantage estimation

error at step t as

Δt(σ) =
∣∣AGAE

t (σ)−AGAE
t (0)

∣∣ . (6)

Expanding the GAE sum, the error splits into a weighted sum

of TD-residual discrepancies:

Δt(σ) =

∣∣∣∣∣
T−t−1∑
l=0

(γλ)l [δt+l(σ)− δt+l(0)]

∣∣∣∣∣ . (7)

Each discrepancy carries three pieces: the reward difference at

the perturbed state, the value at the perturbed next state, and

the value at the perturbed current state. Since both the reward

and the value are quadratic forms in the state, the discrepancy

is controlled by the second moment of the state perturbation.

B. Second-Order Sensitivity of the Value Function

With V ∗(s) = −s�Ps, the gradient is ∇V ∗(s) = −2Ps
and the Hessian is constant, ∇2V ∗(s) = −2P . For a pertur-

bation δ the expansion is exact:

V ∗(s+ δ)− V ∗(s) = −2 s�P δ − δ�P δ. (8)

A single wind impulse wt propagates through the closed-loop
dynamics, so the perturbation k steps later is δt+k = Ak

clE wt

with Acl = A−BK. Because wt is zero-mean, the first-order

term drops out in expectation,

E
[
−2 s�P δt+k

]
= 0, (9)

and what survives is the second-order term, proportional to

the second moment:

E
[
δ�t+kP δt+k

]
=

∥∥Ak
clE

∥∥2
P
σ2 ≤ ‖P‖2

∥∥Ak
clE

∥∥2
2
σ2. (10)

This is the heart of the argument: a zero-mean disturbance
passing through a quadratic value function produces an ex-
pected bias that scales with the variance σ2, not with σ.
A first-order Lipschitz treatment, which would predict linear

scaling, vanishes in expectation and misses the dominant effect

entirely.

C. Main Theorem

Theorem 1 (Quadratic GAE Bias Under Turbulence). Let

the UAV dynamics satisfy Assumptions 1–3 (double-integrator

structure, LQR policy, zero-mean lateral gust). Let V ∗ be the

true LQR value function and Acl = A−BK the closed-loop

matrix. Then the expected mean GAE advantage error satisfies

E[Δ̄(σ)] := E

[
1

T

T−1∑
t=0

Δt(σ)

]
≤ C · σ2, (11)

where

C =
2 ‖P‖2 · κ · T
1− (γλ)2

, κ =

T−1∑
k=0

∥∥Ak
clE

∥∥2
2
, (12)

with ‖P‖2 the spectral norm of the Riccati matrix (the

magnitude of the value-function Hessian), κ the cumulative

closed-loop disturbance-propagation gain, T the rollout length,

γ the discount factor, and λ the GAE decay parameter.

Proof Sketch. The argument runs in four steps: (1) ex-

pand each TD-residual discrepancy and drop the first-

order term, which vanishes in expectation since wt is

zero-mean; (2) bound the surviving second-order term by

‖P‖2 ‖Ak
clE‖22 σ2 via the Hessian of V ∗; (3) sum the squared

GAE weights, the geometric series
∑

l(γλ)
2l = 1/(1−(γλ)2);

and (4) apply linearity of expectation over the T steps. The

result is a genuine, non-vacuous upper bound: the empirically

measured constant sits well below the theoretical C, the slack

coming from the worst-case use of ‖P‖2 in place of the

trajectory-averaged P -norm and from cross-term cancellation

across steps. �
D. Critical Disturbance Threshold

A practical question follows: given a tolerance on advantage

error, expressed as a fraction f of the typical advantage

magnitude E[|AGAE|], what is the largest turbulence intensity

σ∗ we can allow? Treating the relationship as quadratic,

E[Δ̄(σ)] = Cemp σ
2, and setting the bias equal to f ·E[|AGAE|]

gives

σ∗(f) =

√
f · E[|AGAE|]

Cemp

, (13)

where Cemp is the fitted quadratic coefficient. Training with

σ > σ∗(f) pushes the advantage bias past tolerance f , at

which point one should either reduce σ during early training

or apply bias correction.

V. EXPERIMENTAL VALIDATION

A. Setup
The UAV environment is implemented in Python with Gym-

nasium. Fixed hyperparameters across all runs: Δt = 0.1 s,

T = 200 steps per episode, γ = 0.99, λ = 0.95, and

initial state s0 ∼ N (0, 0.25 I4). We sweep eight disturbance

levels σ ∈ {0.00, 0.05, 0.10, 0.20, 0.30, 0.50, 0.80, 1.00} m/s,

training an independent PPO policy to convergence at each.

We then run 30 episodes to measure control performance

(average return and success rate) and 200 episodes to estimate

the GAE bias from the learned value critic. Results are

reported as means ± standard deviation, with random seed 0

fixed for reproducibility.

B. Results
Table I gives the full numbers, and they show a steep, non-

linear rise in E[Δ̄(σ)] with σ. As a reference point, we also ran

the analytical LQR controller of Section III-C under identical

disturbance conditions over 3000 Monte Carlo trials per level.

Because the linear policy never destabilizes, its bias tracks

the theory almost perfectly, yielding a quadratic fit with R2 =
0.9999. The learned PPO policy tells a different story. It holds

up at low turbulence, i.e. σ = 0.0 gives a perfect success rate

(1.0) and an average return of −9.77 but degrades fast as σ
grows. By σ = 0.50 the success rate has fallen to 0.07 (return

−866.47), and at σ = 1.00 the policy fails outright, with a

return of −1.3×106. This trajectory divergence is what drives

the GAE bias from 0.0 in calm air up to 6488.28 at the highest

turbulence level.
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TABLE I
MEASURED GAE ADVANTAGE ESTIMATION ERROR E[Δ̄(σ)] VERSUS

TURBULENCE INTENSITY σ, FOR THE LEARNED PPO POLICY. ALL

VALUES ARE MEANS OVER n = 200 EVALUATION EPISODES.

σ (m/s) Success Rate Avg Return E[Δ̄]

0.00 1.00 -9.77 0.00

0.05 1.00 -12.55 0.20

0.10 1.00 -18.40 0.81

0.20 0.90 -59.26 3.59

0.30 0.37 -124.19 10.23

0.50 0.07 -866.47 93.51

0.80 0.00

1.00 0.00

-554637.84 1813.46

-1303219.38 6488.28

Fig. 2. PPO episode return versus turbulence intensity σ. Beyond σ =
0.20 m/s the average return falls off steeply, ending in complete policy
collapse and trajectory divergence at σ ≥ 0.80 m/s.

C. Regression Analysis

Fitting the quadratic model E[Δ̄(σ)] = Cemp σ
2 through the

origin across the eight PPO measurements gives

E[Δ̄(σ)] = 5178.02σ2, (14)

with R2 = 0.845. The contrast with the analytical baseline

is the whole point: the LQR controller obeys the quadratic

law cleanly (p = 2, R2 = 0.9999), whereas the PPO results

pull away from it once the policy collapses. A free power-

law fit (σp) to the PPO data returns an exponent of p = 3.44
(R2 = 0.44). In other words, the learned network does not

merely accumulate the structural quadratic penalty, it loses its

stabilization ability entirely at high turbulence, so the state

diverges and the bias climbs faster than the quadratic limit the

theory sets for a stable policy.

D. Critical Threshold Analysis

The typical nominal advantage magnitude, estimated as

E[|AGAE|] over the nominal rollout steps (σ = 0.0), is 0.0272.

With the fitted quadratic coefficient Cemp = 5178.02, the

Fig. 3. Cause: GAE advantage bias versus turbulence intensity σ. The bias
grows slowly at low σ and then explodes once the policy can no longer
stabilize the vehicle.

Fig. 4. Effect: episode return versus GAE advantage bias. Each point is one
disturbance level; the strong inverse relationship shows that the growth in
advantage error coincides directly with the loss of control performance.

critical turbulence intensity at which the bias reaches a fraction

f of this scale is √
f 0.0272

5178.02
σ∗(f) =

×
. (15)

For f = 0.10 and f = 0.25 this gives σ∗(0.10) ≈ 0.0007 m/s

and σ∗(0.25) ≈ 0.0011 m/s. Two cautions are worth stating.

First, these thresholds are remarkably tight, which says the

learned PPO model is far more sensitive to turbulence than

a stable linear controller, even a trace disturbance deserves

attention when designing aerospace RL simulations. Second,

because the true PPO degradation is steeper than quadratic

(p = 3.44), the quadratic model underestimates the bias at

larger σ; the σ∗ values above should therefore be read as an
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Fig. 5. Log-log plot of GAE bias versus σ. The free power-law fit has
slope 3.44, against the theoretical slope of 2.0 (dashed). The gap reflects
the combined effect of the structural quadratic penalty and the additional
divergence of the neural policy.

Fig. 6. Residuals of the two regression models. The power-law fit tracks the
extreme bias growth at σ ≥ 0.50 m/s noticeably better than the quadratic fit,
which under-predicts in that range.

optimistic (upper) estimate of the safe operating range, not a

guarantee.

VI. DISCUSSION

The central comparison - an analytical policy that follows

the quadratic law almost exactly (R2 = 0.9999) against a

learned policy that degrades faster (p = 3.44) - carries several

practical lessons.

First, the quadratic law is not an empirical accident; it is

built into the estimator. Any locally quadratic value function,

which covers both the exact LQR V ∗ and the second-order

expansion of a smooth neural critic, under a zero-mean dis-

turbance, will produce an expected advantage bias governed

by the disturbance variance. The first-order sensitivity one

might expect to give linear scaling cancels in expectation. The

practical reading is that small cuts in turbulence intensity buy

disproportionately large cuts in estimation bias.

Second, the result motivates a curriculum over turbulence

during PPO training: start with σ < σ∗ so the value function

can settle on a near-stationary problem, then raise σ to build

robustness. This echoes the domain-randomization curricula

used in sim-to-real transfer [7], but here the schedule has a

quantitative, square-root shape that comes out of Theorem 1

rather than intuition.

Third, the looseness of the theoretical bound is itself in-

formative. The slack has three sources: (i) the global spectral

norm ‖P‖2 overstates the local sensitivity along the nominal

trajectory, where state norms are small; (ii) the bound assumes

every GAE term hits its maximum error at once, whereas

in practice errors partly cancel across steps; and (iii) the

cumulative gain κ sums squared closed-loop propagations

without the cancellation seen in the data. One could tighten

the bound by substituting Cemp directly, but that would forfeit

the explicit dependence on the system parameters. We keep

the analytical form because it exposes how the bias depends

on λ, γ, T , and P .

Fourth, the threshold σ∗ ≈ 0.0007 m/s is specific to this

UAV model and PPO setup. A different vehicle or network will

have a different Cemp, but the protocol in Section V-A trans-

fers directly to obtain vehicle-specific thresholds. Theorem 1

supplies the structural justification for that procedure, even as

the policy’s own divergence adds a layer of non-linearity on

top of the structural error.

A clear limitation is the use of an i.i.d. Gaussian gust rather

than a fully colored Dryden process. Temporal correlation

would change κ but not the quadratic scaling, which depends

only on the zero mean of the disturbance and the quadratic

critic. Extending the bound to a colored spectrum and to richer

neural critics are both natural next steps.

VII. CONCLUSION

We have analyzed how GAE advantage estimates degrade

under non-stationary aerodynamic disturbances in UAV rein-

forcement learning. Theorem 1 establishes a quadratic upper

bound ΔA(σ) ≤ C · σ2 for a stable policy, and the analytical

LQR baseline confirms it almost exactly (R2 = 0.9999).

A learned PPO controller degrades faster (exponent 3.44)

because it loses stabilization entirely at high turbulence—

the quadratic fit reaches only R2 = 0.845, and the derived

threshold σ∗ ≈ 0.0007 m/s (at 10% tolerance) is strikingly

narrow. Together these give aerospace RL practitioners both a

warning and a principled criterion for simulation design.

Future work will extend the analysis to neural-network

critics, to multi-axis and colored (Dryden / von Kármán)

turbulence, and to finite-time PPO convergence rates under

non-stationarity. All code for the numerical results is available

at https://github.com/iitb-kabir/PPO Advantage Estimates.
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APPENDIX

All experiments were implemented in Python 3.10 using

NumPy and Stable-Baselines3. The Riccati equation was

solved by iterating the standard DARE recursion to tolerance

10−12, reached in 141 iterations. Random seed 0 was fixed

via numpy.random.seed(0) before all experiments. PPO

training completes in a few hours on a modern multi-core

CPU.

The Riccati matrix P has diagonal entries p11 = p33 =
12.999 and p22 = p44 = 4.848, with off-diagonal elements

p12 = p21 = p34 = p43 = 3.030 and all cross-axis entries

zero (decoupled x-y dynamics). The spectral norm is ‖P‖2 =
14.378. The closed-loop matrix Acl has spectral radius 0.904,

confirming asymptotic ability, with cumulative disturbance-

k ‖Ak
cl

2
2

∑st

propagation gain κ = E‖ = 2.42.
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