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Abstract - As is known, one of the popular methods for
investigation of the numerical solution of ordinary differential
equations is the Runge—Kutta method. At present, some modifications
and variants of Runge—Kutta methods have been developed to solve
various ordinary differential equations. The Runge—Kutta method is a
one-step method. Therefore, it is easy to apply for the solution of many
problems. As is known, every numerical method has its advantages and
disadvantages. One of the main disadvantages of the Runge—Kutta
methods is the repeated calculation of the function located on the right-
hand side of the differential equation under consideration. Let us note
that another popular numerical method for solving initial value
problems for ordinary differential equations is represented by
multistep methods with constant coefficients. As was noted above,
these methods also have their own advantages and disadvantages. One
of the main advantages of multistep methods is the use of information
obtained at previous mesh points. Some authors suggested using
forward jumping or advanced methods. It should be noted that
advanced methods can be constructed based on multistep methods. In
many cases, advanced methods are more exact than multistep methods.
For the sake of objectivity, let us note that advanced methods are more
exact than both Runge—Kutta and multistep methods. However, some
difficulties arise in their implementation when solving some classes of
problems. Here, we investigate two known methods (Runge—Kutta and
Multistep Methods), and less known methos so called as the advanced
method. The results obtained are illustrated with the help of specific
examples.

Keywords - Runge—Kutta methods, Ordinary Differential
Equations, Multistep Methods with Constant Coefficients, Initial
Value Problems, Stability and Degree, Advanced Methods.

I. INTRODUCTION

As is known, one of the first numerical methods was
constructed by Euler and later developed by many scientists.
One of the popular methods was constructed by Runge and by
Kutta at the end of the 19th century and the beginning of the
20th century. It should be noted that these methods are some
families. These methods were adopted by Professor Butcher
and his followers. Butcher constructed a new family of implicit
nonlinear methods (see for example [1]-[13]).

As is known, one of the main disadvantages of the classical
Runge—Kutta methods is the repeated calculation of the value
of the function which is on the right-hand side of the differential
equation.

IJERTV 15| SO70066

Let us consider the following problem:

y'=f(x:}’):}’(xo)=yo' xosxSXs (1)
which is called the initial value problem for ordinary
differential equations (ODEs).

To find the numerical solution of problem (1), the segment is
divided into (N) equal parts with the constant step size (h>0),
and the mesh points are defined as

x; =Xxo+ih (i=0,12,...N). The exact and approximate
values of the solution at the points (x;) are denoted by (y (x;))
and (y;), respectively.

Let us denote the value f(x;, ;) or f;, the value of the function
at the point (x;), and suppose that problem (1) has the unique
solution, which has continuous derivatives (p+1) inclusively.
The function (f(x,y)) is defined in some closed set in which it
has continuous partial derivatives up to some order inclusively.
As is known, some scientists consider Euler’s method to be a
special case of the Runge—Kutta method, which is not correct.
However, some connection can be established between these
methods.

Let us consider the following method:

yn+1 = yn +§(f(xn' yn) + f(xn+1'yn + hf(xn' yn))) (2)

This method can be obtained from the following method:

Yn+1 = yn + % (f(xnr yn) + f(xn+11 yn+1)) (3)

Note that the accuracy of these methods is the same. But one of
them is explicit, and the other is implicit. Here, considering the
investigation of explicit methods, we study the Runge—Kutta
methods. By simple comparison, we receive that method (2) is
from the class of Runge—Kutta methods. It is not difficult to
construct methods which differ from methods (2) or (3). For
this, let us consider the following midpoint method in the class
of Runge—Kutta methods.

This method is presented as follows:

Ynor = n S (%23, 1) @)
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By this way, here two methods from the class of Runge—Kutta
methods are constructed.

As is known, one of the popular methods is the multistep
method with constant coefficients. One of the well-known
representatives of these methods is the trapezoidal method,
which can be received as a partial case from the multistep
method as the special case. Note that, in the application of the
trapezoidal method, there arise some difficulties with the
calculation of the value . For this aim, one can use the following
method (2), which is not identical with method (3). Note that
the trapezoidal method has accuracy which is equal to for the
local truncation error.

And now let us consider the following method:

Yn+1 =Yn t h(an + 8fns1 — fn+2)/12- (%)

This method differs from known methods in that here the value
, which needs to be determined, is used. Along with this, such a
property is often called forward jumping or advanced method.
Method (5) is the first method constructed with this property.
There are some designs for using above present method.

Most scientists conducting research in the field of ecology work
in the field of biological sciences. Usually, the concepts of
ecosystem and biosystem are studied within biological
sciences. Recently, representatives of other sciences have often
encountered ecological problems. Mathematical methods are
used to investigate ecological problems. Similar studies
concerning Volterra-type equations, finite-difference methods,
Simpson-type modifications, and related numerical models
have also been carried out by many authors. Taking this into
account, this paper studies some well-known numerical
methods and considers some of their properties.

II. COMPARISON OF SOME NUMERICAL METHODS
FOR SOLVING THE INITIAL VALUE PROBLEM FOR
ODES

In the introduction, some information is given about the
problems which are studied here. For this aim, some classes of
methods are suggested, and comparisons are made of the
studied problems.

As is known, here, considering the comparison of some
families, let us consider the methods and for this study, the
following general Runge—Kutta method is used:

S
Yn+1 =Yn + hz pi ki, (6)

i=1
where,
kl = f(xn' yn)!

ky, = f(xn + oh, Yo + (az1kh),
ks = f(xn + c3h, ¥ + (agiky + aszkz)h),

kS == f(xn + Csh, yn + (aslkl + aszkz + -+ asys_lks_l)h).

Let us consider the following Runge—Kutta method of third
order:
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Yn+1 = Yo + h(ky + 4k, + k3)/6, (7
where,
kl = f(xn: yn)f

h k,
k, =f(xn+§f yn"'?):
k3 = f(xn + h, yn + 2k2 - kl)'

The method presented here has accuracy p = 3. Here, p is the
order of the presented method. It is not difficult to demonstrate
a constructed more exact method with accuracy p = 3. For this,
let us consider the following:

ki = fm),
2,1 30f2 2
k=71 (}’n + hby1ky + a1 f h” + Eczzh fyyy 15 ))'

1
ks=f (J’n + hbz kg + hbsyk, + 31 fh2f, + Ec3zh3(fzfyy
D).
By using the above-presented equations, one can con\struct the

Runge—Kutta method with the degree p = 3. In our case, one
can construct the following method:

Yn+1 = Yn + h(ky + ks + 4k3)/6, ¥

here ,
2 2 1 3 2 2
ko = f (o + ks + ZRFf, + 32y + F£D),
3 1 1, 1 . .,
ks = f (0 + Sl + 5 hky + 25 h2ffy = So B (P2,
D).
Note that here, three methods are constructed which have the
degree p = 3. All the methods have the same degree p = 3. But
methods (8) and (7) are independent from x in other words, the
function f(y)is independent from the argument x.

And now let us consider the following Runge—Kutta method
with the degree

p = 4, which can be represented in the following form:

h(k, + 2k, + 2ks + k)

Yn+1 = yn + 6 (9)
Here,

h hik,
ky = f(xn' yn)f ky=f (xn + E'yn + T)i

hk
ks =f (xn + hky, y, + 72) ky = f(Xpi1, Y + hk3).

Let us consider the case when the following function f (x)can
be presented as follows:

ko= fG) o= f (at3),
ks =f(xat3),  ha = fQtn+ ).
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From here, we receive the following:
Yn+1 =Yn + h(f(xn) + 4'f(xn+1/2) + f(xn+1))/3: (10)

which is identical with the Simpson method.

Here, some methods with the degree p = 3 and with the degree
p = 4 are constructed.

One popular technique that uses this inequality for error control
is the Runge—Kutta—Fehlberg method. This technique uses a
Runge—Kutta method with local truncation error of order five:

o, .l 6656 28561 9
Wirr = Wi T 735 12 12825 2 T 56430+ 50°
+£k6'

to estimate the local error in a Runge—Kutta method of order
four, given by

_, 25, 1408 2197 1
Wit = Wit 516" T 25653 T 4104 4 5%

where,

ky = hf(t;, wy),

h 1

3h 3 9
k3 =hf(ti+§,wi+§k1 +§k2),
. —n <t +12h +1932 7200 +7296 )
+=hf 13 "W 21971 T 21972 T 219773
ke =h (t w39, gk, 42080, 845k)
s = hf (Lt howi + 72k =8l + ks = 297 Ka )
. —n (t+h 8k+2k 3544k +1859
6 = hf(ti+ 5 wi =57k + 2ky = 5epka + 07 s
11k>
40 °)"

An advantage to this method is that only six evaluations of are
required per step. Arbitrary Runge—Kutta methods of orders
four and five used together require at least four evaluations of
for the fourth-order method and an additional six for the fifth-
order method, for a total of at least ten functional evaluations.
And now, let us consider the comparison of some methods
which are recommended here to solve some ordinary
differential equations. For this, let us consider the following
orders of exactness, which are applied for comparison of
methods of Runge-Kutta type. Note that the first method has the
degree p = 3, and the other methods also have the degree p =
3. The next method which is used here has a degree p = 4.
Thus, we find that when moving from one method to another,
accuracy increases depending on the quantity.
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For the methods (7) and (8), kg, in our case, s = 1 — 4. From
method (9), it is received that method (9) has the degree p = 4.
As is known, the following method has the degree p = 5, and
the amount of k; is equal to 6(six).
By this way, we prove the following theorem:
Theorem. Let peN be the degree of accuracy of an explicit
Runge—Kutta type method and let s denote the number of
quantities k;. For p=1,2,3,4, it is possible to take s=p. However,
for p>4, the number of quantities k; becomes greater than p.
Indeed, each quantity k; corresponds to one evaluation of the
function f (X, y) at a given step. Thus, the number of quantities
k; is the number of stages of the method. For the first four
degrees, this number coincides with the degree of accuracy.
Beginning from the fifth degree, this relation changes. In the
Runge—Kutta—Fehlberg method, fourth and fifth-degree
approximations are obtained by using six evaluations of f.
Therefore, for p=5, one has ky, k,, ..., k.
For higher degrees, the number of stages increases further. For
single explicit Runge—Kutta methods, known constructions
give s=7 for p=6, s=9 for p=7, and s=11 for p=8. In embedded
pairs, this number may be larger; for example, a 5,6 pair usually
use eight stages. For p=9, known constructions use more than
nine stages; in particular, Khashin constructed a ninth-order
method with thirteen stages (Khashin, 2009), while Butcher’s
lower bound gives so> 12 (Verner, 2013).
Thus, after p=4, increasing the degree of accuracy requires
increasing the number of quantities k;. This explains why high-
degree explicit Runge—Kutta methods are more accurate, but
also more expensive computationally. Recent Runge—Kutta
pairs of orders 8,9 also confirm the practical use of such high-
order explicit pairs in high-precision computations
(Kovalnogov et al., 2024).

III. MULTISTEP METHOD

As is known, one of the popular methods is the multistep
method with constant coefficients. This method has been
studied by many famous scientists. Thus, the method is usually
presented as follows (see for example [14]- [43]):

k k
ZaiynH- = hZﬁian-,n = 0,1,2,...,N—k. (11)

i=0 i=0

It is known that numerical methods are usually based on the
concepts of stability and degree, which can be formulated in the
following form:

DEFINITION 1. Method (11) is called stable if the roots of the
following polynomial

p(D) = A + ap_ AN+l +ay

are located in the unit circle, on the boundary of which there are
no multiple roots.

DEFINITION 2. The integer value p is called as the degree of
method (11), if the following asymptotic equality holds:

k
E(aiy(x +ih) — hyy'(x + ih) = O(RP*Y),h - 0. (12)

i=0
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Method (4) is stable and has the degree as By Dahlquist’s rule,
we obtain that if method (11) is stable, then

<2[]+2
p<2|5|+2

It follows that, if method (11) is stable, then there exists a stable
method with degree p = 4 for k = 2 and k = 3. Note that the
values of pp.x for k = 2 and k = 3 do not match.

The stable method with degree py.x =4 for k =2 is the
Simpson method, and the method with degree p,.x = 4 for

k = 3 can be presented as:
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h
Yn+2 = yn + §(f(xn' yn) + 4‘f(xn+1t yn+1) + f(xn+2' yn+2))- (19)

Similar studies have been carried out by many authors. To solve
certain problems, method (18) is preferable to method (19),
since method (18) is a one-step method. If the values are given,
then by using method (18), one can compute the values.
However, when using method (17), at each step it is necessary
to compute the intermediate values and.

IV. ADVANCED METHODS AND THEIR

3h
Yurs =Y + 5 Furat3fuszt3furstfi), Ru = 0(h%).  (13) INVESTIGATION

Some authors call this method Simpson’s rule. As was noted,
the region of stability for the Simpson method consists of one
point, which is called the origin of the coordinate system.

By using the predictor-corrector method, one can expand the
region of stability. For example, let us consider the following
predictor-corrector method:

4h

Vner =Yn3 + ?(2)’1’1 = Yn-1+ 2yn_3) (14)
h ~ 0 I !

Yn+1 = Yn-1 T §(Yn+1+4yn+)/n—1)- (15)

Note that the local truncation errors for these methods can be
presented as follows:

And know let us consider the construction the multistep
methods of advanced type. Advanced methods have been
investigated by the well-known scientist Cowell in the 19th
century, or as the forward-jumping method.

Cowell, by using the so-named method, calculated the orbit of
Halley’s comet.

Let us note that the advanced methods, or forward-jumping
methods, have been investigated by the well-known scientist
Cowell in the 19th century. Advanced methods, in one version,
can be written as:

k-m k
Z 4 Yous = hz Bifary n=01,.,N—lkm>0. (20)
i=0 i=0

In formal form, one can say that method (10) can be received
from (20) as a partial case. If in method (20) we put m = 0, in
this case we receive the known multistep method. For the case
of objectivity, let us note that the main properties of these

28 1
R(™ = %hsy,i‘?l +0(h®),R{™ = —%hSyrE‘?l +0(h®).(16) methods differ in that the condition k —m < k, which is

Simpson method let us write in the following form:

h
Vn+1 = Yn + g(f(xn: yn) + 4'f(xn+1/2' yn+1/2) +
f(xn+1'yn+1)) (17)

here we use the hybrid point.
For obtaining more accurate results, one can use the following
predictor-corrector method:

N h
Yn+12 = Vn t+ Ef(xn' Yn)»

h
Yn+12 =Vn t E(f(xn' Yn) + f(xn+1/2' yn+1/2))

Note that method (17) is obtained by changing the step size by
method. From the above description, it is clear that the
predictor-corrector approach can be applied to using method
(17). In this case, we recieved the following:

h
Yn+1 = Yn + g(f(xn' Yn) + 4f(xn+1/2' yn+1/2)
+ f (ns1, Ine1)): (18)

For the computation of the value $,,,, one may use either
method (13) or method (14). Method (13) is implicit, whereas
method (14) is explicit. In method (18), if we replace h with 2h,
then one can be presented:

IJERTV 15| SO70066

satisfied because m > 0.
A.The coefficients ; (i = 0,1, ...,k —m),B;(i = 0,1, ..., k)
are real numbers, and a;_,,, # 0.

B. The polynomials

p(A) = "i"ai A8 = iﬁi Al

have no common factor different from a constant.

C. The polynomials p(1)and &(A)satisfy the conditions:
p()=0,p'(1)=61)#0,p= 1.

Usually, the condition is called the necessary condition for the
convergence of method (20). Numerical methods of type (20)
have been constructed by some well-known scientists such as
Laplace, Steklov, etc. The advanced methods constructed by
these scientists may or may not obey the Dahlquist law.

The following method has been constructed in the related
literature:
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11 8
= E:Vn + Eyn+1

+ h(lofn + 57fn+15;' 24'fn+2 - fn+3) (21)
It is proved that method (21) is stable and has order. It follows
that if method (20) is stable, then it is more accurate than
method (2).

However, method (20) has some disadvantages. For example,
in the application of this method to solve a problem, it is
necessary to calculate the value y,,;(j =k —m),which
participates in method (20). In our case, it arises the calculation
of the value y,, , ; before calculation y,, .

Let us consider the following theorem.

Theorem. Suppose that method (20) is stable and has degree p.
Then, in the class of methods (20), there are stable methods with
degree p < k + m+ 1, for the case,k = 3m + 1.

Yn+2

It should be noted that the properties of the resulting method
depend on the properties of the method used for calculating the

value  Yuix_r(j < m).
For the illustration,
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the bilateral method, the signs of the main terms of the local
truncation errors should be different.

Note that in the construction of methods, one of the main
questions is the determination of the signs for some members
of the used methods. By using this, Dahlquist proved that if
method (1) is stable and has the maximum degree, then the
condition is satisfied. If method (22) is stable and has the
maximum degree, then and

.Bk—m+j—1ﬁk—m+j < O'ifﬂk—m+1 * 0(] = 1'2' e, M,
1<j<m).

V. NUMERICAL RESULTS

And now, for the illustration of the above-obtained results, let
us consider the following example problem:

y' =cosx, y(0) =0, 0<x<1
with the exact solution:
y(x) = sinx. (24)

For solving this problem, let us apply Simpson’s method and its
modification, presented in the following form:

h
Sfa+ 8fns1 = furz Ynt1 =Y t _(y’ 1+4y! 1+y’)- (25)
Ynt1 =Ynth . (22) " T\t ny "
12
) _ _ The results of the solution are given in the following table.
The local truncation error for this method is: Table 1. Solution of problem (24) by Simpson’s method and its
modification.
h4y7(l4) ; Modified Simpson, Modified o O Modified o
R, = + 0(h>). x,, method, 707 method, — 0 method, A
24 h=01 h=0.1 h =005 h =0.05 h=001 h =0.01
02 65E-9 1.0E -7 43E-10 6.8E -9 68E —13 11E—11
For the calculation of the value y,,,,, let us use the following 0.6 18E —8 30E—7 12E—9 15E —8 18E —12 3.1F — 11
method: 10 25E—-8  44E-7 18E—9 28E—8 2.8E—11 4.6E —11

hf,
Yn+z = 3Yns1 — 2Yn + 1_2n

By using this method in (22), we receive:

8/m+1+5/m

h hfn
12 - Ef (xn+21 3yn+1 - Zyn + )

12

Yne1 =Yn th
(23)

This method is not A-stable. However, it is possible to change
method (23) to the following method:

3fn+1 - fn

Yn+2 = Yn+1 t hﬁ'

and by using this in method (22), we receive an A-stable
method. By the above, we have shown some advantages of the
predictor-corrector method.

Very often, the question arises about the reliability of the
obtained values by some numerical methods. For solving this
problem, it is recommended to use bilateral methods. It is easy
to construct that the bilateral method has some relation with the
predictor—corrector methods. As is known, in predictor—
corrector methods, one can use methods for which the
remainder terms are the same. However, in the construction of

IJERTV 15| SO70066

The numerical results correspond to the theoretical results.

VI. CONCLUSION

As is known, in solving many problems, there appears the need
for the construction of more exact numerical methods for
solving some applied problems. Therefore, many famous
scientists began to study the construction of numerical methods
for solving various problems (see for example [44]-[71]). The
first approximate numerical method was constructed by Euler,
which made it possible to solve initial value problems for
ordinary differential equations numerically. The theory of Euler
was developed by Adams, Runge, Kutta, and others.

At the beginning of the 19th century, they began to construct a
new numerical method, which was called the finite difference
method. In the middle of the twentieth century, new
constructions of multistep methods with constant coefficients
were developed. New works written by some scientists
appeared in the mid-twentieth century. Among them, one can
note the works written by well-known scientists such as Shura-
Bura, Bakhvalov, G. Dahlquist, and Butcher. Butcher
developed the theory of Runge—Kutta methods, as a result of
which new directions emerged, which are called Butcher
theory.

For the sake of objectivity, let us note that some well-known
scientists developed the theory of explicit Runge—Kutta
methods and constructed methods with an order of accuracy of
14 or more. Note that here it is suggested to investigate the
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following method, which has not been investigated at a high
enough level. This method is called the forward jumping or
advanced method. Let us note that the advanced methods are
more exact than the multistep methods. But these methods have
some disadvantages, which are connected with the construction
of more complex methods.

h(an + 8fn+1 - fn+2)
12 '

Yn+1 = Yn T+

Here, the given method is presented, by using which one can
show the way for using the above-given method. We hope that
this direction will find its followers.

ACKNOWLEDGMENT

The authors thank Academician T. Aliyev and Academician A.
Abbasov for their valuable advice. The authors also thank the
reviewers for their helpful comments. This work was
supported by the Azerbaijan Science Foundation under Grant
No. AEF-MGC-2025-1(54)-20/05/1-M-05.

CONFLICT OF INTEREST

The authors state express that there is no conflict-of-interest
misunderstanding between them. We hereby confirm that all the
methods in this manuscript are ours

REFERENCES

L. Skvortsov, “Explicit two-step Runge—Kutta methods,” Mathematical
Models and Computer Simulations, vol. 2, no. 2, pp. 222-231, 2010. doi:
10.1134/S2070048210020092.

M. Urabe, “An implicit one-step method of high-order accuracy for the
numerical integration of ordinary differential equations,” Numerische
Mathematik, vol. 15, pp. 151-164, 1970. doi: 10.1007/BF02165379.

J. C. Butcher, “On Runge—Kutta processes of high order,” Journal of the
Australian Mathematical Society, vol. 4, no. 2, pp. 179-194, 1964. doi:
10.1017/S1446788700023387.

Z. A. Anastassi and T. E. Simos, “An optimized Runge—Kutta method for
the solution of orbital problems,” Journal of Computational and Applied
Mathematics, vol. 175, no. 1, pp. 1-9, 2005.

J. H. Verner, “Explicit Runge—Kutta pairs with lower stage-order,”
Numerical Algorithms, vol. 65, pp. 555-577, 2014. doi: 10.1007/s11075-
013-9783-y.

S. I. Khashin, “A symbolic-numeric approach to the solution of the
Butcher equations,” Canadian Applied Mathematics Quarterly, vol. 17,
no. 3, pp. 555-569, 2009.

H. Brunner, “Implicit Runge—Kutta methods of optimal order for Volterra
integro-differential equations,” Mathematics of Computation, vol. 42, pp.
95-109, 1984.

T. E. Simos and C. Tsitouras, “Fitted modifications of classical Runge—
Kutta pairs of orders 5(4),” Mathematical Methods in the Applied
Sciences, vol. 41, pp. 45494559, 2018. doi: 10.1002/mma.4913.

V. N. Kovalnogov, R. V. Fedorov, T. V. Karpukhina, T. E. Simos, and C.
Tsitouras, “Runge—Kutta pairs of orders 9(8) for use in quadruple
precision computations,” Numerical Algorithms, vol. 95, no. 4, pp. 1905—
1919, 2024. doi: 10.1007/s11075-023-01632-8.

(1]

[10] G. Y. Mehdiyeva, V. Ibrahimov, and M. Imanova, “Application of the
hybrid method with constant coefficients to solving the integro-
differential equations of first order,” AIP Conference Proceedings, vol.
1493, pp. 506-510, 2012. doi: 10.1063/1.4765535.

[11] M. R. Shura-Bura, “Error estimates for numerical integration of ordinary
differential equations,” Prikladnaya Matematika i Mekhanika, no. 5, pp.
575-588, 1952.

[12] G. Y. Mehdiyeva, V. Ibrahimov, and M. Imanova, “An application of the
hybrid methods to the numerical solution of ordinary differential
equations of second order,” Journal of Treasury Series: Mathematics,
Mechanics and Computer Science, Al-Farabi Kazakh National University,
vol. 75, no. 4, pp. 46-54, 2012.

IJERTV 15| SO70066

International Journal of Engineering Research & Technology (IJERT)

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

ISSN: 2278-0181
Vol. 15 Issue 07, July - 2026

G. Dahlquist, “Convergence and stability in the numerical integration of
ordinary differential equations,” Mathematica Scandinavica, vol. 4, pp.
33-53, 1956.

G. Mehdiyeva, V. Ibrahimov, and M. Imanova, “General theory of the
application of multistep methods to calculation of the energy of signals,”
in Wireless Communications, Networking and Applications, Lecture
Notes in Electrical Engineering, vol. 348, Springer, pp. 1047-1056, 2016.
doi: 10.1007/978-81-322-2580-5_95.

V. Ibrahimov and M. Imanova, “Multistep methods of the hybrid type and
their application to solve the second kind Volterra integral equation,”
Symmetry, vol. 13, no. 6, Article 1087, 2021. doi: 10.3390/sym13061087.
J. C. Butcher, “A modified multistep method for the numerical integration
of ordinary differential equations,” Journal of the ACM, vol. 12, no. 1, pp.
124-135, 1965. doi: 10.1145/321250.321261.

G. Y. Mehdiyeva, V. Ibrahimov, and M. Imanova, “Some refinement of
the notion of symmetry for the Volterra integral equations and the
construction of symmetrical methods to solve them,” Journal of
Computational and Applied Mathematics, vol. 306, pp. 1-9, 2016. doi:
10.1016/j.cam.2016.03.026.

G. K. Gupta, “A polynomial representation of hybrid methods for solving
ordinary differential equations,” Mathematics of Computation, vol. 33,
no. 148, pp. 1251-1256, 1979. doi: 10.1090/S0025-5718-1979-0537968-
6.

G. Mehdiyeva, V. Ibrahimov, and M. Imanova, “On the construction of
the multistep methods for solving the initial-value problem for ODE and
the Volterra integro-differential equations,” IAPE, Oxford, United
Kingdom, pp. 1-9, 2019.

V. R. Ibrahimov, “Relationship between the order and the degree for a
stable forward-jumping formula,” Prikladnye Operatornye Metody v
Uravneniyakh, Baku, pp. 55-63, 1984.

G. Y. Mehdiyeva, M. N. Imanova, and V. R. Ibrahimov, “Solving Volterra
integro-differential equation by second derivative methods,” Applied
Mathematics & Information Sciences, vol. 13, no. 1, pp. 25-31, 2019.

V. R. Tbrahimov, “On a relation between order and degree for stable
forward-jumping formula,” Zh. Vychis. Mat., no. 7, pp. 1045-1056, 1990.
J. O. Ehigie, S. A. Okunuga, A. B. Sofoluwe, and M. A. Akopov, “On
generalized two-step continuous linear multistep method of hybrid type
for the integration of second order ODEs,” Archives of Applied Science
Research, vol. 2, no. 6, pp. 362-372, 2010.

V. Ibrahimov, G. Mehdiyeva, M. Imanova, and D. A. Juraev, “Application
of the bilateral hybrid methods to solving initial-value problems for the
Volterra integro-differential equations,” WSEAS Transactions on
Mathematics, vol. 22, pp- 781-791, 2023. doi:
10.37394/23206.2023.22.86.

G.Y. Mehdiyeva, V. R. Ibrahimov, and M. N. Imanova, “Application of a
second derivative multi-step method to numerical solution of Volterra
integral equation of second kind,” Pakistan Journal of Statistics and
Operation Research, vol. 8,no. 2, pp. 245-258,2012. doi: 10.18187/pjsor.
v8i2.294.

V. Ibrahimov and M. Imanova, “About one multistep multi-derivative
method of predictor-corrector type constructed for solving initial-value
problem for ODE of second order,” WSEAS Transactions on
Mathematics, vol. 23, pp. 599-607, 2024.

M. N. Imanova, “On the multistep method of numerical solution for
Volterra integral equation,” Transactions of the National Academy of
Sciences of Azerbaijan. Series of Physical-Technical and Mathematical
Sciences, vol. 26, no. 1, pp. 95-104, 2006.

G. Y. Mehdiyeva, V. R. Ibrahimov, and M. N. Imanova, “On research of
symmetric equations of Volterra type,” International Journal of
Mathematical Models and Methods in Applied Sciences, vol. 8, pp. 434—
440, 2014.

G. Kh. Shafiyeva, V. R. Ibrahimov, and D. A. Juraev, “On some
comparison of Adams methods with multistep methods and their
application to solve initial-value problem for the ODEs first order,”
Karshi Multidisciplinary International Scientific Journal, vol. 1, no. 2,
pp. 6978, 2024. doi: 10.22105/kmisj. v1i2.55.

G. Yu. Mehdiyeva, V. R. Ibrahimov, and M. N. Imanova, “On one
application of hybrid methods for solving Volterra integral equations,”
World Academy of Science, Engineering and Technology, vol. 61, pp.
809-813, 2012.

V. R. Ibrahimov, “Convergence of predictor-corrector method,”
Godishnik na Visshite Uchebni Zavedeniya, Prilozhna Matematika, Sofia,
Bulgaria, pp. 187-197, 1984.

G. Mehdiyeva, V. Ibrahimov, and M. Imanova, “On a way for constructing
numerical methods on the joint of multistep and hybrid methods,” World

Page 6

(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)



Published by :
https://lwww.ijert.org/
An International Peer-Reviewed Jour nal

[33

—

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49

[}

[50]

[51]

Academy of Science, Engineering and Technology, Paris, France, pp. 240—
243,2011.

V. Ibrahimov, G. Mehdiyeva, G. Shafiyeva, A. Quliyeva, K. Rahimova, 1.
Qurbanov, and G. Farzaliyeva, “On some ways for application of hybrid
methods to solve ODEs of the first order,” Journal of Harbin Engineering
University, vol. 44, no. 12, pp. 1-8, 2023.

G. Mehdiyeva, M. Imanova, and V. Ibrahimov, “On one generalization of
hybrid methods,” in Proceedings of the 6th International Conference on
Approximation Methods and Numerical Modelling in Environment and
Natural Resources: MAMERN'15, pp. 543-548, 2015.

V. R. Ibrahimov and M. N. Imanova, “About some applications of
multistep methods with constant coefficients to investigation of some
biological problems,” American Journal of Biomedical Science and
Research, vol. 18, pp. 531-542, 2023.

G. Y. Mehdiyeva, M. N. Imanova, and V. R. Ibrahimov, “A way to
construct an algorithm that uses hybrid methods,” Applied Mathematical
Sciences, vol. 7, mo. 98, pp. 48754890, 2013. doi:
10.12988/ams.2013.36346.

N. Mammadzada, V. R. Ibrahimov, and M. N. Imanova, “Runge Kutta and
Adams Multistep Method for Second Kind of Volterra Integral Equation,”
International Journal of Engineering Research & Technology (IJERT),
vol. 15, no. 05, May 2026, Paper ID: IJERTVI15IS052135. doi:
10.5281/zenodo.20378663.

G. Y. Mehdiyeva, M. N. Imanova, and V. R. Ibrahimov, “The application
of the hybrid method to solving the Volterra integro-differential equation,”
World Congress on Engineering, London, U.K., pp. 186-190, 2013.

N. Mammadzada, “Application of some simple method to the second kind
of Volterra integral equation,” in TURK-COSE 2024: VI International
Turkic World Congress on Science and Engineering, Book of Abstracts,
p. 297,2024.

G.Y. Mehdiyeva, M. N. Imanova, and V. R. Ibrahimov, “On a research of
hybrid methods,” in Numerical Analysis and Its Applications, Lecture
Notes in Computer Science, vol. 8236, Springer, pp. 395-402, 2013. doi:
10.1007/978-3-642-41515-9_44.

O. A. Akinfenwa, N. M. Yao, and S. N. Jator, “Implicit two-step
continuous hybrid block methods with four off-step points for solving stiff
ordinary differential equations,” World Academy of Science, Engineering
and Technology, vol. 51, pp. 425-428, 2011.

G. Mehdiyeva, M. Imanova, and V. Ibrahimov, “General hybrid method
in the numerical solution for ODE of first and second order,” in
International Conference on Applied Mathematics and Computational
Methods, pp. 1-10, 2013.

G. Mehdiyeva, V. Ibrahimov, and V. Imanova, On the Investigation of
Multistep Methods with Constant Coefficients. Saarbriicken: LAP
Lambert Academic Publishing, 2013.

H. Brunner, “Iterated collocation methods and their discretizations for
Volterra integral equations of the second kind,” SIAM Journal on
Numerical Analysis, vol. 21, no. 6, pp. 1132-1145, 1984. doi:
10.1137/0721070.

N. S. Bakhvalov, “Some remarks on the question of numerical integration
of differential equations by the finite-difference method,” Doklady
Akademii Nauk SSSR, no. 3, pp. 805-808, 1955.

G. Mehdiyeva, M. Imanova, and V. Ibrahimov, “An application of
mathematical methods for solving scientific problems,” British Journal of
Applied Science & Technology, vol. 14, no. 2, pp. 1-14, 2016.

M. V. Bulatov and E. V. Markova, “Collocation variational approaches to
the solution to Volterra integral equations of the first kind,”
Computational Mathematics and Mathematical Physics, 2022.

1. A. Bhat, A. H. Bhat, L. N. Mishra, and V. N. Mishra, “Numerical
solutions of Volterra integral equations of third kind and its convergence
analysis,” Symmetry, vol. 14, no. 12, Article 2600, 2022. doi:
10.3390/sym14122600.

D. Juraev, V. Ibrahimov, P. Agrawal, and O. Kuchayev, “Regularization of
the Cauchy problem for matrix factorizations of the Helmholtz equation
on a two-dimensional bounded domain,” Palestine Journal of
Mathematics, vol. 11, no. 3, pp. 381-402, 2022.

G. Y. Mehdiyeva, V. R. Ibrahimov, and M. N. Imanova, “On the
construction test equations and its applying to solving Volterra integral
equation,” in Mathematical Methods for Information Science and
Economics, Montreux, Switzerland, pp. 109—114, 2012.

M. V. Borov, S. S. Budnikova, M. A. Bulatov, and S. S. Orlov, “Numerical
solution of integral-algebraic equations with a weak boundary singularity
by k-step methods,” Computational Mathematics and Mathematical
Physics, 2021.

IJERTV 15| SO70066

International Journal of Engineering Research & Technology (IJERT)

[52]

[53]

[54]

[53]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

ISSN: 2278-0181
Vol. 15 Issue 07, July - 2026

M. N. Imanova and V. R. Ibrahimov, “The application of hybrid methods
to solve some problems of mathematical biology,” American Journal of
Biomedical Science and Research, vol. 18, no. 6, pp. 74-80, 2023. doi:
10.34297/AJBSR.2023.18.002436.

V. Ibrahimov, G. Mehdiyeva, and M. Imanova, “On some ways to increase
the exactness of the calculating values of the required solutions for some
mathematical problems,” WSEAS Transactions on Mathematics, vol. 23,
pp. 430-437, 2024. doi: 10.37394/23206.2024.23 .45.

I. G. Burova, “Application of local polynomial and non-polynomial
splines of the third order of approximation for the construction of the
numerical solution of the Volterra integral,” WSEAS Transactions on
Mathematics, 2021.

G. Mehdiyeva, V. Ibrahimov, and M. Imanova, “On a calculation of
definite integrals by using of the calculation of indefinite integrals,” SN
Applied Sciences, vol. 1, Article 1489, 2019. doi: 10.1007/s42452-019-
1519-8.

D. Juraev, A. Shokri, and D. Marian, “On an approximate solution of the
Cauchy problem for systems of equations of elliptic type of the first
order,” Entropy, vol. 24, no. 7, Article 968, 2022. doi:
10.3390/624070968.

I. G. Burova and G. O. Alcybeev, “Solution of integral equations using
local splines of the second order,” WSEAS Transactions on Applied and
Theoretical Mechanics, vol. 17, pp. 258-262, 2022.

S. Deepa, A. Ganesh, V. Ibrahimov, S. S. Santra, V. Govindan, K. M.
Khedher, and S. Noeiaghdam, “Fractional Fourier transform to stability
analysis of fractional differential equations with Prabhakar derivatives,”
Azerbaijan Journal of Mathematics, vol. 12, no. 2, pp. 131-153, 2022.

V. R. Ibrahimov and M. N. Imanova, “Finite difference methods with
improved properties and their application to solving some model
problems,” International Conference on Computational Science and
Computational Intelligence, 2022.

G. Dahlquist, “Stability and error bounds in the numerical integration of
ordinary differential equations,” Transactions of the Royal Institute of
Technology, Stockholm, no. 130, pp. 3-87, 1959.

D. A. Juraev, “The solution of the ill-posed Cauchy problem for matrix
factorizations of the Helmholtz equation in a multidimensional bounded
domain,” Palestine Journal of Mathematics, vol. 11, no. 3, pp. 604—613,
2022.

R. I. Abdulganiy, O. A. Akinfenwa, and S. A. Okunuga, “Simpson type
trigonometrically fitted block scheme for numerical integration of
oscillatory problems,” UJMS, vol. 5, pp. 25-36, 2017.

V. Ibrahimov, G. Shafiyeva, A. Guliyeva, and K. Rahimova, “On some
ways for calculation of definite integrals,” Slovak International Scientific
Journal, vol. 79, pp. 27-32, 2017.

G. Y. Mehdiyeva and V. R. Ibrahimov, “An application of the finite-
difference method,” News of Baku State University, no. 3, pp. 73-78,
2008.

N. N. Yanenko, The Method of Fractional Steps for Solving
Multidimensional Problems of Mathematical Physics. Novosibirsk:
Nauka, 1967.

V. Ibrahimov and M. Imanova, “On some modifications of the Gauss
quadrature method and its application to solve the initial-value problem
for ODE,” in Proceedings of the 2022 International Conference on
Wireless Communications, Networking and Applications, pp. 306-316,
2023.

M. Bulatov, T. Indutskaya, and V. Solovarova, “On an algorithm for the
numerical solution of quasi-linear integral-algebraic equations,” Applied
Numerical Mathematics, 2024.

N. A. Mammadzada, “The Modified Trapezoid Method for Solving
Second Kind Volterra Integral Equations,” Baku State University Journal
of Mathematics & Computer Sciences, vol. 2, no. 1, pp. 57-70, 2025. doi:
10.30546/209501.101.2025.3.201.014.

N. Mammadzada, “Numerical Solution of the Volterra Integral Analysis
of the Measurement Function Using the Interpolation Method,” in
MaCoSEP 2025: International Conference on Management and Control
in Solving Engineering Problems, Paper no. 04.02, 2025. doi:
10.30546/MaCoSEP2025.067.

D. A. Juraev, M. J. O. Jalalov, and V. R. Ibrahimov, “On the formulation
of the Cauchy problem for matrix factorizations of the Helmholtz
equation,” Engineering Applications, vol. 2, no. 2, pp. 176-189, 2023.
N. Mammadzada, V. R. Ibrahimov, and L. Rustamova, “On Some
Modification of Simpson Method and Their Application to Solve Some
Problems from the Environmental Engineering,” International Journal of
Engineering Research & Technology (IJERT), vol. 15, no. 05, May 2026,
Paper ID: IJERTV151S052182. doi: 10.5281/zenodo.20406821.

Page 7

(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)



