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Abstract - In this paper, we introduce a new class of sets called
yg*-closed sets in topological spaces. A subset A of X is said to
be yg*-closed if yCl(A) < U whenever A< U and U is g*-open
in X. Also we study some of its basic properties and investigate
the relationship with other existing closed sets in topological
space. As an application, we introduce four new spaces namely
Tygr-space and gTyg+-Space
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1. INTRODUCTION

Levine [8] introduced generalized closed sets (briefly g-
closed sets) in topological spaces and studied their basic
properties. Veerakumar [17] introduced and studied y-closed
sets. Veerakumar [16] introduced g*-closed sets in
topological spaces and studied their properties. The aim of
this paper is to introduce a new class of generalized closed
sets called yg*-closed sets. Applying these sets, we obtain
four new spaces namely T,,q+-space and gTygr-Space.

2. PRELIMINARIES
Throughout this paper (X, 1) (or simply X) represents
topological spaces on which no separation axioms are
assumed unless otherwise mentioned. For a subset A of (X,1),
CI(A), Int(A) and A°® denote the closure of A, interior of A
and the complement of A respectively. We are giving some
definitions.

Definition 2.1: A subset A of a topological space (X,1) is
called

1. asemi-open set[9] if A < CI(Int(A)).

2. an a-open set[11] if A < Int(CI(Int(A))).

3. aregular open set[15] if A = Int(CI(A)).

4. an semi pre-open set[1] if A < CI(Int(CI(A)).

The complement of a semi—open (resp.o—open, regular-open
and semi pre-open) set is called semi-closed (resp.o—closed,
regular-closed,semi pre-closed) set.

The intersection of all semi-closed (resp.a-closed, regular-
closed and semi pre-closed) sets of X containing A is called
the semi-closure (resp.a-closure, regular closure and semi
pre-closure) of A and is denoted by sCI(A) (resp.aCI(A),
rCI(A) and spCI(A)). The family of all semi-open (resp. a-
open, regular-open and semi pre-open) subsets of a space X is
denoted by SO(X) (resp. aO(X), rO(X) and spO(X)).
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Definition 2.2: A subset A of a topological space (X,1) is
called

1) a generalized closed set (briefly g-closed)[8] if
CI(A) < U whenever A < U and U is open in X.

2) asg-closed set[3] if sCI(A) < U whenever A c U
and U is semi-open in X.

3) a gs-closed set[2] if sCI(A) < U whenever A c U
and U is open in X.

4) a ag-closed set[10] if aCl(A) < U whenever A ¢
U and U is open in X.

5) agr*-closed set[7] if rCI(A) < U whenever A c U
and U is g-open in X,

6) a g*-closed set[16] if CI(A) < U whenever A c U
and U is g-open in X.

7) ag**-closed set[12] if CI(A) < U whenever Ac U
and U is g*-open in X.

8) a g*s-closed set[13] if SCI(A) = U whenever A
U and U is gs-open in X.

9) a (gs)*-closed set[6] if CI(A) <= U whenever A
U and U is gs-open in X.

10) a gsp-closed set[5] if spCI(A) < U whenever A <
U and U is open in X.

11) a y-closed set[17] if SCI(A) < U whenever A c U
and U is sg-open in X.

12) a yg-closed set [14]if yCI(A) < U whenever A ¢
U and U is open in X.

The complement of a g-closed (resp. sg-closed, gs-closed, ag-
closed, gr*—closed, g*-closed, g**-closed, g*s-closed, (gs)*-
closed, gsp-closed, y-closed and wyg-closed) set is called g-
open (resp. sg-open, gs-open, ag-open, gr*—open, g*-open,
g**-open, g*s-open, (gs)*-open, gsp-open, y-open and yg-
open) set.

Definition 2.3: yCI(A) is defined as the intersection of all y-
closed sets containing A.

Definition 2.4: A space (X,7) is called a
i a Tip — space[8] if every g-closed set in X is closed.
ii. a T*i, — space[16] if every g*-closed set in X is
closed.
ili.  aqTp— space[4] if every ag-closed set in X is closed.
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Remark 2.5: r-closed(r-open) — closed(open) — a-closed(a-
open) — semi-closed(semi-open) — y-closed(y-open) — semi
pre-closed(semi pre-open)

3. yg*-CLOSED SETS
We introduce the following definition.

Definition 3.1: A subset A of a topological space (X,1) is
called a yg*-closed set if yCI(A) < U whenever A < U and
U is g*-open in X. The family of all yg*-closed sets of X are
denoted by yg*-C(X).

Definition 3.2: The complement of a yg*-closed set is called
yg*-open set. The family of all yg*-open sets of X are
denoted by yg*-O(X).

Example 3.3: Let X = {a,b,c} and T = {X,¢,{a},{b}.{a,b},

{a,c}} then {X,0,{b}{c}.{ac}.{b,c}} are yg*-closed sets
and {X,4,{b},{a},{a,c},{a,b}} are yg*-open sets in X.

Proposition 3.4: Every closed set is yg*-closed set.

Proof: Let A be any closed set in X and U be any g*-open set
in X such that A < U. Since A is closed, CI(A) = A for every
subset A of X. By Remark 2.5, every closed set is y-closed,
yCI(A) < CI(A) = A < U. Therefore, yCI(A) < U where U is
g* open. Hence, A is yg*-closed set.

The following example shows that the converse of the above
proposition need not be true.

Example 3.5: Let X = {a,b,c} and 1 = {X, ¢,{a}}. yg*-C(X)
= {X.¢.{b}.{c}{ab}.{b.c}.{ac}}. Here, {b}{c}.{ab}{ac}

are yg*-closed sets but not closed sets in X.

Proposition 3.6: Every semi-closed set is yg*-closed set.
Proof: Let A be any semi-closed set in X such that A c U
where U is g*-open. Since A is semi-closed, sCI(A) = A. By
Remark 2.5, every semi-closed set is w-closed, ywCI(A)
c SCI(A) = Ac U. Therefore, yCI(A) < U where U is g*
open. Hence, A is yg*-closed set.

The converse of the above proposition need not be true as
shown in the following example.

1
Example 3.7: Let X = {a,b,c} and 1 = {X, ¢,{a}.{a,b}}. s-
C(X) = {X.¢,{b},{c},{b,c}} and yg*-C(X) = {X, ¢,{b},
{c}.{b,c}{a,c}}. Here, {a,c} is yg*-closed set but not semi-
closed set in X.

Proposition 3.8: Every a-closed set is ywg*-closed set.
Proof: The proof follows from the result that every a-closed
set is semi-closed and by proposition 3.6.

The converse of the above proposition need not be true as
shown in the following example.

Example 3.9: Let X = {a,b,c} and 1 = {X,¢,{b}.{a,c}}. a-
C(X) = {X,¢,{b},{a,c}} and \Vg*'C(X) = {X,¢,{a},{b},
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{c}{a,b}.{b.c}{a,c}} Here, {a}{c}.{ab}{b,c} are yg*-

closed sets but not a-closed sets in X.

Proposition 3.10: Every regular closed set is yg*-closed set.
Proof: The proof follows from the result that every regular
closed set is closed and by proposition 3.4.

The reverse implication does not hold as shown in the
following example.

Example 3.11: Let X = {a,b,c} and t = {X, ¢,{b}}. r-C(X) =
{X,¢} and wyg*-C(X) = {X.p.{a}{c}.{ab}{b,c}{ac}}.
Here, {a},{c},{a,b},{b,c},{a,c} are yg*-closed sets but not
regular closed sets in X.

Proposition 3.12: Every g-closed set is yg*-closed set.

Proof: Let A be any g-closed set in X. Let U be any open set
in X such that A < U. Since “Every open set is g*-open set”,
we have yCI(A) < CI(A) < U. Therefore, yCI(A) < U where
U is g*-open. Hence, A is yg*-closed set.

The reverse implication does not hold as shown in the
following example.

Example 3.13: Let X = {ab,c,d} and © = {X,$,{d}.{a,b}
f{a,b,d}}. g-CX) = {Xo{c}{ac}{b,c}{cd}{ab,c}
{b,c.d}.{a,c.d}} and yg*-C(X) = {X,¢.{c}{d}{ab}{ac}
{b,c}{c.d}{ab,c}{b,c,d}{ac,d}}. Here, {d}{ab} are

yg*--closed sets but not g-closed sets.

Proposition 3.14: Every ag-closed set is yg*-closed set.
Proof: Let A be any ag-closed set in X. Let U be any open set
in X such that A < U. Since “Every open set is g*-open set”,
we have yCl(A) < aCl(A) < U. Therefore, yCI(A) c U
where U is g*-open. Hence, A is yg*-closed set.

The reverse implication does not hold as shown in the
following example.

Example 3.15: Let X = {a,b,c} and t = {X,¢,{a},{b}.{a,b}}.
U'g'C(X) = {X,¢,{c},{b,c},{a,c}} and \Vg*-C(X) =
{X,(I),{a},{b},{C},{b,C},{a,C}}. Here, {a}!{b} are \Vg*"

closed sets but not ag-closed sets.

Proposition 3.16: Every gr*-closed set is yg*-closed set.
Proof: Let A be any gr*-closed set in X. Let U be any g*-
open set in X such that A < U. Since “Every g*-open set is g-
open set” and A is gr*-closed, rCI(A) < U. For every subset
A of X, yCI(A) c rCI(A) and so yCI(A) < U where U is g*-
open. Hence, A is yg*-closed set.

The reverse implication does not hold as shown in the
following example.

Example 3.17: Let X = {abc} ad 1t =
{X.,0.{b}.{ab}{b,c}}. gr*-C(X) = {X,¢,{a,c}} and yg*-
C(X) = {X,9,{a}, {c}.{a,c}}. Here, {a},{c} are yg*-closed
sets but not gr*-closed sets.
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Proposition 3.18: Every g*-closed set is yg*-closed set.
Proof: Let A be any g*-closed set in X. Let U be any g*-open
set in X such that A < U. Since “Every g*-open set is g-open
set” and A is g*-closed, we have yCI(A) < U where U is g*-
open. Hence, A is yg*-closed set.

The following example shows that the converse of the above
proposition need not be true.

Example 3.19: Let X = {a,b,c} and t = {X, ¢,{a}}. g*-C(X) =
{X,d),{b,C}} and \Vg*'C(X) = {X,¢,{b},{C},{a,b},
{b,c}.{a,c}}. Here, {b}{c}, {a,b}.{a,c} are yg*-closed sets
but not g*closed sets in X.

Proposition 3.20: Every g**-closed set is yg*-closed set.

Proof: Let A be any g**-closed set in X. Let U be any g*-
open set in X such that A < U. Since A is g**-closed, CI(A)
c U. For every subset A of X, yCI(A) < CI(A) and so
yCl(A) < U where U is g*-open. Hence, A is yg*-closed set.

The following example shows that the converse of the above
proposition need not be true.

Example 3.21: Let X = {a,b,c} and © = {X, ¢,{a},{b}.{a,b}}.
g**-C(X) = {X.{c}.{bc}.{a,c}} and wyg*-C(X) =
{X,0,{a}.{b}{c}.{b,c}.{ac}}. Here, {a}{b} are yg*-closed

sets but not g*closed sets in X.

Proposition 3.22: Every g*s-closed set is yg*-closed set.
Proof: Let A be any g*s-closed set in X. Let U be any g*-
open set in X such that A < U. Since “Every g*-open set is
gs-open set” and A is g*s-closed, sCI(A) < U. For every
subset A of X, yCI(A) < sCI(A) and so yCI(A) < U where U
is g*-open. Hence, A is yg*-closed set.

The converse of the above proposition need not be true as
shown in the following example.

Example 3.23: Let X = {a,b,c} and t = {X, ¢,{a}}. g*s-C(X)
= {X, ¢.{b}.{c},{bc}} and yg*-C(X) = {X, ¢{b},
{c}.{a,b}.{b,c},{a,c}}. Here, {a,b},{a,c} are yg*-closed sets
but not g*s-closed sets in X.

Proposition 3.24: Every (gs)*-closed set is yg*-closed set.
Proof: Let A be any (gs)*-closed set in X. Let U be any g*-
open set in X such that A < U. Since “Every g*-open set is
gs-open set” and A is (gs)*-closed, CI(A) < U. For every
subset A of X, yCI(A) < CI(A) and so yCI(A) < U where U
is g*-open. Hence, A is yg*-closed set.

The converse of the above proposition need not be true as
shown in the following example.

Example 3.25: Let X = {a,b,c} and © = {X, ¢,{a}}. (gs)*-
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Proposition 3.26: Every yg*-closed set is gsp-closed set.
Proof: Let A be any yg*-closed set in X. Let U be any open
set such that A < U. Since, “Every open set is g*-open set”,
yCI(A) < U. For every subset A of X, spCI(A) < yCI(A) and
so spCI(A) < U where U is open. Hence, A is gsp-closed set.

The reverse implication does not hold as shown in the
following example.

Example 3.27: Let X = {a,b,c,d} and T = {X,¢,{a,c},{ab,c},
{a.c.d}}. gsp-C(X) = {X,¢.{a}.{b} {c}{d} {ab}.{ad}.{b.c},
{b,d},{c.d},{b.c.d},{ab.d}} and yg*-C(X) = {X,¢.{b}{d},
{b,d}{b,c,d},{a,b,d}}. Here, {a}.{c}.{a,b}.{a,d},
{b,c},{c,d} are gsp-closed sets but not yg*-closed sets.

Proposition 3.28: Every yg*-closed set is yg-closed set.
Proof: Let A be any yg*-closed set in X. Let U be any open
set such that A < U. Since, “Every open set is g*-open set”,
yCI(A) < U where U is open. Hence, A is yg-closed set.

The reverse implication does not hold as shown in the
following example.

Example 3.29: Let X = {ab,c,d} and t = {X,$,{d},{a,b},
{a,b.d}}. yg-C(X) = {X.¢.{a}{b}.{c}.{d} {ab}{ac}{b.c},
{c.d}.{ab.c}.{bed}, {acd}} and yg*-C(X) = {X.¢.{c}{d},
{a,b},{a,c},{b,c}{c,d}{ab,c}{b,c,d}{ac,d}}. Here,
{a},{b} are yg-closed sets but not yg*-closed sets.

Remark 3.30: The following diagram shows the relationship
of yg*-closed sets with other known existing sets. A — B
represents A implies B but not conversely.

ERED

€D
()
i)

_ _ 1. yg*-closed 2. Closed 3. semi-closed
C(X) - {Xv ¢: {b,C}} and \Ug*_c(x) - {Xv ¢1{b}1 Ve
{c}{ab}.{b,c}{ac}}. Here, {b}.{c}{ab}{ac} are yg*- 4. o-closed 5. regular-closed 6. g;closed
closed sets but not (gs)*-closed sets in X. 7. ag-closed 8. gr*-closed 9. g*-closed
10.g**-closed  11.g*s-closed 12.(gs)*-closed
13.gsp-closed  14.yg-closed.
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4. CHARACTERIZATION

Lemma 4.1: The finite union of yg*-closed sets need not be
yg*-closed set.

Example 4.2: Let X = {a,b,c} and t = {X,¢,{a},{b}.{a,b}}.
yg*-C(X) = {X,¢.{a}{b}{c} {b.c}.{a.c}}. Here, {a} {b}=

{a,b} is not yg*-closed set.

Lemma 4.3: The finite intersection of yg*-closed sets need
not be yg*-closed set.

Example 4.4: Let X = {a,b,c} and 1= {X,¢,{a}}. yg*-C(X) =
{X.¢{b}.{c}.{ab}{b.c}.{ac}} Here, {ab} {ac}={a}

is not yg*-closed set.

Proposition 4.5: Let A be a yg*-closed set of X. Then
yCI(A)-A does not contain a non-empty g*-closed set.

Proof: Suppose A is a yg*-closed set. Let F be a g*-closed
set contained in yCI(A)-A. Now F¢ is a g*-open set of X such
that A < F°. Since A is yg*-closed, we have yCI(A) < F-.
Hence, F < (yCI(A))¢ . Also, F < yCI(A)-A. Therefore, F
< (WCI(A)-A) N (yCI(A))® < yCI(A) N (yCI(A)® = ¢
Hence, F must be ¢.

Proposition 4.6: If A is both g*-open and yg*-closed set of
X, then A is y-closed.

Proof: Since A is both g*-open and yg*-closed, we have
yCI(A) < A. Therefore, A = yCI(A). Hence, A is y-closed.

Proposition 4.7: The intersection of a yg*-closed set and a y-
closed set of X is always yg*-closed set.

Proof: Let A be a yg*-closed set and B be a y-closed set.
Since A is yg*-closed, yCI(A) < U whenever A < U and U

is g*-open. Let B be such that A B < U where U is g*-open.
Now, yCI(A B) c yCI(A) CI(B)c U B < U. Hence,

A B is yg*-closed set. Therefore, intersection of any yg*-
closed set and a y-closed set of X is always yg*-closed set.

Proposition 4.8: For x X, the set X-{x} is yg*-closed or g*-
open.

Proof: Suppose X-{x} is not g*-open then X is the only g*-
open set containing X-{x} and yCI{X-{x}}< X. Hence X-
{x} is yg*-closed in X.

Proposition 4.9: If A is yg*-closed and A < B < yCI(A),
then B is yg*-closed.

Proof: Let U be a g*-open set of X such that B € U then A <
U. Since A is yg*-closed, then yCI(A) € U. Now yCI(B) <
yCI(A) € U. Therefore B is yg*-closed in X.

Proposition 4.10: Let A € Y € X and suppose that A is yg*-
closed in X, then A is yg*-closed relative to Y.

Proof: Given that A € Y € X and A is yg*-closed in X. To
show that A is yg*-closed relative to Y. Let A € Y U,
where U is g*-open in X. Since A is yg*-closed, A € U,
implies yCI(A) € U. Therefore, Y yCI(A)S Y U. Thus A
is yg*-closed relative to Y.
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Proposition 4.11: Suppose that B < A < X, B is yg*-closed
relative to A and that A is both g*-open and yg*-closed set of
X, then B is yg*-closed relative to X.

Proof: Let B € G and G be an g*-open set in X. But given
that B € A < X, therefore B € A G. since B is yg*-closed
relative to A, A yCI(B) A G. Hence A yCI(B) € G.
Thus A (yCI(B)) (yCI(B))* € G U yCI(B)". Since A is
both g*-open and yg*-closed set in X, by proposition 4.6, A
is y-closed, we have yCI(A)=A G yCI(B)". Also B ©
A implies yCI(B)  yCl(A). Thus yCI(B) vwCIl(A) G
yCI(B)®. Therefore, yCI(B) G. Since yCI(A) is not
contained in (ywCI(B))®. Thus B is yg*-closed relative to X.

5. APPLICATIONS

As an applications of yg*-closed sets, we introduce four new
spaces namely, Tyg+-space and 4T g*-Space.

Definition 5.1: A Space (X,7) is called a Tyg-Space if every
yg*-closed set in it is closed.

Definition 5.2: A Space (X,1) is called a ¢T.+-Space if every
yg*-closed set in it is g-closed.

Definition 5.3: A Space (X,1) is called a ¢« T +-space if every
yg*-closed set in it is g*-closed.

Definition 5.4: A Space (X,1) is called a T g+-Space if every
yg*-closed set in it is ag-closed.

Proposition 5.5: Every Tyg*-space is gTyg+-Space.

Proof: Let (X,t) be Tyg*-space. Let A be yg*-closed set in
(X,7). Since (X, 1) is Tyg=-space, A is closed. But every
closed set is g-closed set. Therefore, A is g-closed. Hence,
(X,7) 1s gTyg*-space.

The converse of the above proposition need not be true as
shown in the following example.

Example 5.6: Let X = {a,b,c} and © = {X,0,{a,c},{a,b,c}.{ac,
d}}

vg*-C(X) = {X,¢.{b},{d}{b,d}.{b.c.d}.{a,b,d}}

9-C(X) = {X,¢.{b} {d}{b.d}.{b.c.d}{ab.d}}

C(X) = {X,¢,{b} {d}{b.d}}

Here, (X,7) is g Tyg*-Space but not ¢Te*-space.

Proposition 5.7: Every T,g+-space is Ty-space.

Proof: Let (X,t) be Tyg-space. Let A be g-closed set in (X,1).
By proposition 3.12, A is yg*-closed set. Since (X,t) is Tyg*-
space, A is closed. Hence, (X,7) is T1/2-Space.

The converse of the above proposition need not be true as
shown in the following example.

Example 5.8: Let X = {a,b,c} and 1 = {X,¢,{a},{b}.{a,b}}
veg*-C(X) = {X,¢{a}.{b}{c}{b.c}{ac}}

g'C(X) = {X,¢,{C},{b,C},{a,C}}

C(X) = {X.¢{c}k{b.c}{ac}}

Here, (X,7) is T1/2-space but not Tg+-space.
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Proposition 5.9: Every T,g+-space is T*1,-space.

Proof: Let (X,t) be Tyg-space. Let A be g*-closed set in
(X,1). By proposition 3.18, A is yg*-closed set. Since (X,7) is
Tyg=-Space, A is closed. Hence, (X,1) is T*12-Space.

The converse of the above proposition need not be true as
shown in the following example.

Example 5.10: Let X = {a,b,c} and = {X,¢,{a},{b}.{a,b}}
vg*-C(X) = {X,¢.{a}.{b}.{c}{b.c}{ac}}

g*-C(X) = {X,(I),{C},{b,C},{a,C}}

C(X) = {X,p{c}{b.c}.{ac}}

Here, (X,7) is T*1/2-Space but not Tyg=-space.

Proposition 5.11: Every T,g-space is «Tp-Space.

Proof: Let (X,t) be Tyg-space. Let A be ag-closed set in
(X,1). By proposition 3.14, A is yg*-closed set. Since (X,1) is
Tyg=-space, A is closed. Hence, (X,1) is o Th-Space.

The converse of the above proposition need not be true as
shown in the following example.

Example 5.12: Let X = {a,b,c} and 7= {X,,{a},{b}.{a,b}}
veg*-C(X) = {X,¢.{a}.{b}{c}{b.c}{ac}}

U'g'C(X) = {X,¢,{C},{b,C},{a,C}}

C(X) = {X.¢{c}{b.c}{ac}}

Here, (X,7) is «Th-Space but not Tyg+-space.

Remark 5.13: The following diagram shows the relationship
about Tygr-space, gTygr-Space, g=Tygx and oz Tygr-Space with
other known existing spaces. A — B represents A implies B
but not conversely.

1. Tye-space
4, T*yp-Space

2. gTyg=-Space
5. « Tp-Space.

3. T12-space
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