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Abstrat - Major Corporations rely on partitioning certain group of individuals or 

components to ensure the systematic functioning of the projects in some situations.  The 

Graph Theoretical approach makes our work easier. We introduce the concept chromatic 

similar degree partitioning. A partition of the vertex set 𝑽(𝑮) is defined to be a chromatic 

similar degree partition of 𝑮 if each partition class is independent and the absolute 

difference of the sum of the degrees of all vertices between any two partition classes is at 

most 1. The maximum cardinality 𝒌 and the minimum cardinality 𝒌′ taken over all the 

chromatic similar degree partition number of the graph 𝑮 are called the Max – Chromatic 

Degree Partition Number and Min – Chromatic Degree Partition of 𝑮 and are denoted 

by 𝝌∨𝝍𝑫(𝑮) and 𝝌∧𝝍𝑫(𝑮) respectively. In this paper we attempt to prove some theorems 

on these parameters. 
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1 INTRODUCTION 

 In this we paper, we consider only undirected simple connected graphs. For the basic 

definitions and notations of graph theory, we refer the text book by Harary [2]. A finite non-

empty set of objects called vertices together with a set of unordered pairs of distinct vertices of 

𝐺 called edges is called a graph 𝐺. Throughout this paper, the vertex set and edge set of 𝐺 are 

denoted by 𝑉(𝐺) and 𝐸(𝐺) respectively. The number of vertices 𝑛 and the number of edges 𝑚 

in a graph 𝐺 are called its order and its size respectively.  

 The number of edges incident with a vertex 𝑣 is called the degree of the vertex 𝑣 and it 

is denoted by deg 𝑣. The vertex of degree 𝑛 − 1 is called full vertex. The sum of the degree of 

all the vertices in a set 𝑊 ∈ 𝑉(𝐺) is denoted by 𝐷(𝑊).  
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If all the vertices are of same degree say 𝑟, then the graph is said to be an 𝑟 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 

graph. Suppose that the degree of every vertex of a graph 𝐺 is either 𝑠 or 𝑡, then 𝐺 is called an 

(𝑠, 𝑡) − 𝑏𝑖𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph. The (𝑛 − 1) − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph is called the Complete Graph 

denoted by 𝐾𝑛 and 0 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph is called totally disconnected which is denoted by 𝐾𝑛̅̅̅̅ . 

A 2 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph of order 𝑛 is called cycle 𝐶𝑛 and the graph obtained by removing one of 

the edges of 𝐶𝑛 is called the path 𝑃𝑛. The minimum and maximum degree among the vertices 

of G are denoted by 𝛿(𝐺) and ∆(𝐺) respectively. 

The given two graphs 𝐺 and 𝐻 with same order and size are said to be isomorphic if 

there exists a bijection between 𝑉(𝐺) and 𝑉(𝐻) preserving the adjacency. In this case we write  

𝐺 ≅ 𝐻. 

A vertex partition of a graph 𝐺 is a collection of disjoint subsets of 𝑉(𝐺) whose union 

is 𝑉(𝐺). Also, each smaller sets are called the partition classes of 𝑉(𝐺). Each subset in the 

partition is called a partition class of 𝑉(𝐺). A vertex partition is said to be an isolated partition 

if each partition class contains exactly one vertex and the class which contains exactly one 

vertex is called an isolated partition class. 

 A subset 𝑆 of 𝑉(𝐺) is called an independent set of 𝐺 if no two vertices in 𝑆 are adjacent. 

A graph is known to be a bipartite graph if the vertex set of 𝐺 can be partitioned into two 

independent sets say 𝑉1 and 𝑉2. The complete bipartite graph 𝐾𝑚,𝑛 is nothing but the bipartite 

graph with |𝑉1| = 𝑚 and |𝑉2| = 𝑛 in which every vertex in 𝑉1 is adjacent to every vertex in 𝑉2. 

The graph 𝐾1,𝑛 is called the star graph. 

 Whenever the vertex of a graph 𝐺 can be partitioned into 𝑘 independent sets, 𝐺 is called 

a k-partite graph. The Turan graph 𝑇(𝑛, 𝑘) is the complete 𝑘 − 𝑝𝑎𝑟𝑡𝑖𝑡𝑒 graph on 𝑛 vertices 

whose partite sets are as nearly equal in cardinality as possible. It is noticeable that 𝑇(𝑛, 1) ≅

𝐾𝑛̅̅̅̅ . Always, the number of vertices in each partite set in 𝑇(𝑛, 𝑘) is either ⌊
𝑛

𝑘
⌋ or ⌈

𝑛

𝑘
⌉ and the 

number of vertices in each partite set in 𝑇(𝑛, 𝑘) is same if and only if 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘). 

      The join of two graphs 𝐺 and 𝐻, denoted by 𝐺˅𝐻 is obtained from 𝐺 ∪ 𝐻, by joining 

each vertex of 𝐺 to every vertex of 𝐻 by means of an edge. The wheel graph 𝑊𝑛(𝑛 ≥ 4) is 

nothing but 𝐾1˅𝐶𝑛−1. 

 The graph 𝐼𝑛 (𝑛 ≥ 4) on n vertices with degree sequence  𝑛 − 1, 𝑛 −

2,… , ⌊
𝑛

2
⌋ , ⌊

𝑛

2
⌋ , … , 2,1 is called the irregular most graph [3]. 

 The partitioning of the vertex set by means of distinct independent sets is called proper 

colour partition of 𝐺. The proper colour partition with minimum possible number of 
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independent sets is called the minimum proper colour partition and such number is called the 

chromatic number of 𝐺, 𝜒(𝐺). Many researchers studied on this concept which can be referred 

from [1], [6], [7] and [8]. 

 The similar degree partition of a graph 𝐺 is defined as the partition {𝑉1, 𝑉2, … , 𝑉𝑘} of 

𝑉(𝐺) such that |𝐷(𝑉𝑖) − 𝐷(𝑉𝑗)| ≤ 1 for every 1 ≤ 𝑖, 𝑗 ≤ 𝑘. The similar degree partition of 𝐺 

with the maximum possible number of partition classes is called the max-similar degree 

partition of 𝐺. The cardinality of the max-similar degree partition is called the degree partition 

number of 𝐺 denoted by 𝜓𝐷(𝐺). More results on this parameter can be found in [3], [4] and 

[5]. 

A proper colour partition of G is said to be chromatic similar degree partition if the 

absolute difference between the degree sum of any two colour classes is at most 1. The 

maximum value 𝑘 and the minimum value 𝑘′ among all the chromatic similar degree partition 

of the graph 𝐺 are called the max-chromatic degree partition number 𝜒∨𝜓𝐷(𝐺) and the min- 

chromatic degree partition number 𝜒∧𝜓𝐷(𝐺) respectively, if such partition exists. Otherwise 

𝜒∨𝜓𝐷(𝐺) and 𝜒∧𝜓𝐷(𝐺) are defined to be infinity. The chromatic similar degree partitions with 

𝜒∨𝜓𝐷(𝐺) and 𝜒∧𝜓𝐷(𝐺)classes are called max-chromatic similar degree partition and min-

chromatic similar degree partition respectively. A graph is said to have unique chromatic 

similar degree partition if 𝑉(𝐺) is uniquely partitioned into 𝑘 chromatic similar degree partition 

classes.  

2 Main Results 

In this section, we establish some interesting facts and results on our parameters. 

Observation 1 For any graph 𝐺, 𝜒∧𝜓𝐷(𝐺) ≤ 𝜒∨𝜓𝐷(𝐺), if such partition exists.  □ 

Observation 2 For any graph 𝐺, 𝜒(𝐺) ≤ 𝜒∧𝜓𝐷(𝐺), if such partition exists.  □ 

Observation 3 For any graph 𝐺, 𝜒∨𝜓𝐷(𝐺) ≤ 𝜓𝐷(𝐺), if such partition exists. 

Proof 𝜓𝐷(𝐺) gives the maximum possible number of similar degree partition classes. So, 

𝜒∨𝜓𝐷(𝐺) can be at most 𝜓𝐷(𝐺) if such number exists.     □ 

Observation 4 𝜒∧𝜓𝐷(𝐺) =1 if and only if 𝐺 ≅ 𝐾𝑛̅̅̅̅ . 

Proof The result follows as 𝜒(𝐺) = 1 if and only if 𝐺 ≅ 𝐾𝑛̅̅̅̅ .    □ 

Observation 5 For any connected non-trivial graph 𝐺, 𝜒∨𝜓𝐷(𝐺) > 1 and 𝜒∧𝜓𝐷(𝐺) > 1 

Proof The result is obvious as 𝜒(𝐺) > 1 if and only if 𝐺 ≇ 𝐾𝑛̅̅̅̅ .    □ 

Observation 6 The full vertex of any graph of order 𝑛 forms an isolated partition in any 

chromatic similar degree partition if such partition exists. 
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Proof Any subset of 𝑉(𝐺) with at least two vertices containing the full vertex cannot be 

independent. So, the full vertex must form an isolated partition class in any chromatic similar 

degree partition if such partition exists.       □ 

Observation 7 If 𝐺 is a non-trivial graph such that 𝜓𝐷(𝐺) = 1, then both 𝜒∨𝜓𝐷(𝐺) and 

𝜒∧𝜓𝐷(𝐺) cannot be finite. 

Proof In viewing observations 1, 3 and 5, the result is quite possible.   □ 

Observation 8 If 𝐺 is either 𝐾𝑛 or an (𝑛 − 1, 𝑛 − 2) − biregular graph with 𝑛 vertices where 

𝑛 ≥ 4, 𝜒∧𝜓𝐷(𝐺) = 𝑛. 

Proof As 𝐺 possess at least one full vertex, the degree sum of any partition class must range 

from 𝑛 − 2 to 𝑛. But there cannot be any partition class with degree sum 𝑛. So, the only 

possible chromatic similar degree partition is the isolated partition.    □ 

Theorem 9 𝜒∧𝜓𝐷(𝐺) = 2 if and only if 𝐺 is bipartite. 

Proof As 𝜒(𝐺) = 2 if and only if 𝐺 is bipartite, the theorem holds.    □ 

Theorem 10 𝜒∨𝜓𝐷(𝐺) = 𝑛 if and only if 𝐺 is either 𝑟 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 or (𝑟, 𝑟 + 1) − 𝑏𝑖𝑟𝑒𝑔𝑢𝑙𝑎𝑟. 

Proof As 𝜓𝐷(𝐺) = 𝑛 if and only if 𝐺 is either 𝑟 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 or (𝑟, 𝑟 + 1) − 𝑏𝑖𝑟𝑒𝑔𝑢𝑙𝑎𝑟[3], the 

result follows easily.          □ 

Observation 11 𝜒∨𝜓𝐷(𝑇(𝑛, 𝑘)) = 𝑛. 

Proof As 𝑇(𝑛, 𝑘) is a (⌊
𝑛

𝑘
⌋ , ⌊

𝑛

𝑘
⌋ + 1) − 𝑏𝑖𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph, the result follows easily.  □ 

Theorem 12 Let 𝑘 denote the smallest prime number such that 𝑘|𝑛. Then 𝜒∧𝜓𝐷(𝐶𝑛) = 𝑘. 

Proof As 𝐶𝑛 is 2 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, 𝜒∧𝜓𝐷(𝐶𝑛) must be the smallest factor of 𝑛 greater than 1. 

So, 𝜒∧𝜓𝐷(𝐶𝑛) ≥ 𝑘. 

Also, since 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘), we can partition the vertex set of 𝐶𝑛 into 𝑘 independent sets, each 

consisting of 
𝑛

𝑘
 vertices as follows. 

𝑉1 = {𝑣1, 𝑣𝑘+1, … , 𝑣𝑛−𝑘+1}, 

𝑉2 = {𝑣2, 𝑣𝑘+2, … , 𝑣𝑛−𝑘+2}, … ., 

𝑉𝑘 = {𝑣𝑘, 𝑣2𝑘, … , 𝑣𝑛} 

Then 𝜋𝑘 = {𝑉1, 𝑉2, … , 𝑉𝑘} constitute our required min-chromatic degree partition of 𝐶𝑛. □ 

Theorem 13 Let G contain 𝑡(≤ 𝑛) full vertices. Then ⌈
𝐷(𝑉)+𝑡

𝑛
⌉ ≤ 𝜒∧𝜓𝐷(𝐺) ≤ ⌊

𝐷(𝑉)−𝑡

𝑛−2
⌋ if such 

partition exists. 

Proof Let 𝑣1, 𝑣2, … , 𝑣𝑡 be the full vertices of 𝐺. Then in any chromatic similar degree 

partition (if exists), these vertices should form 𝑡 isolated partition classes. 
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Suppose 𝜒∧𝜓𝐷(𝐺) = 𝑘. Then 𝑡 classes namely 𝑉1, 𝑉2, … , 𝑉𝑡 must be isolated. Also, 𝐷(𝑉𝑖) =

𝑛 − 1 for 1 ≤ 𝑖 ≤ 𝑡. Therefore, for the remaining 𝑘 − 𝑡 classes 𝑉𝑡+1, 𝑉𝑡+2, … , 𝑉𝑘, 𝐷(𝑉𝑗) is 

either 𝑛 or 𝑛 − 2 for 𝑡 + 1 ≤ 𝑗 ≤ 𝑘. 

As the degree sum of these 𝑘 − 𝑡 classes is at least 𝑛 − 2,  

Thus, 𝐷(𝑉) = ∑ 𝐷(𝑉𝑖)
𝑘
𝑖=1 ≥ 𝑡(𝑛 − 1) + (𝑘 − 𝑡)(𝑛 − 2) 

                                               = (𝑛 − 2)𝑘 + 𝑡 

This forces that 𝑘 ≤
𝐷(𝑉)−𝑡

𝑛−2
⇒ 𝑘 ≤ ⌊

𝐷(𝑉)−𝑡

𝑛−2
⌋ 

The other side of the inequality follows in a similar way.     □ 

The analogous of this result for max-chromatic similar partition can be stated as follows: 

Theorem 14 Let G contain 𝑡(≤ 𝑛) full vertices. Then ⌈
𝐷(𝑉)+𝑡

𝑛
⌉ ≤ 𝜒∨𝜓𝐷(𝐺) ≤ ⌊

𝐷(𝑉)−𝑡

𝑛−2
⌋ if such 

partition exists. 

The proof is very similar to Theorem 13.       □ 

Theorem 15 𝜒∧𝜓𝐷(𝑊𝑛) = 𝜒∨𝜓𝐷(𝑊𝑛) = {
5 𝑖𝑓 𝑛 = 5

4 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 3)

∞ 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

Proof Clearly 𝑊4 ≅ 𝐾4 and 𝑊5 is (4,3) − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟. 

So, 𝜒∧𝜓𝐷(𝑊4) = 𝜒∨𝜓𝐷(𝑊4) = 4 and 𝜒∧𝜓𝐷(𝑊5) = 𝜒∨𝜓𝐷(𝑊5) = 5 

Now, we consider 𝑛 ≥ 6. Let 𝑉(𝑊𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛} where 𝑣𝑛 be the full vertex. 

Since 𝐷(𝑉) = 4𝑛 − 4, ⌈
𝐷(𝑉)+1

𝑛
⌉ = ⌊

𝐷(𝑉)−1

𝑛−2
⌋ = 4 for 𝑛 ≥ 6. 

Thus by Theorems 13 and 14,  𝜒∧𝜓𝐷(𝑊𝑛) = 𝜒∨𝜓𝐷(𝑊𝑛) = 4 if such partition exists. 

We already see that, in a similar degree partition of 𝑊𝑛, the full vertex can form an isolated 

partition only when 𝑛 ≡ 1(𝑚𝑜𝑑 3) for 𝑛 ≥ 6. [5] 

Thus, the chromatic similar degree partition exists only when 𝑛 ≡ 1(𝑚𝑜𝑑 3). 

Hence, 𝜒∧𝜓𝐷(𝑊𝑛) = 𝜒∨𝜓𝐷(𝑊𝑛) = ∞ whenever 𝑛 ≢ 1(𝑚𝑜𝑑 3) and 𝑛 ≥ 6. 

When 𝑛 ≡ 1(𝑚𝑜𝑑 3), 𝑉1 = {𝑣1, 𝑣4, … , 𝑣𝑛−3}, 𝑉2 = {𝑣2, 𝑣5, … , 𝑣𝑛−2}, 𝑉3 = {𝑣3, 𝑣6, … , 𝑣𝑛−1} 

and 𝑉4 = {𝑣𝑛} is the required chromatic similar degree partition. 

So, 𝜒∧𝜓𝐷(𝑊𝑛) = 𝜒∨𝜓𝐷(𝑊𝑛) = 4 whenever 𝑛 ≡ 1(𝑚𝑜𝑑 3).    □ 

Theorem 16 For 𝑛 ≥ 3, 𝜒∧𝜓𝐷(𝐼𝑛) = 𝜒∨𝜓𝐷(𝐼𝑛) = ⌊
𝑛

2
⌋ + 1. 

Proof The degree sequence of 𝐼𝑛 is (𝑛 − 1, 𝑛 − 2,… , ⌊
𝑛

2
⌋ , ⌊

𝑛

2
⌋ , … ,2,1) and it has one full 

vertex. 

Now, 𝐷(𝑉) =
(𝑛−1)𝑛

2
+ ⌊

𝑛

2
⌋ =

𝑛2−𝑛

2
+ ⌊

𝑛

2
⌋ 
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So, 𝐷(𝑉) = {

𝑛2

2
𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑛2−1

2
𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

Now ⌈
𝐷(𝑉)+1

𝑛
⌉ = {

⌈
𝑛2+2

2𝑛
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌈
𝑛2+1

2𝑛
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

}  

                      = {
⌈
𝑛

2
+

1

𝑛
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌈
𝑛

2
+

1

2𝑛
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                      = {

𝑛

2
+ 1 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌈
𝑛

2
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} as 𝑛 ≥ 3 

Also, ⌊
𝐷(𝑉)−1

𝑛−2
⌋ = {

⌊
𝑛2−2

2(𝑛−2)
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌊
𝑛2−3

2(𝑛−2)
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                        = {
⌊
𝑛2−2𝑛+2𝑛−4+2

2(𝑛−2)
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌊
𝑛2−2𝑛+2𝑛−4+1

2(𝑛−2)
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                        = {
⌊
𝑛

2
+ 1 +

1

𝑛−2
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌊
𝑛

2
+ 1 +

1

2(𝑛−2)
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                        = {

𝑛

2
+ 1 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌊
𝑛

2
+ 1⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} as 𝑛 ≥ 3 

                        = {

𝑛

2
+ 1 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌊
𝑛+2

2
⌋ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                        = {

𝑛

2
+ 1 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑛+1

2
𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

                        = {

𝑛

2
+ 1 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌈
𝑛

2
⌉ 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

} 

Hence, 𝜒∧𝜓𝐷(𝐼𝑛) = 𝜒∨𝜓𝐷(𝐼𝑛) = ⌊
𝑛

2
⌋ + 1 if such partition exists. 

We label the vertices of 𝐼𝑛 as 𝑣1, 𝑣2, … , 𝑣𝑛 such that deg 𝑣𝑖 = {
𝑖 𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1

⌊
𝑛

2
⌋ 𝑖𝑓 𝑖 = 𝑛

} 
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It may be noted that for 1 ≤ 𝑖 ≤ ⌊
𝑛

2
⌋ , 𝑣𝑖 is adjacent to 𝑣𝑛−1, 𝑣𝑛−2, … , 𝑣𝑛−𝑖 , 𝑣𝑛−𝑖 is adjacent to 

𝑣𝑛−1, 𝑣𝑛−2, … , 𝑣𝑛−𝑖+1, 𝑣𝑛−𝑖−1, … , 𝑣𝑖−1, 𝑣𝑖  and 𝑣𝑛 is adjacent to 𝑣𝑛−1, 𝑣𝑛−2, … , 𝑣⌊𝑛
2
⌋+1

 

Case i Let 𝑛 be even. 

Consider 𝜋𝑛
2
+1 = {𝑉1, 𝑉2, … , 𝑉𝑛

2
+1} where 𝑉1 = {𝑣1, 𝑣𝑛−3}, 

 𝑉2 = {𝑣2, 𝑣𝑛−4}, … , 𝑉𝑛
2
−2 = {𝑣𝑛

2
−2, 𝑣𝑛

2
} , 𝑉𝑛

2
−1 = {𝑣𝑛

2
−1, 𝑣𝑛} , 𝑉𝑛

2
= {𝑣𝑛−1} and 𝑉𝑛

2
+1 = {𝑣𝑛−2} 

which is the required chromatic similar degree partition. 

Case ii Let n be odd. 

In this case we take, 𝜋𝑛+1
2

= {𝑉1, 𝑉2, … , 𝑉𝑛+1
2

} where 𝑉1 = {𝑣1, 𝑣𝑛−2}, 

𝑉2 = {𝑣2, 𝑣𝑛−3}, … , 𝑉𝑛−3
2

= {𝑣𝑛−3
2

, 𝑣𝑛+1
2

} , 𝑉𝑛−1
2

= {𝑣𝑛−1
2

, 𝑣𝑛}  𝑎𝑛𝑑  𝑉𝑛+1
2

= {𝑣𝑛−1} which is the 

required chromatic similar degree partition. 

Hence, for any 𝑛 ≥ 3, 𝜒∧𝜓𝐷(𝐼𝑛) = 𝜒∨𝜓𝐷(𝐼𝑛) = ⌊
𝑛

2
⌋ + 1     □ 

Theorem 17 Let 𝐺 ≅ 𝐾1 ∨ 𝑃𝑛−1 where 𝑛 ≥ 4. Then  

𝜒∧𝜓𝐷(𝐺) = {
3 𝑖𝑓 𝑛 = 4,5
4 𝑖𝑓 𝑛 > 5 𝑎𝑛𝑑 𝑛 ≡ 1,2(𝑚𝑜𝑑 3)
∞ 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

and 𝜒∨𝜓𝐷(𝐺) = {
4 𝑛 ≡ 1,2(𝑚𝑜𝑑 3)
∞ 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

}. 

Proof The degree sequence of 𝐺 is (𝑛 − 1,3𝑛−3, 22) and 𝐺 has one full vertex. 

Clearly, 𝐷(𝑉) = 𝑛 − 1 + 3(𝑛 − 3) + 2(2) = 4𝑛 − 6 and so  

⌈
𝐷(𝑉) + 1

𝑛
⌉ = ⌈

4𝑛 − 5

𝑛
⌉ = ⌈4 −

5

𝑛
⌉ = {

3 𝑖𝑓 𝑛 = 4,5
4 𝑖𝑓 𝑛 > 5

} 

and ⌊
𝐷(𝑉)−1

𝑛−2
⌋ = ⌊

4𝑛−7

𝑛−2
⌋ = ⌊4 +

1

𝑛−2
⌋ = 4 as 𝑛 ≥ 4. 

So, if chromatic similar degree partition exists, 𝜒∧𝜓𝐷(𝐺) ≥ {
3 𝑖𝑓 𝑛 = 4,5
4 𝑖𝑓 𝑛 > 5

} and 

𝜒∨𝜓𝐷(𝐺) ≤ 4 for any 𝑛 ≥ 4. 

The chromatic similar degree partition, for the case 4 and 5 are illustrated in Figure 1. 

Now, for 𝑛 ≥ 6, 𝜒∧𝜓𝐷(𝐺) = 𝜒∨𝜓𝐷(𝐺) = 4 if any chromatic similar degree partition exists. 

Let 𝑉(𝐺) = {𝑣1, 𝑣2, . . , 𝑣𝑛} such that deg 𝑣𝑖 = {

3 𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 2
2 𝑖𝑓 𝑖 = 1, 𝑛 − 1

𝑛 − 1 𝑖𝑓 𝑖 = 𝑛
}. 
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Min-chromatic Similar Degree Partition             Max-chromatic Similar Degree Partition  

Figure 1 

Clearly, {𝑣𝑛} forms an isolated partition in chromatic similar degree partition. So, we need 

there more independent classes from {𝑣1, 𝑣2, . . , 𝑣𝑛−1} which are 𝑉1 = {𝑣1, 𝑣4, … }, 𝑉2 =

{𝑣2, 𝑣5, … } and 𝑉3 = {𝑣3, 𝑣6, … }. 

If 𝑛 ≡ 0(𝑚𝑜𝑑 3), then 𝑣𝑛−1 ∈ 𝑉2 and 𝐷(𝑉1) = 𝑛 − 1, 𝐷(𝑉2) = 𝑛 − 1 and 𝐷(𝑉3) = 𝑛 − 3, 

which is not a similar degree partition. 

So, 𝜒∧𝜓𝐷(𝐺) = 𝜒∨𝜓𝐷(𝐺) = ∞ if 𝑛 ≡ 0(𝑚𝑜𝑑 3) 

Next, if 𝑛 ≡ 1(𝑚𝑜𝑑 3), then 𝑣𝑛−1 ∈ 𝑉3 and 𝐷(𝑉1) = 𝑛 − 2, 𝐷(𝑉2) = 𝑛 − 1 and 𝐷(𝑉3) =

𝑛 − 2. 

Also, if 𝑛 ≡ 2(𝑚𝑜𝑑 3), then 𝑣𝑛−1 ∈ 𝑉1 and 𝐷(𝑉1) = 𝑛 − 1, 𝐷(𝑉2) = 𝑛 − 2 and 𝐷(𝑉3) =

𝑛 − 2. 

Hence, 𝜒∧𝜓𝐷(𝐺) = 𝜒∨𝜓𝐷(𝐺) = 4 if  𝑛 ≡ 1,2(𝑚𝑜𝑑 3).     □ 

Theorem 18 𝜒∧𝜓𝐷(𝑇(𝑛, 𝑘)) = {
𝑘 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘) 𝑜𝑟 𝑘 = 1,2 𝑜𝑟 𝑛 = 3,4
𝑛 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} for 𝑛 ≥ 3 

and 𝑘 ≥ 1. 

Proof By Observation 2, 𝜒∧𝜓𝐷(𝐺) ≥ 𝑘. 

Also, the result is obvious when 𝑘 = 1 𝑜𝑟 2 or 𝑛 = 3 𝑜𝑟 4 𝑜𝑟 5. 

Now, the colour classes in the k-colouring partition 𝑛 ≥ 6 consists of ⌊
𝑛

𝑘
⌋ vertices or ⌈

𝑛

𝑘
⌉ 

vertices. 

Without loss of generality, we assume that the colour classes 𝑉1, 𝑉2, … , 𝑉𝑟 (𝑟 ≤ 𝑘) contains 

⌊
𝑛

𝑘
⌋ vertices and 𝑉𝑟+1, 𝑉𝑟+2, … , 𝑉𝑘 contains ⌈

𝑛

𝑘
⌉ vertices. 

2 

1 3 1 

4 

3 2 1 
1 

2 3 2 3 

1 

4 2 3 4 
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deg 𝑣 = {
𝑛 − ⌊

𝑛

𝑘
⌋ 𝑖𝑓 𝑣 ∈ 𝑉𝑖 , 1 ≤ 𝑖 ≤ 𝑟

𝑛 − ⌈
𝑛

𝑘
⌉ 𝑖𝑓 𝑣 ∈ 𝑉𝑗 , 𝑟 + 1 ≤ 𝑗 ≤ 𝑘

} 

So, 𝐷(𝑉𝑖) = {
⌊
𝑛

𝑘
⌋ (𝑛 − ⌊

𝑛

𝑘
⌋) 𝑖𝑓 1 ≤ 𝑖 ≤ 𝑟

⌈
𝑛

𝑘
⌉ (𝑛 − ⌈

𝑛

𝑘
⌉) 𝑖𝑓 𝑟 + 1 ≤ 𝑖 ≤ 𝑘

} 

By taking ⌊
𝑛

𝑘
⌋ = 𝑡, for any 1 ≤ 𝑖 ≤ 𝑟 and 𝑟 + 1 ≤ 𝑗 ≤ 𝑘,  

𝐷(𝑉𝑗) − 𝐷(𝑉𝑖) = {
𝑡(𝑛 − 𝑡) − 𝑡(𝑛 − 𝑡) 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘)

(𝑡 + 1)(𝑛 − (𝑡 + 1)) − 𝑡(𝑛 − 𝑡) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
}

= {
0 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘)

𝑛 − 2𝑡 − 1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
} 

But the case 𝑛 − 2𝑡 − 1 = 1 is impossible when 𝑘 ≥ 3 and 𝑛 ≥ 6. 

Thus 𝜒∧𝜓𝐷(𝑇(𝑛, 𝑘)) = 𝑘 whenever 𝑛 ≡ 0(𝑚𝑜𝑑 𝑘).  

In addition, for any 𝑛 ≥ 6, 𝑘 ≥ 3 and 𝑛 ≢ 0(𝑚𝑜𝑑 𝑘), the only possible chromatic similar 

degree partition is isolated partition and hence 𝜒∧𝜓𝐷(𝑇(𝑛, 𝑘)) = 𝑛.   □ 

Corollary 19 Let 𝐺 be a (𝑛 − 2) − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph, 𝑛 ≥ 3. Then 𝜒∧𝜓𝐷(𝐺) =
𝑛

2
. 

Proof As 𝐺 is (𝑛 − 2) − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, 𝑛 is even. 

Each vertex in 𝐺 is not adjacent to exactly one vertex. So, 𝐺 is 𝑇 (𝑛,
𝑛

2
) graph. 

Hence by the above theorem, 𝜒∧𝜓𝐷(𝐺) =
𝑛

2
.       □ 

Theorem 20 Let 𝐺 be a (𝑛 − 3) − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 graph where 𝑛 ≥ 4. Then  

𝜒∧𝜓𝐷(𝐺) =

{
 
 

 
 
𝑛

3
𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 3) 𝑎𝑛𝑑 𝐺 ≅ 𝑇 (𝑛,

𝑛

3
)

𝑛

2
𝑒𝑙𝑠𝑒 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)

𝑛 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 }
 
 

 
 

 

Proof G can be obtained by removing a spanning cycle or a vertex disjoint union of cycles 

which covers all the vertices of 𝐺, from 𝐾𝑛. 

Case i Let G be obtained by removing vertex disjoint union of 𝐶3′s. 

In this case, 𝑛 ≡ 0 (𝑚𝑜𝑑 3) and 𝐺 ≅ 𝑇 (𝑛,
𝑛

3
). 

So, 𝜒∧𝜓𝐷(𝐺) =
𝑛

3
 

Case ii Let G be obtained by removing at least one cycle of length at least 4. 

Without loss of generality, let 𝑣0, 𝑣1, 𝑣2, … , 𝑣𝑟 , 𝑣0 (𝑟 ≥ 3) be a cycle removed to obtain 𝐺. 

Clearly 𝑣𝑖 is non-adjacent to 𝑣𝑖−1 and 𝑣𝑖+1 where 0 ≤ 𝑖 ≤ 𝑟 and the addition and subtraction 

are taken over modulo 𝑟. 
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Also, 𝑣𝑖−1 and 𝑣𝑖+1 are adjacent in 𝐺. 

So, from these 𝑟 vertices 𝑣1, 𝑣2, … , 𝑣𝑖−1, 𝑣𝑖+1, … , 𝑣𝑟, a maximum of two vertices can be in a 

chromatic similar degree partition whose degree sum will be 2(𝑛 − 3). 

In order to attain the required degree sum, all the vertices in 𝐺 should be partitioned into 
𝑛

2
 

classes of non-adjacent vertices. 

So, whenever 𝑛 ≡ 0 (𝑚𝑜𝑑 2), this partition is possible and so 𝜒∧𝜓𝐷(𝐺) =
𝑛

2
. 

And suppose 𝑛 ≢ 0(𝑚𝑜𝑑 2) or 𝐺 is obtained from 𝐾𝑛 by removal of a cycle of length at least 

4, 𝜒∧𝜓𝐷(𝐺) = 𝑛 as the only possible chromatic similar degree partition is isolated partition. 
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