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1.INTRODUCTION

Ganster and Reily [4] discussed Lc continuous functions. Dontchev [3] had given contra continuous functions. Lellis Thivagar
[5] introduced a nano topological space with respect to a subset X of an universe which is defined in terms of lower and upper
approximations of X. The elements of a nano topological space are called nano open sets. ‘Nano’ is a Greek word which means
‘very small’. The topology studied here is given the name nano topology as it has at most five elements Certain weak forms of
nano sets were studied by various authors. Here we study a new form of closed functions called Nag*s closed function and its
relation to various other closed functions. Also we analyze a new form of contra continuous function namely, Nag*s contra
continuous function and its relation to other contra continuous functions.

2. PRELIMINARIES
Definition 2.1: [5] Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as
the indiscernibility relation. Elements belonging to the same equivalence class are said to be indiscernible with one another. The
pair (U, R) is said to be the approximation space. Let X< U.
0] The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as

X with respect to R and it is denoted by Lz (X). That is, Ly (X) = xgu{R(x): R(x) € X}, where R(x) denotes

the equivalence class determined by x.
(i) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X

with respect to R and it is denoted by Ui (X) . That is, Ur (X)= xgu{R(x): R(x) N X # @}.

(iii) The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor
as not-X with respect to R and it is denoted by B (X). That is Bg (X)=Ui(X) — Lg(X).
Definition 2.2:[5] let U be the universe, R be an equivalence relation on U and tx(X)= { U, ¢, Lg (X), Ur(X), Bg (X)}, where X<
U. tx(X) satisfies the following axioms.
(M U and petr(X).
(i) The union of the elements of any subcollection of 7x(X) is in Tz (X).
(iii) The intersection of the elements of any finite subcollection of 75 X) is in Tz (X).
That is, 75z (X) forms a topology on U called as the nano topology on U with respect to X. we call (U, Tz (X)) as the nano topological
space. The elements of 7, (X) are called as nano-open sets. A set A is said to be nano closed if its complement is hano-open.
Definition 2.3: [5] If (U, z(X)) is a nano topological space with respect to X where X< U and if AC U, then the nano interior
of A is defined as the union of all nano-open subsets of A and it is denoted by Nint(A). That is, Nint(A) is the largest nano-open
subset of A. The nano closure of A is defined as the intersection of all nano closed sets containing A and it is denoted by Ncl(A).
That is, Ncl(A) is the smallest nano closed set containing A.
Definition 2.4: A nano subset A of a nano topological space (U, 7x(X)) is called a
(i) Nano pre closed if Ncl Nint(A) € A
(if) Nano semi closed if Nint Ncl(A) < A
(iii) Nano a closed if Ncl Nint Ncl(A) < A
(iv) Nano semi pre closed if Nint Ncl Nint(A) < A
(v) Nano regular closed if Ncl Nint(A) =A
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For a nano subset A of (U, 7z (X)) the intersection of all nano pre closed (nano semi closed, nano a closed, nano semi pre closed)
sets of (U, Tz (X)) containing A is called nano pre closure of A (nano semi closure of A, nano a closure of A, nano semi pre closure
of A) and is denoted by Npcl(A) (Nscl(A), Nacl(A), Nspcl(A)).
Definition 2.5: A nano subset A of a nono topological space (U, Tz (X)) is called a
1) Nano generalized closed (briefly Ng closed) if Ncl(A) € U whenever AC U and U is nano open in U.
2) Nano generalized semi closed (briefly Ngs closed) if Nscl(A) € U whenever A< U and U is nano open in U.
3) Nano a generalized regular closed (briefly Nagr closed) if Nacl(A) € U whenever AC U and U is nano
regular open in U.
4) Nano o generalized semi closed (briefly Nags closed) if Nacl(A) € U whenever AC U and U is nano semi
open inU.
5) Nano a generalized closed (briefly Nag closed) if Nacl(A) € U whenever A< U and U is nano open in U.
6) Nano generalized semi pre closed (briefly Ngsp closed) if Nspcl(A) < U whenever AC U and U is nano open
inU.
7) Nano generalized pre closed (briefly Ngp closed) if Npcl(A) < U whenever AC U and U is nano open in U.
8) Nano g* pre closed (briefly Ng*p closed) if Npcl(A) € U whenever AC U and U is Ng open in U.
9) Nano generalized pre regular closed (briefly Ngpr closed) if Npcl(A) € U whenever AC U and U is nano
regular open in U.
10) Nano semi generalized closed (briefly Nsg closed) if Nscl(A) € U whenever AC U and U is nano semi open
inU.
11) Nano g*a closed (briefly Ng*« closed) if Nacl(A) € U whenever A€ U and U is Ng open in U.
12) Nano g*s closed (briefly Ng*s closed) if Nscl(A) € U whenever AC U and U is Nag open in U.
The complements of the above mentioned nano closed sets are respective nano open sets.
Definition: 2.6 Let (U, 7x(X)) and (y,7x (Y)) be nano topological spaces. A function f: (U, Tz(X))— (v, Tz (Y)) s called
Ng*s closed function if the image of every nano closed set of U is Ng*s closed in y.
Nagr closed function if the image of every nano closed set of U is Nagr closed in y.
Nags closed function if the image of every nano closed set of U is Nags closed in y.
Nag closed function if the image of every nano closed set of U is Nag closed in y.
Ngs closed function if the image of every nano closed set of U is Ngs closed in y.
Ngsp closed function if the image of every nano closed set of U is Ngsp closed in y.
Ngp closed function if the image of every nano closed set of U is Ngp closed in y.
Ngpr closed function if the image of every nano closed set of U is Ngpr closed iny.
Ng*p closed function if the image of every nano closed set of U is Ng*p closed in y.
10 ng closed function if the image of every nano closed set of U is Nsg closed in y.
11. Ng*a closed function if the image of every nano closed set of U is Ng*a closed in y.
12. Ng*s closed function if the image of every nano closed set of U is Ng*s closed in y.
Definition: 2.7 Let (U, tx(X)) and (y,tr (Y)) be nano topological spaces. A function f: (U, tz(X))— (v, tr (Y)) is called
Ng*s contra continuous function if f~1(V) is Ng*s closed in U for every nano open set V of y.
Nagr contra continuous function if f~1(V) is Nagr closed in U for every nano open set V of y.
Nags contra continuous function if f~1(V) is Nags closed in U for every nano open set V of y.
Nag contra continuous function if f~1(V) is Nag closed in U for every nano open set V of y.
Ngs contra continuous function if f~1(V) is Ngs closed in U for every nano open set V of y.
Ngsp contra continuous function if f~1(V) is Ngsp closed in U for every nano open set V of y.
Ngp contra continuous function if f~1(V) is Ngp closed in U for every nano open set V of y.
Ngpr contra continuous function if f~1(V) is Ngpr closed in U for every nano open set V of y.
Ng*p contra continuous function if £~1(V) is Ng*p closed in U for every nano open set V of y.
10 ng contra continuous function if f~*(V) is Nsg closed in U for every nano open set V of y.
11. Ng*a contra continuous function if f~1(V) is Ng*a closed in U for every nano open set V of y.
12. Ng*s contra continuous function if f~1(V) is Ng*s closed in U for every nano open set V of y.

©Co~Nooak~wdPRE

CONOUAWNE

3. Nag*s CLOSED FUNCTION
Definition:3.1 A subset A of a nano topological space (U, Tz (X)) is said to be Nag™* semi closed (briefly Nag*s closed) set if
Nacl(A) €U, whenever ACU and U is Ngs open in (U, 7z (X)).
Definition:3.2 Let (U, Tz (X)) and (y,tf (Y)) be nano topological spaces. A function
f: (U, Tr(X))— (y.7k (Y)) is called Nag*s continuous. If f~1(V) is Nag*s open in U for every nano open set V of y.
Definition:3.3 Let (U, 7x(X)) and (y,7x (Y)) be nano topological spaces. A function
f: (U, Tr(X))— (y,7x (Y)) is called Nag*s closed if the image of every nano closed set of U is Nag*s closed in y.
Theorem:3.4 Every nano closed map is Nag*s closed but not conversely.
Proof: Let f: (U, 7x(X))— (y,7x (Y)) be a nano closed map. If A is nano closed in U, then f(A) is nano closed in y and hence
Nag™s closed in y.

| JERTV 101 S100051 www.ijert.org 511
(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)


www.ijert.org
www.ijert.org
www.ijert.org

Published by : International Journal of Engineering Research & Technology (IJERT)

http://lwww.ijert.org I SSN: 2278-0181
Vol. 10 I'ssue 10, October-2021

Example:3.5 Let U= {a, b, c}, WR={{a, b}, {c}} , X = {c}, 1o (X) = {U, ¢, {c}}
Define f: (U, 7z (X)) — (U, Tr (X)) by f(a)=a, f(b)= a, f(c)=b.
fis Nag*s closed but not nano closed function as f ({a, b}) = {a} is not nano closed.
Theorem:3.6
1. Every Nag™s closed function is Ng*s closed
Every Nag*s closed function is Negr closed
Every Nag*s closed function is Nags closed
Every Nag*s closed function is Nag closed
Every Nag*s closed function is Ngs closed
Every Nag*s closed function is Ngsp closed
Every Nag*s closed function is Ngp closed
Every Nag*s closed function is Ngpr closed
Every Nag*s closed function is Ng*p closed
10 Every Nag*s closed function is ng closed
11. Every Nag*s closed function is Ng*a closed
12. Every Nag*s closed function is Ng*s closed
Proof: Obvious from [2]
The converse of the above statements need not be true can be seen from the following examples.
Example:3.7 Let U= {a, b, ¢, d}, WIR={{a}, {c}, {b,d}} , X = {a, b},
TR (X) = { u' (p' {a}' {a' b! d}' {b' d}}
Define f: (U, tz(X)) —(U, 7x(X)) by
f(a)=b, f(b)=a, f(c)=rc, f(d)=d
fis Ng*s closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.8 Refer Example 3.7
fis Nagr closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
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Example: 3.9 Refer Example 3.7

fis Nags closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.10 Refer Example 3.7

fis Nag closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.11 Refer Example 3.7

fis Ngs closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.12 Refer Example 3.7

fis Ngsp closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.13 Refer Example 3.7

fis Ngp closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.14 Refer Example 3.7

fis Ngpr closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.15 Refer Example 3.7

fis Ng*p closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.16 Refer Example 3.7

fis Nsg closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.17 Refer Example 3.7

fis Ng*a closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Example: 3.18 Refer Example 3.7

fis Ng*s closed function but not Nag*s closed function as f{a, c}={b, c} is not Nag*s closed.
Theorem:3.19 If f: (U, Tz (X)) —(y, Tr(Y)) is nano closed and g: (v, tr(Y)) —(n, T (2)) is Nag™s closed, then g o f: (U, Tz (X))
—(n,78(2)) is Nag™s closed.

Proof: obvious.

Theorem:3.20 A map f: (U, tg(X)) —(y, tr(Y)) is Nag*s closed if and only if for each nano subset S of y and each nano open
set U of U such that f~1(S) €U, there is Nag*s open subset V of y such that SCV and f~1(V) cU.
Proof: Let f be Nag*s closed. Let SE V and U be a nano open set of U such that £~1(S) cU.
U—Uisclosed inU. f (U —U) is Nag*s closed in y.

V=y —f(U—-U)isNag*sopeniny.

FAV)=U-f~1(F (U - U)) € U- (U — U)=U

Conversely, let F be nano closed in U.

fY(f (F°)) € F€ and F€ is nano open in U.
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By assumption, there exists a Nag*s open subset V of y such that f (F¢) € V and
f~Y(V) € Fe.
This implies FE (f~1(V))¢
Hence VC < (f(F)° = f(F) < f(f *(V))* S V¢
So, f(F)=V¢, which is Nag™s closed.
Definition:3.21 Let U and y be a nano topological space. A map f: (U, Tz (X)) —(y, Tr(Y)) is called Nag*s open map if the image
of every nano open set of U is Nag*s openiny.
Theorem:3.22 For any bijection map f: (U, 7z (X)) —(y, Tr(Y)), the following are equivalent:
1. 7Y (v, th(Y)) —=(U, (X)) is Nag*s continuous map.
2. fis Nag*s open map.
3. fisNag”s closed map.
Proof: (1)=(2)
Let U be nano open in U. (f~1)~1(U) is Nag*s open in y. That is f(U) is Nag*s open in y.

(2)=0)

Let F be a nano closed set of U. Then F¢is open in U.

By assumption, f (F¢) is Nag*s open in y.

f(F¢) =f(F)¢ isNag”s closed open in y. f(F) is Nag™s closed in y.

)=(1)

Let F be nano closed in U. f(F) is Nag*s closed in y. f(F)= (f ~1)~(F) is Nag*s closed in y.
Hence £~ is Nag*s continuous map.

4. Noag*s CONTRA CONTINOUS FUNCTIONS

Definition:4.1 A function f: (U, tz(X)) —(y, Tx(Y)) is called Nag*s contra continuous function if f~1(V) is Nag*s closed in U
for every nano open set V of y.
Example:4.2 Refer Example 3.5
Define f: (U, Tz (X)) — (U, 7z (X)) by f(a)=c, f(b)=a, f(c)=b
fis Nag™s contra continuous function.
Definition:4.3 A function f: (U, 7z (X)) —(y, Tr(Y)) is called almost Nag*s contra continuous if f~1(V) is Nag*s closed in U
for every nano regular open set V of y.
Theorem:4.4 Every Nag™s contra continuous function is almost Nag*s contra continuous.
Proof: The proof is obvious as every nano regular open set is nano open.
The converse of the above theorem need not be true can be seen from the following example.
Example:4.5 Refer Example 3.5
Let f be the identity function. f is almost Nag*s contra continuous but not Nag*s contra continuous an f~1({c}) = {c} is not
Noag*s closed.
Theorem:4.6
Every Nag™s contra continuous function is Ng*s contra continuous.
Every Nag*s contra continuous function is Nagr contra continuous.
Every Nag*s contra continuous function is Nags contra continuous.
Every Nag*s contra continuous function is Nag contra continuous.
Every Nag*s contra continuous function is Ngs contra continuous.
Every Nag*s contra continuous function is Ngsp contra continuous.
Every Nag*s contra continuous function is Ngp contra continuous.
Every Nag*s contra continuous function is Ngpr contra continuous.
Every Nag*s contra continuous function is Ng*p contra continuous.

10. Every Nag*s contra continuous function is Nsg contra continuous.

11. Every Nag*s contra continuous function is Ng*a contra continuous.

12. Every Nag*s contra continuous function is Ng*s contra continuous.
Proof: Obviuous from[2]
The converse of the above statements need not be true can be seen from the following examples.
Example: 4.7 Refer Example 3.7
Define f: (U, Tz (X)) — (U, 7x (X)) by f(a)= a, f(b)= b, f(c)=d, f(d)=—c.
f is Ng*s contra continuous but not Nag*s contra continuous as f~1({a}) = {a} is not Nag*s closed in U.
Example: 4.8 Refer Example 3.7
Define f: (U, tz(X)) — (U, 7z (X)) by f(a)=d, f(b)= b, f(c)=a, f(d)=rc.
f is Nargr contra continuous but not Nag*s contra continuous as f~1({b, d}) = {a, b} is not Nag*s closed in U.
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Example: 4.9 Refer Example 3.7

Define f: (U, tx (X)) —(U, (X)) by f(a)= a, f(b)=a, f(c)=a, f(d)=c.

fis Nags contra continuous but not Nag*s contra continuous as f~*({a}) = {a, b, c} is not Nag*s closed in U.
Example: 4.10 Refer previous Example

fis Narg contra continuous but not Nag*s contra continuous as f~*({a}) = {a, b, c} is not Nag*s closed in .

Example: 4.11 Refer Example 3.7
Define f: (U, tr(X)) —(U, 75 (X)) by f(a)= a, f(b)= b, f(c)=d, f(d)=d.
fis Ngs contra continuous but not Nag*s contra continuous as f~1({a}) = {a} is not Nag*s closed in U.
Example: 4.12 Refer Example 4.9
fis Ngsp contra continuous function but not Nag*s contra continuous function.
Example: 4.13 Refer Example 4.8
fis Ngp contra continuous function but not Nag*s contra continuous function.
Example: 4.14 Refer Example 4.8
fis Ngpr contra continuous function but not Nag*s contra continuous function.
Example: 4.15 Refer Example 4.8
fis Ng*p contra continuous function but not Nag*s contra continuous function.
Example: 4.16 Refer Example 4.11
f is Nsg contra continuous function but not Na,g*s contra continuous function.
Example: 4.17 Refer Example 4.9
fis Ng*a contra continuous function but not Nag*s contra continuous function.
Example: 4.18 Refer Example 4.9
fis Ng*s contra continuous function but not Na,g*s contra continuous function.
Theorem:4.19 Let arbitrary union of Nag*s open sets be Nag*s open. Then the following statements are equivalent for a map f:
(U 7r(X)) = (¥, 7R(Y))
1. fis Nag”s contra continuous.
2. For every nano closed set F of y, f ~1(F) is Nag*s open in U.
3. Foreach xe U and each nano closed set F of y containing f(x), there exists Nag*s open set U containing x such that f(U)
cF.
4. Foreach xe U and each nano open set V of y not containing f(x), there exists Nag*s closed set K not containing x such
that f~1(V) C K.
Proof: (1)=(2)
Let F be nano closed in y. Theny — F isnano openiny.By (1) f~(y — F) = U — f~1(F) is Nag*s closed in U. So, f~1(F)
is Nag™s open. Hence (2) holds.
(2)=(1)
Let G be nano openiny. Theny — G isnano closed iny. By (2) f~1(y = G) = U — f~1(G) is Nag*s openin U. So, f~1(G) is
closed in U . Hence (1) holds.
(2=0)
Let F be nano closed in y containing f(x). Hence x€ f~1(F). By (2), f (F) is Nag*s open in U. Let U=f~1(F). This implies
U is Nag*s open in U containing x and f(U)=F < F. So (3) holds.
3)=(2)
Let F be a nano closed set of y containing f(x). So, x€ f~1(F). By (3), there exists Nag*s open set U,.of U containing x such
that f (U,) € F.So, f~(F) = U{U,:x € f~1(F)}. This is a union of Nag*s open sets, hence it is Nag*s open. Hence (2) holds.
3)=(4)
Let V be nano open in y not containing f(x). Then y — V' is closed in y containing f(x). By (3), there exists Nag*s open set U in
U containing x such that f(U) € y — V. This implies US f~1(y — V) = U — f~1(V). Hencef "} (V) € U-U. Let K= U-U, K is
Nag*s closed in U not containing x such that f~*(V) € K. Hence (4) holds.
(4)=(0)
Let F be nano closed in y containing f(x). Then y — F is nano open in y not containing f(x). From (4), there exists Nag™s closed
set K in U not containing x such that f~*(y — F) € K.
This implies U — f~1(F) € K. Hence U — K € f~1(F). Thatis, f (U — K) € F. Let U= U — K. Then U is Nag*s open in U
containing x such that f(U) € F. So (3) holds.

Theorem:4.20 The following are equivalent for a map f: (U, tz(X)) —(v, T (Y))
1. fis almost Nag™s contra continuous.
2. f7r(WNint(Ncl(6))) is Nag*s closed in U for every nano open set G of y.
3. fTY(Ncl(Nint(F))) is Nag*s open in U for every nano closed set F of y.
Proof: (1)=(2)
Let G be nano open in y. Then Nint (Ncl(G)) is nano regular open in y. Hence f‘l(Nint(Ncl(G))) is Nag™s closed in U.

| JERTV 101 S100051 www.ijert.org 514
(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)


www.ijert.org
www.ijert.org
www.ijert.org

Published by : International Journal of Engineering Research & Technology (IJERT)

http://lwww.ijert.org I SSN: 2278-0181
Vol. 10 I'ssue 10, October-2021

(2)=(1) obvious
1)=0)
Let F be nano closed in y. Then Ncl(Nint(F)) is nano regular closed iny. Hence f~*(Ncl(Nint(F))) is Nag*s open in U.
(3)=(1) obvious
Definition:4.21 A map f: (U, 7z (X)) —(y, Tx(Y)) is said to be nano R-map if f~1(V) is nano regular open in U for each nano
regular open set V of y.
Definition:4.22 A map f: (U, Tz (X)) —(y, tr(Y)) is said to be nano perfectly continuous if £~ (V) is nano clopen in U for each
nano open set V of y.
Theorem:4.23 For two mappings f: (U, 7x (X)) — (v, tr(Y)) and g: (v, T (Y)) — (1, T (Z)), thenfor go f: U — 7, the following
properties hold:

1. [Iffis almost Nag™s contra continuous and g is a nano R map then g o f is almost Nag*s contra continuous.

2. Iffisalmost Nag™*s contra continuous and g is nano perfectly continuous, then g o f is almost Nag*s contra continuous

and almost Nag*s continuous.

Proof: (1) obvious
(2) Let V be nano regular open in n. g~*(V) is nano clopen in ¥ and hence nano regular open and nano regular closed.
F Y97 Y(V)) = (g o )~1(V) is Nag*s open and Nag*s closed in U as f is almost Nag*s contra continuous. So, g o f is almost
contra Nag™s continuous and almost Nag*s continuous.
Definition:4.24 A nano topological space (U, tz(X)) is called Tyq4+s Space if every Nag*s open set is nano open.
Theorem:4.25 Let f: (U, tx(X)) —(y, tr(Y)) be a Nag*s contra continuous map and g: (v,7x(Y)) — (1, 7% (Z)) be Nag*s
continuous. If y is a Tyeg+s SPace, then go f: U — nis an almost Nag*s contra continuous map.
Proof: Let V be nano regular openinn . g~(V) is Nag*s open in y. As y is Tyqg*s SPace, Tnag*s SPace, g~ (V) is nano open in
v.fH g™ (V) = (g o f)~1(V) is Nag*s closed in U. Hence g o f is almost Nag*s contra continuous map.
Definition:4.26 A map f: (U, tz (X)) —(y, tr(Y)) is called strongly Nag*s open (strongly Nag*s closed) if (V) is Nag*s open
(Nag™s closed) in y for every Nag*s open (Nag™s closed) set V of U.
Theorem:4.27 If f: (U, Tz (X)) —(y, Tr(Y)) is surjective strongly Nag*s nano open (strongly Nag*s closed) map and g: (v, Tz (Y))
— (1,78 (Z)) is a map such that g o f: U — n is an almost Nag*s nano contra continuous, then g is almost Nag*s contra
continuous.
Proof: Let V be any regular closed (nano regular open) set in . As g o f is almost Nag*s contra continuous, (g o f)~1(V) =
(g~ 1(V)) is Nag*s open (Nag*s closed) in 1. Since f is surjective and strongly Nag*s open (nano strongly Nag*s closed),
f(f g~ (V))=g 1(V) is Nag*s open (Nag*s closed) in y. Hence g is almost Nag*s contra continuous.
Definition:4.28 A map f: (U, Tz (X)) —(y, Tr(Y)) is called weakly Nag*s continuous if for each x€ U and each nano open set V
of y containing f(x), there exists Nag*s open set U of Usuch that f(U) € Ncl(V).
Theorem:4.29 If a map f: (U, 7z (X)) —(y, Tr(Y)) is Nag*s contra continuous, then f is weekly Nag*s continuous map.
Proof: Let xe U and V be an open set in y containing f(x). Ncl(V) is closed in y containing f(x). Since f is Nag*s contra
continuous, f~1(Ncl(V)) is Nag*s open in U. Let U=f~1(Ncl(V)). f(U)=f(f ~1(Ncl(V))) ENcl(V). So, f is weakly Nag*s
continuous.
Definition:4.30 A space U is called locally Nag*s indiscrete if every Nag*s open set is nano closed in U.
Theorem:4.31 If a map f: (U, tx(X)) —(y, 7x(Y)) is almost Nag*s contra continuous and U is locally Nag*s indiscrete, then f
is almost nano continuous.
Proof: Let V be nano regular open in y. As f is almost Nag*s contra continuous. f~1(V) is Nag*s closed in U. Since U is locally
Nag*s indiscrete space, f~2(V) is nano open in y. Hence f is almost nano continuous.

5. DIFFERENT Nag*s FUNCTIONS

Definition:5.1 A function f: (U, 7z (X)) —(y, T (Y)) is said to be Nag*s continuous if and only if the inverse image of every nano
open setiny is Nag*s open in U.
Definition:5.2 A function f: (U, Tz (X)) —(y, 7x(Y)) is said to be Nag*s nano contra continuous if and only if the inverse image
of every closed set in y is Nag*s open in U.
Theorem:5.3 Let f: (U, 7z (X)) —(y, Tr(Y)) be Nag*s contra continuous. Thus f~1(B) SNag*s (Nint ( f~1(NclB))), for every
BCcy.
Proof: f is Nag*s contra continuous. Ncl(B) is nano closed in y.f *(Ncl(B)) is Nag's open in U. So, Nag"s
(Nint(f ~*(NcI(B)))= £ ~*(Ncl(B))
f71(B) € f~1(Ncl(B)) = Nag*s (Nint(f "1 (Ncl(B)))
Theorem:5.4 For a function f: (U, Tz (X)) —(y, Tr(Y)), the following conditions are equivalent.

1. fisNag*s contra continuous.

2. Foreach xe U and each nano closed set V in y with f(x) € V, there exists an Nag*s open set U in U such that xe U and

f(U)< V, if arbitrary union of Nag*s open sets Nag*s open.

3. The inverse image of each nano open set in y is Nag™s closed in U.

Proof: (1)=(2)
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Let f be Nag*s contra continuous.
Let xe U and V be a nano closed in y containing f(x).
So, x€ f~1(V), which is Nag*s open in U.

Let f~1(V) = U.
Hence xe U.
f(U)=ff~1(v) c V.
(2)=(@1)

Let V be nano closed in y. Let xe f~1(V). So, f(x) €V. Hence, there exists Nag*s open set U, containing x such that f (U,) S V.
That is, x€ U, € f~1(V). Therefore f~1(V) is Nag*s open in X.

(3)=(1) is obvious

Definition:5.5 A subset S of U is called locally nano Nag*s closed if S=UN F,

where U is Nag*s open and F is Nag*s closed.

Definition: 5.6 f: (U, Tz (X)) —(v, T (Y)) is said to be Lc- Nag™s continuous if and only if the pre image of every nano open set
of y is locally Nag™s closed.

Theorem:5.7 Every Nag™s continuous function is Lc- Nag™s continuous.

Proof: Let f: (U, 7x (X)) —(y, Tx(Y)) be Nag*s continuous. Let V be nano openiny. f~1(V) = f~*(V) n Nag*s (Ncl (f "1 (V))),
which is locally Nag™s closed in U. Hence f is Lc- Nag™s continuous.

Definition:5.8 Let (U, 7x(X)) be a nano topological space. A subset AS U is said to be Nag*s clopen if and only if it is Nag*s
closed and Nag*s open.

Definition: 5.9 A function f: (U, 7z (X)) —(y, tr(Y)) is said to be strongly Nag*s continuous if and only if the inverse of every
subset of y is Nag™s clopen.

Theorem:5.10 Every strongly nano Nag™s continuous function is Nag™s contra continuous.

Proof: Let f: (U, Tz (X)) —(y, Tr(Y)) be strongly Nag*s continuous. Let V be nano closed in y. Then f~1(V) is Nag*s is Nag*s
clopen and hence f~1(V) is Nag*s open. So f is Nag*s contra continuous.

The converse of the above theorem need not be true can be seen from the following example.

Example:5.11 Let U= {a, b, ¢}, WIR={{a, b}, {c}} , X = {c},

TR (X) = { u' (p' {C}}
Define f: (U, Tz (X)) —(U, Tx(X)) by
f(a)=c, f(b)=a, f(c)="b
fis Nag*s contra continuous but not Nag*s strongly continuous as f~*{a, b}={b, c} is not Nag*s clopen.
Theorem:5.12 Every perfectly Nag*s continuous function is Nag*s contra continuous.
Proof: Let f: (U, Tz (X)) — (¥, T (Y)) be perfectly Nag*s continuous. Let V be nano open iny. f~1(V) is Nag*s clopen which is
Noag*s closed. Hence f is Nag*s contra continuous. The converse of the above theorem need not be true can be seen from the
following example.
Example:5.13 Refer Example:5.11
f is Nag*s contra continuous but not Nag*s perfectly continuous as f~*{a}={b} is not Nag*s clopen.
Definition: 5.14 A nano topological space (U, 7z (X)) is called strongly S- Nag™s closed if and only if every Nag*s closed cover
of U has a finite sub cover.
Theorem:5.15 Nag*s nano contra continuous images of strongly S- Nag*s closed spaces are nano compact.
Proof: Let f: (U, Tz (X)) —(y, Tr(Y)) be Nag*s contra continuous and onto. Let U be strongly S- Nag*s closed. Let (V;);¢; be an
nano open cover of y. Then (f~1(V));e;) is @ Nag*s closed cover of U. Since f is Nag*s contra continuous, then for some finite
JS I,we have U = ; lel]f‘l(l/i). Asfisontoy = ; LEI]Vl-. That is, y is nano compact.
Definition: 5.16 A map f: (U, Tzx(X)) —(y, Tr(Y)) is called Nag*s irresolute if and only if the inverse image of every Nag*s
closed setiny is Nag*s closed in U.
Remark:5.17 f is Nag*s irresolute < the inverse image of every Nag*s open set under f is Nag*s open.

Theorem:5.18 Let f: (U, Tz (X)) —=(y, Tr(Y)), g (v, T (Y)) — (1, T£ (Z)) be functions. Then
1. Iffis Nag™s continuous and g is nano continuous, then g o f is Nag*s continuous.
2. Iffand gare Nag*s irresolute, g o fis Nag*s irresolute.
3. Iffis Nag*sirresolute and g is Nag™s continuous, then g o f is Na,g™s continuous.
Proof: obvious
Definition: 5.19 f: (U, 7z (X)) —(y, Tr(Y)) is said to be alImost Nag*s continuous if and only if the inverse image of every nano
regular open set is Nag*s open in U.
Theorem:5.20 f: (U, Tz (X)) — (v, T (Y)) be a function. f is Nag*s continuous= f is almost Nag*s continuous.
Proof: Let f be Nag*s continuous. Let U be nano regular open in y. As nano regular open sets are nano open, U is nano open in
v.S0, f~1(U) is Nag*s open in U. Hence f is almost Nag*s continuous.
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Definition: 5.21 A nano topological space (U, Tz(X)) is said to be Nag*s Hausdorff if and only if x and y are distinct points of
U, there exists disjoint Na,g*s open sets U and V containing x and y respectively.

Theorem:5.22 Let (U, 7z(X)) be a topological space and let (y, 7x(Y)) be a nano Hausdorff space. If f: (U, 7z (X)) —(y, T (Y))
is injective and Nag*s continuous, then U is a Nag*s Hausdorff space.

Proof: Let x and y be distinct points of U. Since f is injective f(x) and f(y) are distinct points of y. As y is nano Hausdorff, there
exists disjoint nano open sets U and V containing f(x) and f(y) respectively.

Since f is Nag*s continuous and U and V are disjoint, f~1(U) and, f~(V) are disjoint Nag*s open sets. So U is Nag*s
Hausdorff.

Following the same lines, we can prove the following.

Theorem:5.23 Let (U, Tz (X)) be a nano topological space and let y be Nag*s Hausdorff. If f: (U, 7z (X)) —(y, 7r(Y)) is injective
and Nag™s irresolute, then U is Nag*s Hausdorff.
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