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In the present investigation, the fractional operators involving Fox-H function due to Saxsena-
Kumbhat, are applied to the M series which is further extension of both Mittag-Leffler function and 
generalized hypergeometric function pFq. The H-function fractional operators have found essential 

application in the solution of kinetic equation, fractional reaction and fractional diffusion. The results 
are mostly derived in a closed form in the terms of the H-function suitable for numerical computation. 
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1. Introduction and Preliminaries: 

The Subject of fractional calculus deals with investigations of integrals and derivatives has 
gained importance and popularity during the last four decades or so, mainly due to its vast 
potential demonstrated applications in fields of science and engineering . Different extensions 
of various fractional integrations operators are studied by Kalla [14] , Mc Bride  [5], Kilbas 
[1] ,Kiryakova [4A] , Purohit  Kalla [13] etc. 
In the present paper we introduce a fractional integral operator involving H- function for 
Re(ߙ) > 0,ܽ݅,ܾ݆ ∈ ℂ,ߙ௝ ௝ߚ, > 0, ݅ = 1 … ;݌ ݆ = 1 … . , ݍ ℂ,σ ߳ߩ > ݏݓ݋݈݈݋݂ ݏܽ 0 ∶ 

൫ܫ଴,ା
௠,௡,௣,௤ ,ఈ,ఙ݂൯(ݔ) =

1
Γ(ߙ)න ݔ) − ௣,௤ܪఈିଵ(ݐ

௠,௡ ቈ(ݔ − | ఙ(ݐ  
( ௝ܽ,   ௝)ଵ,௣ߙ

( ௝ܾ, ௝)ଵ,௤ߚ
቉ ݐ݀(ݐ)݂

௫

଴
        (1.1) 

and  

൫ܫ଴,ି
௠,௡,௣,௤,ఈ,ఙ݂൯(ݔ) =

1
Γ(ߙ)න ݐ) − ௣,௤ܪఈିଵ(ݔ

௠,௡ ቈ(ݐ −  | ఙ(ݔ
( ௝ܽ,   ௝)ଵ,௣ߙ

( ௝ܾ ௝)ଵ,௤ߚ,
቉  ݐ݀(ݐ)݂

∞

௫
       (1.2) 

In (1.1), (1.2)   ܪ௣,௤
௠,௡(. ) denotes Fox`s H-function (                     ): 

The H-Function introduced & defined by Fox-H[ ** ] in 1961 , as 

௣,௤ܪ
௠,௡(ݖ) = ଵ

ଶగ௜ ∫ ℋ௣,௤
௠,௡(ݏ)ݖ௦ℒ  (1.3)                                                                                     ,ݏ݀

Where ℒ is a suitable path in the complex plane ℂ. and   

ℋ௣,௤
௠,௡(ݏ) = ஺(௦)஻(௦)

஼(௦)஽ (௦)
,                                                                                                   (1.4)                                              

   A(s) = ∏ Γ(ܾ௝ − (ݏ)ܤ      ,(ݏ௝ߚ =  ∏ Γ(1 − ܽ௝ + ௡(ݏ௝ߙ
௝ୀଵ

௠
௝ୀଵ ,                                   (1.5)             
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C(s) =∏ Γ(1− ܾ௝ + (ݏ)ܦ        ,(ݏ௝ߚ =  ∏ Γ(ܽ௝ − ௣(ݏ௝ߙ
௝ୀ௡ାଵ

௤
௝ୀ௠ାଵ                                       (1.6)             

 

With 0≤ ݊ ≤ ,݌ 1 ≤ ݉ ≤ ,ݍ ൛ ௝ܽ , ௝ܾൟ ∈ ℂ, ௝ߙ} {௝ߚ,  ∈  ℝା . With all convergence conditions as 

given by Braaksma  [ * ]. 

 

 The Properties of these operators were studied by Saigo [ ] Mathai & Saxena [ ] following which we 

can easily obtain sided and right – handed sided generalized integration of type  

 ( 1.1 ) and ( 1.2 ) for power function as follows :  

൫ܫ଴,ା
௠,௡,௣,௤,ఈ,ఙݔఘିଵ൯(ݔ)  =

Γ(ߩ)
Γ(ߙ) ݔ

ఘାఈିଵܪ௣ାଵ,௤ାଵ
௠,௡ାଵ ቈݔఙ |

(1 −   ଵ,௣(௝ߙ,௝ܽ )(ߪ,ߙ

(1 − ߙ − ௝ܾ )(ߪ,ߩ ௝)ଵ,௤ߚ,
቉             (1.7) 

where ܴ݁(ߙ) > ∋ ݍ,݌,݊,݉,0  ଴ܰ with 0  ≤ ݊ ≤ ≥ 1 , ݌ ݉ ≤   , ݍ

௝ߚ ௝ߙ  ∈  ܴା , ௝ܽ , ௝ܾ  ∈ ,ܥ ݎ݋ ܴ ݅ = 1 … ; ݌. ݆ = 1, … . .  with all convergence condition as given by ,ݍ

A.M.Mathai [  ] . 

Further Let ߙ∗ = ∑ ௝௡ܣ
௝ୀଵ −∑ ௝ܣ

௣
௝ୀ௡ାଵ +∑ ௝௠ܤ

௝ୀଵ −  ∑ ௝ܤ
௤
௝ୀ௠ାଵ > 0 

 
and  

൫ܫ଴,ି
௠,௡,௣,௤,ఈఙ,ݔఘିଵ൯(ݔ)  =

1
Γ(ߙ)Γ(1− (ߩ

௣ାଵ,௤ାଵܪఈାఘିଵݔ
௠ାଵ,௡ାଵ ቈݔఙ |

( ௝ܽ,ߙ௝)(1− (ߪ,ߙ
(1 − ߩ − ,ߙ )(ߪ ௝ܾ (௝ߚ,

቉       (1.8) 

 

provided ߙ ∈ (ߙ)ܴ, ܥ > 0 and further the constants ܽ௜ , ௝ܾ  ∈ ݆ߚ,݆ߙ, ܥ > 0, ݅ = 1, … ;݌. ݆ = 1, … .     ,ݍ.

ߩ  ∈ ,ܥ ߪ > 0  satisfy ߪଵஸ௝ஸ௡௠௔௫ ൤ோ௘ ൫௔ೕ൯ିଵ
ఈೕ

൨+ (ߩ)ܴ  + (ߙ)ܴ < 1 and 1 + ߪߛ > (ߩ)ܴ +  (ߙ)ܴ

 
Sharma and Jain [7A] introduced the generalized M-series as the function defined by means of the 

power series: 

௣ఈܯ ௤
ఉ൫ܽଵ,ܽଶ, … ,ܽ௣;  ܾଵ, ܾଶ, …ܾ௤; ൯ݖ = ௣ఈܯ ௤

ఉ(ݖ) = ௣ఈܯ ௤
ఉ ቀ൫ ௝ܽ൯ଵ

௣
 ; ൫ ௝ܾ൯ଵ

௤
;  ቁݖ

                         = ෍
(ܽଵ)௡ … ൫ܽ௣൯௡
( ଵܾ)௡ … ൫ܾ௤൯௡

ஶ

௡ୀ଴

௡ݖ

Γ(݊ߙ+ (ߚ ߚ,ߙ,ݖ   , ∈ (ߙ)ܴ,ܥ > 0                                    (1.9)  

where,൫ ௝ܽ൯௡, ൫ ௝ܾ൯௡ are the known Pochammer symbols. The series (1.7) is defined when none 

of the parameters ௝ܾ ,ݏ′ ݆ = 1, 2,  is a negative integer or zero; if any numerator parameter ,ݍ, …

௝ܽ is a negative integer or zero, then the series terminates to a polynomial in ݖ. The series in 

66

International Journal of Engineering Research & Technology (IJERT)

IJ
E
R
T

IJ
E
R
T

ISSN: 2278-0181

www.ijert.org

ETRASCT' 14 Conference Proceedings



(1.7) is convergent for all ݖ if ݌ ≤ |it is convergent for |z ,ݍ  < = ݌ if  ߜ + ݍ   1 and divergent, 

if ݌ > + ݍ  1. When ݌ = + ݍ  1 and |z| = δ, the series can converge on conditions depending 

on the parameters. Properties of M-series are further studied by Saxena [8A], Chouhan and 

Sarswat [9A] etc. 

The generalized Mittag- Leffler function [10A], is obtained from (1.7) for ݌ = = ݍ   1; 

ܽ = ߛ ∈  b = 1, as ;ܥ

ఈ,ఉܧ
ఊ (ݖ) = ෍

௠(ߛ)
Γ(݉ߙ+ (ߚ

ஶ

௠ୀ଴

௠ݖ

݉!
=  ෍

௠(ߛ)
(1)௠

ஶ

௠ୀ଴

௠ݖ

Γ(݉ߙ + (ߚ = ଵఈܯ ଵ
ఉ(ߛ ;  1;  (1.10)            .(ݖ

The generalized M-series (1.7) can be represented as a special case of the Wright 

generalized hypergeometric function (1.6), as 

௣ఈܯ ௤
ఉ ቀ൫ ௝ܽ൯ଵ

௣
 ;  ൫ ௝ܾ൯ଵ

௤
; ቁݖ =  ݇ ߰௤ାଵ௣ାଵ

. ቈ
(ܽଵ, 1), … , ൫ܽ௣, 1൯, (1,1);
( ଵܾ, 1), … , ൫ܾ௤ , 1൯, ;(ߙ,ߚ)

቉ݖ  ,                     (1.11)  

where  ݇ =
∏ Γ(ܾ݆)
ݍ
݆=1

∏ Γ(݆ܽ)
݌
݆=1

. 

 

1. Main Results: 

In this section, the image formulas for the M-series involving Fox-H Function fractional integral 

operators (1.1) and (1.2) are established: 

Theorem 2.1 Let m, n, p, q ∈  ଴ܰ with 0≤ ݊ ≤ ,݌ 1 ≤ ݉ ≤ ௝ߙ,ݍ ∋ ௝ߚ,  ܴା , ௝ܽ , ௝ܾ  ∈ , ܥ ݎ݋ ܴ ݅ =

1, … … , ݌ ݆ = 1, … (ߙ)ܴ݁,ݍ… > ߙ,0 ∈  .ܥ

∗ߙ             = ߤߛ,0 + (ߜ)ܴ < ଵஸ௝ஸ௠௠௜௡ߪ ;1− ቈ
ܴ ൫ܾ݆൯
݆ߚ

቉ (ߩ)ܴ+ > 0 and   ߪߛ <  .(ߩ)ܴ

Then there holds the formula 

ቀܫ଴,ା
௠,௡,௣,௤,ఈ,ఙݐఘିଵ ௣భܯ

జ
௤భ
ఋ (ܽଵݐజ)ቁ (ݔ)

= ෍
൫ܽଵ` ൯௡భ … ൫ܽ௣భ

` ൯
௡భ

൫ ଵܾ
` ൯
௡భ

… ൫ܾ௤భ` ൯
௡భ

ஶ

௡భୀ଴

ܽ௡భΓ(߭݊ଵ + (ߩ
Γ(߭݊ଵ + ݔ(ߙ)Γ(ߜ

జ௡భାఘାఈିଵ .ܪ௣ାଵ,௤ାଵ
௠,௡ାଵ ቎ݔఙ |

(1 − ൫(ߪ,ߙ ௝ܽ,ߙ௝൯ଵ,௣

(1 − ߙ − ߭݊ଵ − ൫(ߪ,ߩ ௝ܾ ௝൯ଵ,௤ߚ,

቏ 

      … … … . (2.1)  

Proof: Using (1.1) and (1.9), and then changing the order of integration and summation, we get 
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ቀܫ଴,ା
௠,௡,௣,௤,ఈ,ఙݐఘିଵ ௣భܯ

జ
௤భ
ఋ (ܽଵݐజ)ቁ (ݔ) = ෍

൫ܽଵ` ൯௡భ … ൫ܽ௣భ
` ൯

௡భ

൫ܾଵ` ൯௡భ … ൫ܾ௤భ` ൯
௡భ

ஶ

௡భୀ଴

ܽ௡భ
Γ(߭݊ଵ + (ߜ ଴,ାܫ

௠,௡,௣,௤,ఈ,ఙݐజ௡భାఘିଵ 

 
Interpreting the right hand side of above equation, in view of the definition (1.7), we arrive at result 
(2.1).  
 On Setting  ݌ଵ = ଵݍ = 1;  ܽ = ߟ ∈ ℂ;  ܾ = 1 in (2.1), we obtained the following result. 
 
Corollary  2.1. With the conditions on parameters mentioned in theorem (2.1), there holds the 
formula 

ቀܫ଴,ା
௠,௡,௣,௤,ఈ,ఙݐఘିଵܧజ,ఋ

ఎ (ܽଵݐజ)ቁ  (ݔ)

= ෍
(݊)௠భ

Γ(߭݉ଵ + (ߜ

ஶ

௠భୀ଴

ܽଵ௠భ 
Γ(݉ଵ + 1)

Γ(߭݉ଵ + (ߩ
Γ(α)

௣ାଵ,௤ାଵܪ.జ௠భାఘାఈିଵݔ
௠,௡ାଵ ቈݔఙ |

(1− )(ߪ,ߙ ௝ܽ,ߙ௝)ଵ,௣

(1− ߙ − ߭݉ଵ − )(ߪ,ߩ ௝ܾ,ߚ௝)ଵ,௤
቉ (2.2) 

 
Theorem 2.2 Let  ߙ ∈ (ߙ)ܴ݁, ܥ > 0, ௝ܽ, ௝ܾ  ∈ ℂ,ߙ௝ < ௝ߚ   , 0 , ݅ = 1, … . ;݌ ݆ = 1, …   ,ݍ.

ߪ > ∋ ߩ,0 ℂ   satisfy ߪଵஸ௝ஸ௡௠௔௫ ൤
ܴ݁ ൫݆ܽ൯−1

݆ߙ
൨ + (ߩ)ܴ + (ߙ)ܴ < 1 

and  1+ߪߛ > (ߩ)ܴ +  .(ߙ)ܴ
 
then there holds the formula 

ቀܫ଴,ି
௠,௡,௣,௤,ఈ ,ఙିݐఉభିఋ ௣భܯ

జ
௤భ
ఋ (ܽଵିݐజ)ቁ  (ݔ)

= ෍
൫ܽଵ` ൯௡భ … ൫ܽ௣భ

` ൯
௡భ

൫ܾଵ` ൯௡భ … ൫ܾ௤భ
` ൯

௡భ

ஶ

௡భୀ଴

ܽଵ௡భݔఈିజ௡భିఉభିఋ

Γ(߭݊ଵ + Γ(߭݊ଵ(ߙ)Γ(ߜ + ଵߚ + ௣ାଵ,௤ାଵܪ. (ߜ
௠ାଵ,௡ାଵ ቈݔఙ |

൫ ௝ܽ,ߙ௝൯(1− (ߪ,ߙ
(߭݊ଵ + ଵߚ + ߜ − ൫(ߪ,ߙ ௝ܾ,ߚ௝൯

቉ (2.3) 

 
 
Proof: Using (1.2) and (1.9), and then changing the order of integration and summation, we get 

ቀܫ଴,ି
௠,௡,௣,௤ ,ఈ,ఙିݐఉభିఋ ௣భܯ

జ
௤భ
ఋ (ܽଵିݐజ)ቁ (ݔ)

= ෍
൫ܽଵ` ൯௡భ … ൫ܽ௣భ

` ൯
௡భ

൫ ଵܾ
` ൯
௡భ

… ൫ܾ௤భ` ൯
௡భ

ஶ

௡భୀ଴

ܽଵ௡భ
Γ(߭݊ଵ + ି,଴ܫ൫ (ߜ

௠,௡,௣,௤,ఈ ,ఙିݐజ௡భିఉభିఋ൯ 

 
Interpreting the right hand side of above equation, in view of the definition (1.8), we arrive at result 
(2.3).  
 On Setting  ݌ଵ = ଵݍ = 1;  ܽ = ߟ ∈ ℂ;  ܾ = 1 in (2.3), we obtained the following result. 
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Corollary 2.2. With the conditions on parameters given in theorem (2.3) 
there holds the formula 

ቀܫ଴,ି
௠,௡,௣,௤,ఈ,ఙିݐఉభିఋܧజ,ఋ

ఎ (ܽଵିݐజ)ቁ (ݔ)

= ෍
(݊)௠భ

Γ(߭݉ଵ + (ߜ

ஶ

௠భୀ଴

ܽଵ௠భ 
Γ(݉ଵ + 1) .

ఈିజ௠భିఉభିఋݔ

Γ(ߙ)Γ߭݉ଵ + ଵߚ + ߜ ௣ାଵ,௤ାଵܪ.
௠ାଵ,௡ାଵ ቈݔఙ |

( ௝ܽ,ߙ௝)(1− (ߪ,ߙ
(߭݉ଵ + ଵߚ + ߜ − ,ߙ )(ߪ ௝ܾ  ௝)቉ߚ,

                                                                               

 REFERENCES 

[1A]  O.I. Marichev, “Volterra equation of Mellin convolution type with a Horn function in the 
kernel.”, Izv.AN BSSR, ser. fiz.-mat. nauk, No. 1, 128-129, 1974. (in Russian) 

[ * ]  B.L.J Braaksma , “Asymptotic expansions and analytical continuations for a class of Barnes – 
integrals.” , Compositio Math. 15 (192-1963) 239-341. 

[ ** ] C.Fox , “The G and H functions as symmetrical Fourier Kernels.” , Trans . Amer. Math. Soc. 98 
(1961) 395-429. 

[2A] M. Srivastava - P.W. Karlson, “Multiple Gaussian Hypergeometric Series.”, Ellis 

Horwood Limited, New York, 1985. 

[3A] M.Saigo, “On generalized fractional calculus operators.” In: Recent Advances in Applied 
Mathematics(Proc. Internat. Workshop held at Kuwait Univ.). Kuwait Univ., Kuwait, 441- 450 , 1996. 

[4A] V.Kiryakova, “On two Saigo's fractional integral operators in the class of univalent functions.”, 
Fract.Calc. Appl. Anal., 9(2), 160-176, 2006. 

[5A] M. Saigo - N. Maeda, “More generalization of fractional calculus”, In: Transform Metods and 
SpecialFunctions, Varna, 1996 (Proc. 2nd Intern. Workshop, Eds. P. Rusev, I. Dimovski, V. 
Kiryakova),IMI-BAS, Sofia, 1998,386-400. 

[6A] E. M. Wright, The asymptotic expansion of the generalized hypergeometricfunctions,J. London 
Math. Soc. 10 (1935), 286–293. 

[7A] M. Sharma - R. Jain, “A note on a generalized M-series as a special function of fractional 
calculus.” Fract. Calc. Appl. Anal., 12, No 4 (2009), 449-452. 

[8A]R. K. Saxena, “A remark on a paper on M-series.”, Fract. Calc. Appl. Anal., 12(1)(2009), 109-110. 

[9A]A. Chouhan - S. Sarswat. "Certain Properties of Fractional Calculus Operators Associated with M-
series." Scientia: Series A: Mathematical Sciences 22 (2012), 25-30. 

69

International Journal of Engineering Research & Technology (IJERT)

IJ
E
R
T

IJ
E
R
T

ISSN: 2278-0181

www.ijert.org

ETRASCT' 14 Conference Proceedings



[10A]T.R.Prabhakar, “A Singular Integral Equation with a Generalized Mittag-Leffler Function in the 
Kernel.”, Yokohama Math. J., 19(1971), 7-15. 

 

1. A. A. Kilbas, “Fractional calculus of the generalized Wright function.” Fract. Calc. Appl. Anal. 8 
(2),113-126, 2005. 

2. A. A. Kilbas, and N. Sebastain, “Generalized fractional integration of Bessel function of first kind.” 
Integral transform and Spec. Funct. 19 (12), 869-883, 2008. 

3. A. Chouhan -S. Saraswat, “Remarks on fractional kinetic differintegral equations and M-series.” 
Journal of Fractional Calculus and Applications, 4(1) (2013), 139-146. 

4. A. Chouhan - S. Saraswat, “On Solution of Generalized Kinetic Equation of Fractional Order.” Int. 
Jr. of Mathematical Sciences and Applications, 2(2) (2012), 813-818. 

5. A. C. McBride, “Fractional powers of a class of ordinary differential operators.” Proc. Lond. 
Math.Soc. (3) 45, 519-546, 1982. 

6. D. Baleanu-K. Diethelm-E.Scalas-J.J. Trujillo, “Fractional Calculus Models and Numerical Methods.” 
Series on Complexity, Nonlinearity and Chaos, World Scientific, 2012. 

7. D. Baleanu - O.G. Mustafa, “On the global existence of solutions to a class of fractional differential 
equations.” Com. Math. Appl., 59(5)(2010), 1835-1841. 

8. D. Baleanu-O.G. Mustafa -R.P. Agarwal, “On the solution set for a class of sequential fractional 
differential equations.” J. Phys. A: Math. Theor., 43(38) (2010). 

9. M. Saigo, “A remark on integral operators involving the Gauss hypergeometric functions.” Math. 
Rep. Kyushu Univ. 11 (1978), 135–143. 

10. P. Agarwal, “Further Results on Fractional Calculus of Saigo Operators.” Appl. Appl. Math. 7(2) 
(2012), 585-594. 

11. P. Agarwal, “Generalized Fractional Integration of the H-function.” Le Matematiche Vol. LXVII 
(2012),107-118. 

12. R. K. Saxena - M. Saigo, “Generalized fractional calculus of the H-function associated with the 
Appell function.” J. Frac. Calc. 19 (2001), 89–104. 

13. S. D. Purohit and S. L. Kalla, “On fractional partial differential equations related to quantum 
mechanics.” J. Phys. A: Math. Theor.44, 045202 (8pp), 2011. 

70

International Journal of Engineering Research & Technology (IJERT)

IJ
E
R
T

IJ
E
R
T

ISSN: 2278-0181

www.ijert.org

ETRASCT' 14 Conference Proceedings



14. S. L. Kalla, “Integral operators involving Fox's H-function I.” Acta Mexicana Cienc. Tecn. 3, 117-
122,1969. 

15. S.L.Kalla, “Integral operators involving Fox's H-function II.” Acta Mexicana Cienc. Tecn. 7, 72-
79,1969. 

16. S. L. Kalla and R.K. Saxena, “Integral operators involving hypergeometric functions.” Math. Z. 
108,231-234, 1969. 

17. V. Kiryakova, “Generalized Fractional Calculus and Applications.” Longman Scientific & Tech., 
Essex,1994. 

18. V. Kiryakova, “A brief story about the operators of the generalized fractional calculus.” Fract. 
Calc.Appl. Anal. 11(2), 203-220, 2008. 

 

71

International Journal of Engineering Research & Technology (IJERT)

IJ
E
R
T

IJ
E
R
T

ISSN: 2278-0181

www.ijert.org

ETRASCT' 14 Conference Proceedings


