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Abstract— The aim of this paper is to introduce and study a

new class ¢o ((Smn» |l - llmn), ¥, U ) of double sequences with
their terms in a normed space S as a generalization of the
familiar sequence space ¢, . We investigate the condition in

terms of y and u so that a class is contained in or equal to
another class of same kind and thereby derive the conditions of
their equality. We further explore some of the preliminary
results that characterize the linear topological structures of

the space ¢y (Smn . || - llwn), ¥ . U ) When topologized it with
suitable natural paranorm .
Keywords: Sequence space, Double sequence,

Paranormed space, GK-space.

I.INTRODUCTION

We begin with recalling some notations and basic
definitions that are used in this paper.

Let S be a normed space over C
numbers. Let ®(S) denotes

, the field of complex
the linear space of all

sequences s = (s¢ ) withs, € S, k > 1 with usual
coordinate wise operations .We shall denote ® (C) by ® .
Any subspace S of o is then called a sequence space. A
normed space valued sequence space or a generalized
sequence space is a linear space of sequences with their
terms in a normed space. Several workers like Kamthan
and Gupta [6], Khan [7], Kolk [8], K&the [9], Maddox [11],
Malkowski and Rakocevic [13], Pahari [16,17,18], Ruckle
[21] etc. have introduced and studied some properties of
vector and scalar valued single sequence spaces, when
sequences are taken from a Banach space.

The theory of single sequence spaces has also been
extended to the spaces of double sequences and studied by
several workers. Boos Leiger [3], Gupta and Kamthan [4],
Milovidov and Povolotzki [14], Morics [15], Rao [20] and
many others have made their significant contributions and
enriched the theories in this direction. In the recent years,
Savas [22], Subramanian et al [23] and many others have
introduced and studied various types of double sequence
spaces using orlicz function.

The notion of convergence of a single sequence (a,)
leads to various notions of convergence for a double
sequence (amn) by using many senses. The double sequence
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(amn) in various sequence spaces Co, ¢, £, ¢, depending upon
the mode of m and n tending to infinity lead to several
spaces, see Maddox [12].

A paranormed space (S, G) is a linear space S with zero

element 0 together with a function G : S » R, (called a
paranorm on S) which satisfies the following axioms:

PNyi: G(0)=0; PN;:G (M) =G (-m) foralln S;
PNs:G(n+v)< G(n)+G(v) foralln, v e S;and
PN,: Scalar multiplication is continuous.
Note that the continuity of scalar multiplication is
equivalent to
(i) if G(p)—0 and &, —> Eas
G (& My >0as n— o, and
(if) if& —> 0asn — oo and n be any element in S, then
G (&, n) — 0, see Wilansky [24].
A paranorm is called total if G (n) =0 impliesn = 6.

n — oo, then

The concept of paranorm is closely related to linear metric
space; see Wilansky [24] and its studies on sequence spaces
were initiated by Maddox [10] and many others. Basariv and
Altundag [1], Bhardwaj and Bala [2], Khan [7], Parasar and
Choudhary [19], and many others further studied various
types of paranormed sequence spaces .

Concerning K—property of scalar sequence spaces, see
Kamthan and Gupta [6], GAK—space have been defined for
vector valued sequence spaces and also they are defined for
Banach space valued function space, see Gupta and
Patterson [5]. We now introduce the following definition for
double sequence spaces:

Let V(Smn) be a class of sequences { s = (Smn), Smn € Smn; M,
n > 1}.The topological sequence space (V(Sin),J ) equipped
with the linear topology J is said to be a GK-space if the

map P : V(Sm) — Sj, defined by Pj (s) = sij Is continuous
foreachi, j>1.
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II.,THE CLASS ¢o (S, || - Ilmn), ¥, u) OF DOUBLE
SEQUENCES

Let U = (Upy) and Vv = (Vy,) be any double sequences of

strictly positive real numbers and y = (ymn) and p = (i) be
double sequences of non-zero complex numbers. Let (Syn, ||
. |lmn) smM, N > 1 be normed space over the field C of complex
numbers with zero element 6.We now introduce and study
the following class of Banach space valued double
sequences:

o (Suns I+ llon)s ¥ U) =45 = (Smun): S € Srany M, N > 1, and

Il Yonn Sran [Iim —> 0 @s m + n — oo}

Further, by U = (Upy) € /., We mean sup Umy, < . We
denote A(€) = max(1, |¢|) and the zero element of this class

by 6 =(0yy,) forallmn .
I1l. SOME CONTAINMENT RELATIONS

In this section we investigate the conditions in terms of u

and v, so that a class Co ((Smn, || - [lmn), ¥, U) is contained in
or equal to another class of same kind and thereby derive the
conditions of their equality.

Theorem 3.1: For any ¥ = (ymn), Co (S || - llmn), ¥ 5 U)

- . . liminf vg,
< Co ((Smns | - llmn), v, v ) if and only if M+N— 00 U
0.

Proof: For the sufficiency of the condition, suppose that

the condition hold, and s = (Smn) € Co ((Smns || - ), ¥, U) -
Then there exists a constant K > 0 such that v, > K u,, for
all

sufficiently large values of m,n. Further || ymn Smn [l < 1
for all sufficiently large values of m,n and so

Il Ymn Son Il <l Yoon Sen g )< for all sufficiently large

values of m,n which implies that s € ¢ (Smn, || - [lmn)s ¥ > V
). Hence

Co ((Smn s Il - llmn)s ¥ > u) <o (Smns Il - llin)s v 5V )-

For the necessity of the condition suppose the inclusion
lim inf Vin

Mm+n-—0 U

subsequences (m(k)) of (m) and (n(k)) of (n) respectively

such that

holds, but 0. Then there exist

K Vingo ng < Uy ngr K> 1.
Now taking Zymn € Spn With ”Zmn”mn = 1, we define a

sequence s = (Syn) by
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1/ Umn

S _{ymlnk Zon, m=m(K) , n=n(k) , k>1and

0, otherwise.

Then we see that s € ¢o (Smn, || - [lmn), ¥, U) . Since

1
Um n —_—— vmn -—
1Y meky nciy S meiy nciy ||m((kk))n(("|)<) =i k=1 and |y Smal =

0, otherwise. But for each k > 1,

u — 1, Ym(K) n(k) 7 YUm(k) n(k
1Y meo o S mey nc) llniomgin = K 0 n@y Tmn

>k —-1/k S e—1/2
shows that s & Co ((Smn, Il - llmn), v, U) , @
contradiction. This cmpletes the proof.

Theorem 3.2: Forany ¥ = (ymn)» Co ((Smns || - lan), ¥ » V

)< Co ((Smns | - llmn), v, u) if and only if
lim sup Vi
m+n-—>o Uy

< o0

Proof:

Let the condition hold, and s = (Spn) € Co ((Smn » || -
llnn), ¥ » V) . Then there exists a constant L > 0 such
that v, < L up, for all sufficiently large values of m,n.
Further || ymn Smn Ily" — 0 asm + n — oo together
with

Vinn

Il Yion Sran (152 < (1| Yoo Senn [l2)Yfor all sufficiently large

values of m, n implies that s & ¢o ((Smn || - [lnn)s ¥, U
) and hence

Co ((Srn+ I - [lmn), ? ) V) < Co ((Smn» I - llmn)s ? u.

. . lim sup
Conversely let the inclusion hold but M+ 11 —3 00
Y .
—um” = o.Then there exists subsequences (m(k)) of
mn

(m) and (n(k)) of (n) respectively for each k > 1;

Vi iy < K U mg ngi-
Thus for z,, € Spn With ||Zanllnn = 1 the sequence

s = (Spn) defined as

mn

-1 v

_{y kY'™z m=mk), n=n(k), k=>1and

smrl -
0, otherwise.

isin co ((Smns || - [lon), ¥ » U ) but for each k > 1,

u — IV /u
1Ym0 Smeg ey gy = K mmeone
> kfl/k
> e—l/Z.

This shows that s & ¢ ((Smn.I- [lnn), 7> U),
a contradiction. This completes the proof.
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Theorem 3.3: For any vy = (Ymn),Co ((Smns || - [lmn), ¥ » U

) =¢o((Smn I - llmn)s v, V) ifand only if

liminf vy,
m+n-—>o Uy

limsup Vo

0 < <
m+n-—>o Uy

Theorem 3.4: For any u = (Umn), Co (S || - lln), ¥, U) ©

Co ((Smnv || ' ”mn)v ﬁ ’ G)

Umn

lim inf

. . Ymn
if and only if Mm+n—o | > 0.

Proof:
For the sufficiency of the condition, suppose that
lim inf

Umn

Ymn < _
M+n—>o | um >0and s = (Spn)
€ Co ((Smns I - llmn)s ¥ » U) . Then there exists a constant

}mn u

mn

K >0such that K< " for sufficiently large

values of m, n. Thus
K1 pnn Smn llgme < Il Yo San [l for all sufficiently
large

values of m, n and SO || Ymn Smn [l — O implies that

[[ttmn Smn ||Umn — 0and hence s €y ((Smn, I llmn) u u).
This proves that

Co ((Smn - llmn)s ¥+ U) < Co (S Il - ), 1, U)
For the necessity, suppose that

Umn

lim inf

Yoo | .
m+n — oo . =0. Then there exist

subsequences (m(k)) of (m) and (n(k)) of (n)
respectively such that for each k > 1, K | ¥ mg ngo
|m(k)n < |Wm (k)| mon9

Now for z,, € Spn With ||Zpnllsn = 1, define the

sequence s = (Syn) by

-1
j{ k1 Umn 7
=) mn mn
Smn

[6, otherwise.

,m=m(k), n=n(k), k>1and

mon(k) — l k>1

NOW, [ ¥ mggng S m n( ”m(k)n(k) k'

and || Ymn Smn [li™ = 0, otherwise.

But for each k > 1,

m(k) n(k)

Il ey ny S m@ky iy ||m(k)n(k)

m(k) n(k)

1/ Um@n(k
mion(k) u m(k) n(k) m(k) n(k) ”m(k)n(k)

- -1 k
= 1 Mo n9 Y mengey

_ ‘H m(i) gy | Um® ko 1
Y m(k) n(k) "k

IJERTV31S031181

International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Voal. 3Issue 3, March - 2014

which shows that s € ¢o (Smn, || - lmn), ¥, U) but s

 Co ((Smn || - llmn), 1, U), acontradiction. This
completes the proof.

Theorem 3.5:  For any u = (Umn), Co (Smns || - lnn)s 1, U)
< Co (Smns Il - llmn), v, U)
. . limsup Yo | U™
if and only if Mm+n—w | < o,

Proof:
Let the condition hold, and s = (Smn) € Co ((Smns || - [lmn)s 1

,U) . Then there exists 0 < L < oo such that

Wl ™ < L|pmnl ™, for all sufficiently large values of
m,n and so || Ymn Smn Ilumn Il tnn Smn ”

Umn

implies that s € Co ((Smn, || - llmn), v » U) . This shows

that co ((Smn s Il - [lmn), ﬁ ) a) < Co ((Smns Il - llmn)s ? ' a)

Conversely let

Co (S Il flwn), 1y U) < Co (Smns Il lla), v, U)

Umn

lim su Y .
but P M| = o0, Then there exist
m-+n— oo | Uy

subsequences (m(k)) of (m) and n(k)) of (n)
respectively such that for each k > 1

m(k Um(k)n(k
OO > K g g |,

Now taKing zy, € Smn, such that || g, [l = 1, e

|Ym n(k)|

define the sequence s = (Syn) by

-1 1 umn _
. :{umn K g m=m(d

0, otherwise.

n=n(k),k>1and

1
Then, || g ny S mek) nk) IImrEkk))r"](("ll) =i k=land

Il tnn Smn [l = 0, otherwise

shows that s € Co ((Smns || - llan), 1, U ). But on the

other hand

Il Y ma noy S m@ky iy IIm"E‘lf));‘(kl)() >1, forallk=1

implies that s & co ((Smnl-llmn),y U ) @
contradiction. This completes the proof.

On combining Theorems 3.4 and 3.5 we get :
Theorem 3.6: For any u = (Unn), Co (Smns Il - flmn)s ¥ > U)

=Co ((Smns || - llmn), 1, u) if and only if

Umn

lim inf

Urn limsu
0< Yoo | p Ymn < oo,
m+n—>ow | Uy m+n-—o0 |pm,
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IV. LINEAR TOPOLOGICAL STRUCTURES

OF ¢o ((Smn. I - [lmn), v, U)

In this section, we shall investigate some results that
characterize the linear topological structure of

Co ((Smn» II - llmn), ¥ » U) when topologized it with suitable
natural paranorm . As far as the linear space structure of

Co (Smns I - llnn), ¥ » U ) over the field C of complex
numbers is concerned, we throughout take the

coordinatewise operations i.e., for s = (Spn), t = (tmn) and
scalar &,

S+ = (Smn + tnn) and & S = (ESmn)
and we see below that u e ¢, is necessary and sufficient

condition for linearity of co ((Smn . || - [lmn), ¥, U ).

Theorem 4.1: ¢o ((Smn, || - |lmn), v » u) forms a linear space
over the set of complex number C if and only if u =
(umn) € foc-

Proof:

For the sufficiency of the condition, assume that

s = (Smn), t= (tmn) € Coy ((Smn’ ” .

o 7 U), M, 1 1.50 that |y S [y — O

U= (Upn) € £, and

and [[ymn twn [lim — 0 @as m + n — oo

Then we have
Il Yoo (Smn + tn) ||umrr;;1 < | Yo Smn “lri]mnn + || Ymn tn ||umrr;;1

—0,asm+n— oo,
Hence s+t € ¢o (Smn, Il - lan), ¥, U).

Also it is clear that for any scalar &, £s € o ((Smn, || - llnn)s 7 »
u), since
1€ Y Smn ||ﬁ1mnn = |§|umn Il Ymn Smn “Ummnn

< A v S ll
—>0asm+n— .
Conversely if u = (uy,) ¢ /., then there exist subsequences
(m(k)) of (m) and (n(k)) of (n) respectively such that
U m@ n > Kk for each k > 1.
Now taking z,, € Spn With ||Zgnllme = 1, we a define
sequence s = (Smn) by

S _{ymlnk Zon,m=m(K), n=n(k), k>1and

0, otherwise.

1/ upn
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Then for eachm =m(k) , n=n(k) , k> 1, we have

mn u
Il Yo Smn lgm = 11V mgo g S meig nio llmtiongo

_1

—k,kzl

and || Ymn Smn [ly = 0, otherwise,

shows that s € ¢ ((Smns || - Ilmn)s ¥ » U) .But on the
otherhand, for each m = m(k) , n=n(k) , k > land
for scalar & = 2 we have

Unm(k) n(9

Il i (& Smn) Il = 11 K gy n 2'S i i llngiono
2k
>%> 1

showing that £s & co ((Smn, Il - llnn), ¥ ,U ), @
contradiction. This completes the proof. Hence ¢,
(Smns Il - llmn), ¥ » U) is a linear space if and only if u

= (Unn) € lop -

Consider u = (Um) € £ and s € o ((Smns || - b, ¥, U)
,we define

G, u(g) = SUPmnl| Ymn Smn ”ummnn ..(4.1)

Theorem 4.2 : Let u = (Uyy) € £ and Sy, be a normed

space for each m,n > 1. Then (Co ((Smn, || - llnn)s ¥ U) , Gy)
forms

a total paranormed space.
Proof:
It can be easily verified that G,, defined by (4.1) satisfy
following properties of paranormed space.
PN1: G,u(s)>0and G,,(s)=0ifand onlyif s =0
PN2: G,u(s + t) <G,u(s) +G (1)

PN3: G,u(5s) < A(E) G, ,(s) where & e C.

Throughout the proof of the theorem, G,, will be
denoted by G. Here we prove the continuity of scalar

multiplication i.e., PN4. Further for continuity of scalar
multiplication, it is sufficient to show that

@ ifs " > BinGand & — £ask — w

(b) if &—>Oask—ocoand s € o ((Smn. Il - llwn), v, U)

then & s > 0in Gask — .

Now (a) is easily proved if we suppose that [&| <L
for all k> 1 and consider,

— &)
G(&s )< SUpm,anokIumn SUP mall Yin Smn ”lr:]mnn
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