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Abstract
In this paper, we shall establish some double integrals involving H-Function.
Keyword
Argument, contour.
Introduction:

Integrals are useful in the study of certain boundary value problems. It is also
helpful in obtaining the expansion formulae. Integrals are also used in the study of
statistical distribution, probability and integral equation. Here, we have developed and
solved integrals involving hyper-geometric functions.

Gauss hyper geometric function ,F; [a, b; c; z] has been generalized by the

introduction of p parameters of nature of a, b-and q parameters of the nature of c.

This ensuring series

p
I
o0 (i), 2"
=z - ,

n=0rm (b), n!
is known as the generalized hypergeometric series and the function .F, is
called generalized hypergeometric function of variable z. ;F, is not defined if
any denominator parameter by is a negative integer or zero. If any numerator
parameter a, is zero or a negative integer, the series terminates. If ;F, does

not terminate, it converges

(i) for all finite zif p< q;
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(ii) for |z| <1lifp=q+1;
(iii) for|z|:1ifp=q+1andR( ]gzlb]-— ]lea]-)>0

and diverges forallzz0ifp>q+ 1.

The class of the hypergeometric series and functions considered above
are of single variable. The great success of the theory of hypergeometric series
in one variable has stimulated the development of corresponding theory in

two and more than two variables.
In this section, we will establish the following double integrals:

atf+1 .
foﬂ/z foﬂ/zZTel(a—B)x(COSX)a+Bel(G+p)y(Siny)c—l (Cosy)p—l %

i Ao
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Provided that Re (& + ) > -1, Re(g) >0, Re(p) >0,A =0and u = 0, |arg z| <

% mA , where A is given in equation

n p m q
RISV WL
j=1 j=n+1 j=1 j=m+1

ai_ZBi<0

p q
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a+p+1 .
fot foﬂ/z ZTXp_l (t— X)o—lel(a—B)y (Cosy)a+8 X

x Hply' [z(2xe cosy)}\ (2(t — x)e™ cosy)" ]dxdy
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(—(X—B,7L+|J.),(1 —G,A)'(l—P'H),(aj'O‘j )l,p
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B Hpisig+3l2(t/2) l(bj'Bj)Lq,(1—0—p,7t+u),(—0<,7\),(—8,u),] ’

2a+B+1

(2)

Where Re (¢ + ) >-1,Re(o) >0,Re(Bp)>0,A=>0andu =0, |arg z| < %2 A

, Where A is given in equation

n p m q
D6 ) wt ) b= ) B=A>0
j=1 j=n+1 ji=1 j=m+1

p q
o — :E: Bi‘< 0
j=1 j=1

0 a+p+1 .
fo J'OT[/ZZTXp—le—xel(a—B)y(cosy)a+B %

) A )
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T pat+p+l Hp+2,q+2 [27\+u |(b]-,Bj)1 q,(_a,)\),(_g,u), ]' (3)

Provided that Re (¢ + ) > -1, Re(o) >0, A =0 and u =0, |arg z| < % mA,

where A is given in equation

n p m q
2,6 ) ) b= ) B=A>0
j=1 j=n+1 j=1 j=m+1

ai_ZBi<0

p q
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t /2 p-1 0—1,i(a+B)Y (i a—1 -1
Jo Iy Xt —x)"e (siny)* 1(cosy)P~1 x

x Hply' [z(2xe siny)x((t —x)el cosy)" ]dxdy
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p+4,q+3 (b B)l,q (1 o— p7\+u) (1 oa— Bx+u)

where Re (a) >0, Re (8) >0, Re(d) >0, Re(p)>0,A = 0andu =0, |argz| <%

A , where A is given in equation

n p m q
Zal— z ai+ZBi— z Bi=A>0,
j=1 j=n+1 =1 j=m+1
p q
2 o — 2 B; <O
=1 =1

fooo fon/z xP~1 e el (@+B)Y (siny)*~1(cosy)P~1 x
: Ay

X Hp'y' [z(xeV siny) " (VY COSY)H]dXdy

e n+3 ﬂ(l —0,1),(1—a,1),(1=B,1) (@;,%))1,p

= e 2?2 Hp+3,q+1[ |(b :B )1q’( o— B:}\‘Hl) ]1 (5)

provided that Re (@) >0, Re (£)>0,Re(c)>0,A=0and u =0, |arg z|] <%

A, where A is given in equation

Za—Za+ZBI Zq:BiEA>O,

j=n+1 j=m+1
p q
2, D B <0
j=1 j=1
Proof: To prove (1), we express the H-function of one variable on the left

hand side as contour integral. Then interchanging the order of integration
(which is justifiable due to given condition), we get

me 0(s) z° X

T yla+is)+(B+us)+1

x [J¢

Xl () =(B+15)] (cosx) (@A) +(B+us)] gy ]
T
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x [f()i eiy[(0+7\s)+(p+us)] (siny) (o+As)—1 (COSY) (p+ps)—1 dy] ds

Now using the results (5), (6) and interpreting it with the help of

[ |Eb]:8]j) ]_ i)fL H(S)xsds, i:\/-l,

(b = Bis)iC(1 = & + ay5)
aF(1=b +Bis)il (4 — as)

0(s) =

we get right hand side of (1).

Proceeding as above we can prove (2) to (5) with the help of A, B, C,

and D
f‘l'[/z 2a+B+1 1(0( B)S(COSG)OH-Bde nl(a+p+1) (A)
0 T 20+B+1P(a+1)T (B+1)
Re(a + ) > —1.
/2 i(@+B)8 feinmya—1 B—1 30 — "2 T(@r ()

Jy e (sinB)*~1(cos0)P~1do rap (B)
Re(a) > 0,Re(B) > O.

fooo x*le™*dx = I'(a), (C)

tp—1(p _ \o—1 p+o—1 L(P)I'(a)

JyxP M=) dx =t foto) (D)

Re(p) > 0,Re(c) > 0.

PARTICULAR CASE:

Collecting real and imaginary part of (4), we get
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JE [ %071 (£ = x)°~ cos(a+ B) y (siny)“~ (cosy)P ! x

x Hp'a' [z(2xeY siny)* ((t — x)e" cosy)*]dxdy

ﬂ(l o,A),(1-B,1),(1-p,A),(1—0,1),(aj,;)
jr le] (6)

Ao
= X p+o—1gymn+4 Atp
cos -t Hpfaqealzt™e 2] o 1), g (=0 =P A+, (1=a=BA+)

and

iy S350 (t = )7 sin(a + B) y (siny)*~" (cosy) !
x Hpl' [z(2xeV siny)x((t —x)eV cosy)“]dxdy

11'[7\
— p+o—1pymn+4 A oo (1=), (1=B,1),(1=p,A),(1~0,1), (2,0 ) 1,p
= sin 5t LS [ e 7 ), (=o-pAi(i-a—pis) | 7

INTEGRAL REPRESENTATION:

X1 @ (r) 1 ~@® () ()
Oon:mq,nq+1:..omn.+11] : (a"A i )1 {(1=B4 1)( G )1 i ( G )

.01 1.0r
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QF(W Bl)f """ f H(l—t)”l Bl (g,)Pi1

X1:t1 (ai;Ai(l),...,Ai(r))ln:(l—vl,l),(ci(l),ci(l)) (v 1), (P fr))l'or

HO,n:ml,n1+1: .impnp+1 1.01°

PQ:P1+141::Pr+1.ar Xt (b)) s(aPp®) e (aPed ™)
dt; ....dt, (8)
Proof:

We consider
§P1—V1t ot Br—vy {x g1 . ﬁr—1H0nm1 gL, Tlr+1}
(S‘xfl_v1 ......... Sxfr_w oo " Pap1tLiprtLlar
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Now putting y; = Xiti, where i = 1, 2, ..., r, we establish the following
particular case.

PARTICULAR CASES:

Q) If we take r =2 in (8) it gives

X1 A (2) 1 1) ~(D . _ (2) ~(2)
O (222D (V01), e =B, (P07),

A1 HLar et LAz ¢ s 5 @Y (O D) . (4@ p®
PAPiHlaL-Patlae (bisB{"B®) (afVD(Y) e (dfPco )qu

X1t (ai;Ai(l),...,Ai(Z))lp:(l—vl,l),(ci(l),ci(l)) e 1), (P?)

On:mq,nq+1:..:myny+1 . 1.p 1.p2
p.a:p1+1,q1:..:p2+1,qz ’ M @)Y (4D LMD . ) ~p@
%yt (bi;B"....B] )1q.,(di D )qu.... (a{,cp )1.q2
dt; ....dt, (9)

where | arg x; | <% Mm, | arg X, | < %2 N,
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- i(Ai)(l)
_ Zq:(Bi)ﬁ) - i(di)u) _ i(Di)(l) + i(ci)(l) _ i(ci)(l) >0,

= i(Ai)@
_ zq:(Bi)(Z) — i(di)(z) _ i(Di)(Z) + i(ci)(z) _ i(ci)(z) >0,

(if) Again if we taken=p=q =0, r = 1 in (8), we easily arrive at the following
integral representation of the H-function:

_ (1) 0. (D
Hml,n1+1 |(1 ﬁl’l)’(cl /Ci )1,p1
pit+lgr |1 (di(l),Di(l))

1,1

(1_‘[g1’1)’(ci(1)lci(1))
F(v1 —B1) 70 1 (di(l),Di(l))

where

1
f (1 — ¢)1Pi1(gy)f? XH"iﬂ.rlllqt [x

“’1] dt, (10)

1491

ni q1
Zci“) Z C(1)+ZD(1) Z D,V =4>0,
j=1

j=n1+1 j=my+1

|arg x| <% Am.
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