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Abstract : In this paper, we create a new definition of space
namely" R*_space, M*_space and N*_space in
topological space "™ and we do a new definition of
separation axioms by using the idea of "Gem set"".
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1-INTRODUCTION AND PRELIMINARIES :

The epigram of ideal presented first by K. Kuratowski [1]. In
general topological Hamlett and Jankovi'c [2, 3, 4,5] they
introduced the application of topological ideal in
generalization of most essential properties and the ideal as this
form: An ideal | on a topological space (X,T) is a non-empty
collection of subsets of X which satisfies the following
properties: (1) A €land B € AimpliesB €1. (2) A €l and B
€ | implies AUB €| and called the (X,T,l) ideal topological
space in addition to K. Kuratowski [1] used the ideal to define
space (X,T,I) and a subset A X, A* (I) ={x e X:UnAgl
for every U €T(x)} is called the local function of A with
respect to 1. We simply write A*instead of A*( 1) ,F.G. Arenas
, J .Dontchev and M.L .Puertas [6] introduce some weak
separation axioms under the concept ideal . In recent years Al-
Swidi and AL-sadaa [7] they defined for each element had
ideal by this form: let (X,T) be a topological space and xe X
,we denote by I, to an ideal {G< X: x€ G¢}, Where X is non-
empty set ,again Al-Swidi and AL-Nefee [8] they use the idea
of ideal I, to defined new set namely "Gem set " which
means that A subset B of a topological space (X,T) . Then
they defined B™ with respect to space (X,T) as follows
:B*={ye X: GNB ¢ I, , for every Ge T(y)} where T(y)={Ge
T:y € G} .Aset B* was called "Gem set" and define a new
separation axioms by using Gem set namely it the"I"-T;-
space "and "I**-T;- space " ,i=0,1,2. Through out this paper we
defined anew separation axioms by benefit of Gem set namely
"S; -space " i=0,1,2,3,4 and studied proprieties and the
relationship between "I*-Tj-space "and  T;-space. 1=0,1,2.
Also we define anew space called R*_space, M*_space and
N*_space and we study the proprieties and relation between
them.
Definition1.1 [6].A topological space (X,T) is called
e I" _T._space if and only if for each pair of distinct point x
,y of X there exist nonempty subset A ,B of X such that
yEA™or x¢B"Y.
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e I"_T space if and only if for each pair of distinct point x,
y of X there exist nonempty subset A ,B of X such that
y¢A™and x¢B* .

e [" _T, space if and only if for each pair of distinct point x,
y of X there exist nonempty subset A,B of X such that
ygA™and x¢B*Ywith BY N A™ = @.

e I"™ T._space if and only if for each pair of distinct point
x ,y of X there exist honempty subset A of X such that
yEA™or xgA".

e [*_T space if and only if for each pair of distinct point x
,y of X there exist nonempty subset A of X such that
X¢ A%Yand ygA™.

e I _T, space if and only if for each pair of distinct point x
,y of X there exist nonempty subset A of X such that
X¢ A”Yand ygA™ with A”Y N A™ = 0.

Definition1.2 [6] Let (X,T) be a topological space and Ac
X We define Pr**(A) = A*™ U A, for each

X € X.

Proposition 1.3 [6] Let (X,T)be topological xe A if and only
if xe A™ for each AS X xeX.

Definition1.4 [6] A mapping f :X- Y is called I*-map .if
and only if , for every subset A of X xeX f((A™) =
Ay,

Remark 1.5 [5] Let f. (X,T) - (Y,p) be I*-map .then
f(pr*(A)=pr/® (A)) for every subset A of X and x€ X
Proposition 1.6 Let (X,T) be topological space, and A subset
of X xe X. If x¢ A, Then A* =@

Proof:- Let A # @ Then there exist at least one

element, say y € A™ by definition of Gem set then AN G, €
I,.Hence xe AnGy soxe A which Contradiction ,then
A*X - g

Definitionl1.7 Let (X,T) be a topological space ,for each xe X
,anon empty subset A of X ,is called a strong set if and only if
(A™ is open set and X A).

Definition 1.8 A topological space (X,T) is said strong space
if every sub set of X is strong set .
2-"R*_space, M~ _space andN*_space in
space "'

In this section, we offer new definitions of the spaces through
Gem set call them R*_space, M*_space and N*_space with
study some results and properties.

topological
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Remark 2.1 . If a function f:(X,T) = (Y,p) is one to one
thenf~1(I,) = I;-1,for each y €Y.

Remark 2.2 . If a function f:(X,T) = (Y, p) is bijection ,
then f(I¢-1,,) =1, foreach y €Y.

Theorem 2.3 . If a function f:(X,T) — (Y, p) is continuous
and one to one thenf~1(B¥) < (f~1(B))” '™ for each
y €Y.

Proof:- Let ae f~'(B®) ,then there exist de B® with
a=f~'(d). And HynB¢Il, for eachHy € T(d) then
fYH) NE1(B) € Ip-1,, ( by remark 2.1 ).Hence by
continuity of f we get that a € ((f~1(B))" ' ©) Then
FIBY) S ((FL )T

Theorem 2.4 . If a function f:(X, T) — (Y, p) is continuous,
open and bijection , then (F~1(B)) ' c f-1(BY) for
each yey.

Proof :- Let a € (f1(B)Y '@ then U,Nnf(B) ¢
Ip-1(, for each U, € T(a) thus f(U,) NB &I, (by Remark
2.2).Therefor by properties of open map ,we get that ae (
71 (B) hence (f71(B))" ) < FI(BY).

Corollary 2.5 If a function f:(X, T) = (Y, p) is continuous,
open and bijection . Then (f~1(B))" '@ = f~1(B) for
each yeY.

Proof :- By using the theorem 2.3 and 2.4 , we get the prove.
Definition 2.6 A topological space (X,T) is called
R*_space if and only if for each xe Xand a nonempty subset
A of X such that x¢ Pr**(A) then there exist a nonempty
subset B, C of X such that xe B™*, Pr**(A) € C™.

we noted that in definition of R*_space that B*and C*™* are
disjoint where if x¢C C*=@ this contradiction
with Pr*(A) < C**.

Example2.7. LetX ={x,y,z}, T ={X3},={0,{z}{y}.{z,
YLl = {2, {z}, {x}, {z. x} Jandl,={@ {y}. {x}.{y, x}}

set A ={y},B ={X, y}and C ={z, x} then pr*(A)={ y},B™* =
{x,y, z}and C*={x,z,y} it follows x€ B, pr’*( A)c C*.

eroehTm 2.8. Every subspace of R*_space is R*_space .

Proof :- Let YC X, y€e Yand AC Y such that y& pr*Y(A) ,then
there exist a subset H of X such that pr*Y(A)=pr?¥Y(H)nY ,s0
we get that y& prY(H)nY, but X is R*_space then there
exist a nonempty subsets B,C of X such that pr¥(H)<
BYand yeC¥ .Thuspr?¥(H)NY < B nYandy € C¥ n
Y.Put DY =BYNY and SY =CYnY it is follows that
pr¥(A) € DYand ye S*.Hence Y is R*_subspace.

Theorem 2.9. Let f be bijection open and continuous map
from (X,T) space onto R*- space (Y,p). Then (X,T) is R*-
space ,if f is I"-map.

proof:-Let xe€ X and A< X such that x¢ pr**(A). Since fisI*-
map. then f(x) & pr/™(f(A)),but Y is R*- space so there
exist a nonempty sub sets B,C of Y such that pr*/®(f(A))
B*/®) and f(x) € C/®.So f~1(B/ ™) and f~1(CY™) is a
nonempty subset of X such that.f(pr/®™(f(a)) <
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F7H(BY®)and x € £71(C®) = [f~1(C)]™,( by corollary

2.5) pr*(A) € B*™ and xe [f~1(C)]** .Hence (X ,T) is R*-

space.

Theorem 2.10. Let f be bijection open and continuous map

from (X,T) R*-space onto (Y,p). Then (Y,p) is R*-space ,if f
is I*-map.

Definition  2.11.:A topological space (X,T) is called

M*_space if and only if for each xe X and a nonempty subset

A of X such that x¢ Pr*(A) then there exist a nonempty B,C

of X, such that xe Pr**(C) and Pr*(A) € Pr*(C),With

pr*(B) n Pr**(C) = @.

Example 2.12. Let (X,T ) be a topological space such

that X ={x, vy, z } T={X@{y}{z}{y. 73} L

=2 {z}.{yr{z ¥i} L, ={9{z{3{z x}} and

L,={3,{}.{y}{x ,y}} . let xe X and a nonempty

subset set A={y} of X such that x¢ pr*(A)={y} then

there exist a nonempty subset B ={x}and C ={z, y} of

X then,pr™ (B)={x}and pr*(C)={z,y} it follows

XE pr*(B) ,pr*( A)S pr*(C) with pr*(B)n

prX(C)={x}n{zy}=0 .

Theorem 2.13. Every subspace of M*_space, isM*_subs
pace.

Theorem 2.14. Let f be bijection open and continues map
from M*- space (X,T),onto (Y,p) space. Then (Y,p) is M*-
space if fisI*-map .

Proof:-Let ye Y and BS Y such that y& pr™(B) (By Remark
1.5) then f~1(y) & pr "> (f~1(B)) since X is M*- space
then there exist a nonempty sub sets D,C of X such that
pr/ " (F71(B)) < pr/ T (Dyand £ (y) €

prf % (C).with prf O N  prfTON(C) = @.
Now f(pr/ " O(f1(B)) < f(pr! ™ (D)), F(F T (1)) €
Fr'OXN(C) since f is I'-map then pr¥(B)
prY(f(D)), ye pr¥(f(C)) with f(pr*(D)n pr*(C)) =
prY (f(D)) n prY¥(f(C)) = f(B) = P then Y is M*- space.
Theorem 2.15 Let f be bijection [*_map and continues
map from ( X,T) space onto M*- space (Y,p) space. Then
(X,T) is M™*- space if f is open map .

proof :- The same of above theorem .

Definition 2 .16 A topological space (X,T) is said to be
N* —space if and only if for each xe Xand every tow
subsets M,L of X then there exist a nonempty subsets B,C of
X such that pr*(M ) € B*and pr*(L) € C*.

Remark 2.17. We can not say B* n C** = @ is disjoint set if
B*Nn C*=¢@ then x¢ C then C* =@ this contradiction
with pr*(L) € C™ ,similar x¢ B .
Theorem 2.18 Every subspace of
space.

Theorem 2.19 Let f be isa bijection and continues function
of space (X,T) onto N*- space (Y,p) space. Then (X,T) is N*-
space if f is open map.

Proof:-Let L,M pair sub set of X. so f(L), f(M) is disjoint
subset of Y since Y is N*- space then there exist a nonempty
sub sets B,C of Y such that prv(f(L))<B”
and prY (f(M)) € C¥.so f~1(B*)and f~1(C)is a
nonempty subset of X, thus f~1(pr*(f(L)) < f*(BY),
fHpr*(f(M) c F71(C”Y) (by corollary 2.5)

N* — space is N* —
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fHErY (f(L) = pr*(L) € (f7'(B))™and pr™ (M) €
(f~1(C))™.Hence (X ,T) is N*- space.
3 —"S; separation axioms"
In this section, we introduce the concept of new definition
separation axioms called S; -spaces and investigate some of
their properties and study the relationship between "I*-T;-
space ","I**-T;-space and T,-space.

Definition 3.1:-

1. A topological space (X,T) is said S._space if and only if
for each pair of distinct point x ,y of X there exist
nonempty subset A of X and A contain at least one of them
such that ygA™or xgA™ .

2. A topological space (X,T) is said S; space if and only if
for each pair of distinct point x ,y of X there exist
nonempty subset A of X and A contain at least one of
them such that x¢ A™and ygA™.

3. A topological space (X,T) is said S, space if and only if
for each pair of distinct point x ,y of X there exist
nonempty subset A of X and A contain at least one of
them such that x¢ A”and ygA™ with A”Y N A™ = @.

4. A topological space (X,T) is said S;_space if it was
M" — space and S; space

5. A topological space (X,T) is said S,_space if it was
N* — space and S; space.

Theorem 3.2 For topological
following properties hold:
Every T-_space is S._space
Every T, space is S;_space.
Every T, space is S, space.
Every S._spaceisI**_T,_space.
Every S; space is [**_T; _space.
Every S, space is "™ _T, space.
Every S._space isI*_T,_space.
Every S;_space isI*_T;_space.
Every S, _spaceisI*_T, space.

space (X,T), then the

CoNoOR~EODE

Proof :- Straight forward .

Remark. 3.3. The converse of theorem need not be true as
since from the following examples .

Example 3.4 Let(X,T) be a topological space such that X={Xx,
y,z,h} T={ X,8.{z}{y,z}}and,
L = {9, v}z, {h}, {2}, {y, b}, {z, h}, {y, 2, h}}

and I, = {Q, {x},{z},{h}, {x, 2z}, {z, h}{x, h} {x, 2, h}}. Let X, y
€ X such that x+ y then there exist a nonempty subset A={x}
of X contain at least one element of them we say that xe A
such that x¢ A = @. Then (X, T ) is S.-space but not T.-
space.

Example 3.5 Let(X,T) be a topological space such that
X={x, y, z} T=HXG{}{x z}{x yr{y}land I, =
X, 0423, . 23}, I, = (X3 {2} {x.2}} .Let X, y € X such
that x= y then there exist a nonempty subset A={x} of X
contain at least one element of them we say that xe A such
that x¢ A = @.and y¢ A™ = {x,z}.Hence (X,T ) is (S;-
space and S,-space )but not (T;-space and T,-space)

Example 3.6 Let X={x, y, z} T={X0B{z}}I, =
0,0).{z. .23}, 1, = {0,{x},{z}. {x,2}}, .Let x y €X>
x # y there exist A={z} . A**=@ and A = @ so yg¢ A™ and
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x¢ A .hence (X,T)is (I"*_ T,_space and I**_ T,_space
)but not (S;_space and S, _space )since Let x )y €
Xsuch that x # y there exist A={x} . A™={X, y} so ye 4™
Then (X,T) is not( S;_space and S,_space).

Example 3.7 Let X={Xx, y,z} T={X,@,{x}.{x, y}}and I, =
{@, {x},{z}, {x, Z}},Ix = {@, {z},{y}.{z, y}}. Letx,yeEX3x #
y there exist A={z} and B={y}, A* =@ and 5~ ={y,z},
x¢ B¥and y ¢ A ..Hence (X,T) is I"_ T;_space but not
Si_space since Letx,ye X3 x #y ,A={x}theny € 4™ =
{x,y,z}then (X,T) is (I"_ Ty_spaceand I*_ T,_space) but
not (S;-space and S,-space ).

Preposition 3.8 Let (X,T) be topological space if X strong
space then we have.

1. Every S,_space isT,_space.

2. Every S;_space is T;_space.

3. Every S, _spaceisT,_space.

4. EveryI™_T,_space isS,_space
5. Every I"™_T;_space is S;_space.
6. EveryI™_T, space is S,_space.
7. Every I"-T,_space is S,_space.
8. Every I"_T._space is T-_space.
9. Every I"_T,_space is T;_space.
10. EveryI*_T, space isT,_space.
11. Every I™_T._space is T-_space.
12. Every I™_T,_space is T;_space.
13. Every I"™_T, space isT,_space.

Proof:- (1) Let x ,y€ X such that x# y.Since (X,T) is
S._space then there exist a nonempty subset A of X contain
at least one element of them we say that Xxe A such that x
¢ A”or yg A™ .Assume y¢ A™ since X is strong space then
A is strong set so A™* is open set and then x € A™.Hence (X
,T)is T,_space.

Proof:- (2) Let x ,y€ X such that x# y.Since (X,T) is
S, _spacethen there exist a nonempty subset A of X contain at
least one element of them we say that x€ A such that x
¢ A”and y¢ A™since X is strong space then
A" is open set withx € A and A™ is open set withy € A
(by proposition 1.6)) xe A™ and ye A" ,hence (X,T) is
T, _space.

Proof:- (3) The same way of proof (2)

Proof:-(4) Let x ,y € X such that x+ y.Since (X,T) is I"* -
T._space thenThere exist a nonempty subset A of X such that
X ¢ A”or y¢ A™™ .Since X is strong space then A is strong
therefor xe A hence (X,T) is S,_space.

Proof:-(5) Letx,y € X such that x+ y.And let (X,T)is ™" -
T, _space thenThere exist a nonempty subset A of X such that
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X & A”and yg A .Since X is strong space then A is strong
therefor xe A hence (X,T) is S;_space .
Proof:-(6) The same way of proof (5)
Proof:-(7) Letx,y € X such that x+ y.And let (X,T)isI" -
T._space then
There exist two a nonempty subset B, A of X such that x
¢ Aor yg A™ assume x € A since X is strong space then
A is strong set .So Then xe A .Hence (X,T) is S,_space.
Proof :-(8) Letx,y€ X such that x+ y.and let (X,T)isI" -
T._space then
There exist two a nonempty subset B, A of X such that x
¢ B™or y¢ A™ ,since X is strong space then A ,B are strong
sets .SoA™ ,B™ are open sets and xe A ,y€ B.(by
proposition 1.6 ) then xe A** and ye B*Y and we have X
¢ B™Y oryé¢ A™ .Hence (X,T) is S-_space.
Proof :- (9) Let x ,y € X such that x+ y.And let (X,T)isI" -
T, _space then
There exist two a nonempty subset B, A of X such that x
¢ B*Yand yg A™ since X is strong space then A ,B are
strong sets .so A™ , B* are open sets and xe A ,ye€ B.(by
proposition 1.6 ) then xe A™ and ye B* and we have X
¢ B* and y¢ A™ .Hence (X,T) is S;_space.
Proof :- (10) The same way of proof (9)
Proof :- (11) Let x ,y € X such that x+ y.Since (X,T) is I -
T._space thenThere exist a nonempty subset A of X such that
X & A”or yg A™ .Since X is strong space then A is strong
therefor A™* is open set and x€ A (by proposition 1.6 )
xe A Hence (X,T) is T,_space .
Proof :- (12) Letx,ye X 3 x # yand let X isI™ - T, _space
then there exist a  subset A of suchthat x ¢ A”and y ¢
A™ sincex € A”thenx & (A™)™ since(A™”)™ = @.
Put A = B then B** = @ then y¢ B** and we have x &
A* Since X is strong set then A and B™ .Hence (X,T)
I**_T,_space.
Proof :- (13) The same way the proof (12).
Corollary 3.9 Let (X,T) be topological space if X is strong
space and M* - space then we have .

1. Every S,_space is S;_space.

2. Every I"*-T,_space is S;_space.

Theorem 3.10 Let (X,T) is S3-space then I**_T,_space
Proof:- By (Let (X,T) is S3-space then S,-space ) then X is
S,-space and by S,-space isI**_T, space then (X,T)
is I"*_T,_space.

Remark 3.11 Every S, -space isa S; —space.

Remark 3.12 If X is door space then every T; —space is Ss
—space

Theorem 3.13  Let f be is bijection and I* -map from
S;_space (X,T) onto (Y,p) space then (Y,p) isS;_space iff
is open and continuous for each i=0,1,2.

Proof :-Assume i=2,let y;,y, € Y such that y; # y, since f is
one to one thenf~1(y,) # f~1(y,) because of X is S;-space
then there exist a nonempty subset A of X such that A contain
at least one element we say that f~1(y;) € A and f ~1(y,) &
AT'ODand  fl(yy) @ AU with  AYTIO2 0
ATTOD =g so F(Fl(y)) €A =1y, € f(A)since fisT” -
map then we getthaty; € f(A)™2 and =y, & f(A)™1 with
fAY2Nf(A)Y1) =f(@)=@.ThenY is S;-space.
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Theorem 3.14 Let f be is open and bijection from (X,T)
onto S;_space (Y,p) then (X,T) is S;_space if fis I —
map for each i=0,1,2
Proof:- Assume i=2 ,let x;,x, € X such that x; # x, since fis
one to one thenf(xy) # f(x,) but Y is S;-space then there
exist a nonempty subset B of Y such that B contain at least
one element we say that f(x;) €B with f(x;) €
B*/G2and f(x,) ¢ B ®Vsuch  that  B*¢2) n B 1) =
@sox, € f~H(B)and ' (f(x,)) & f~1(B*)=x, ¢
f1(B)*2,x, & f~1(B)X with
fIBY ) n fTIB)0D) = fTHBY N fI(B) =
@.Then X is S,-space.
Proposition 3.15 The product space of S,-space is S,-space.
Proof :- Let X and Y are S,-space to prove Xx Y is S,-space
.Let (x1,¥1), (x2,y,) be two distinct point of Xx Y either
X1 #x, Or y; #y, take x; # x,.since X is S,-space then
there exist a nonempty sub set A of X such that contain at
least one element we say that x; € A and x; ¢ A2 and
X, @ A1 with A2 NnA™t =@ . it follows A™1 XY and
A™2 x Y is a nonempty subset of XX Y then (x;,y;)& A™2 X
Y and (x,,y,)¢ A1 xY with (4™ XY)n(4™2 xY)
=(A™"1NA™2) XY =@ xY = @. Hence XX Y is S,-space.
Corollary 3.16The product space X=x{X;:1 € A} If X, is S,-
space then X is S,-space.
Proof :- Let X; is S,-space to prove X =x{X;:A € A} is S,-
space let x={x;: :A € A} and y={y;: :A € A} be two distinct
point of X then x, # 1y, for some u € A where x,,y, €X
.since X, is S,-space then there exist 4, a nonempty sets in
X, -and contain at least one element we say that x, € A,such
thatx, € A,”* andy, ¢ A,“* with A4,7*n A" =0
since m,(x) = x, and m,(y) =y, it follows m,(x) = x, ¢
A7 and m,(y) =y, € A,”* then x¢ m, 7' ( 4,”*) and
ye m, ' ( A, %) with m, (4,70 A7) =1, 7H(0) =
@ m, '( A,*) and m,1( A,*) are a nonempty sets in X
.Hence X is S,-space.
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