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Abstract

Recently the author[19] defined bg—Closed
sets and studied many basic properties. In this paper
a new class of maps namely bg— Continuous map and
bg— Open map were introduced in Topological
Spaces and we find some of its basic properties.
Further a new class of bg— homeomorphisms are
also introduced and studied some of their
relationship among other homeomorphisms.

1. Introduction

In 1996, Andrijevic[14] introduced one such
new version called b-open sets. Levine[5] introduced
the concept of generalized closed sets and studied their
properties. By considering the concept of g—closed sets
many concepts of topology have been generalized and
interesting results have been obtained by several
mathematician. Veerakumar[12] introduced g—closed
sets. Recently R.Subasree and M.MariaSingam[19]
introduced bg—closed sets.

Balachandran et al[17] introduced the concept
of generalized continuous maps in topological spaces.
The purpose of this paper is to introduce a new version
of maps called bg—continuous map and bg—open map.
Moreover we introduce the concept of bg—
homeomorphism and we investigated the properties of
all such transformations.

2. Preliminaries

Throughout this paper (X, t) (or simply X)
and (Y, o) (or simply Y) represents topological spaces
on which no separation axioms are assumed unless
otherwise mentioned. Let us recall the following
definitions.

Definition 2.1 : A subset A of a space (X,7) is called a

i) Semi—open set if A E cl[Int (A)]

ii) o—open set if A C Int[cl(Int (A))]

ii) b—open set if A = cl[Int (A)] W Int [cI(A)]

The complement of a semi—open (resp. a—open,
b—open) set is called semi-closed (resp. a—closed, b—
closed) set.

The intersection of all semi-closed (resp. a-
closed, b-closed) sets of X  containing A s
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called the semi-closure (resp. a-closure, b-
closure) and is denoted by scl(A) (resp.
acl(A), bel(A)). The family of all semi-open
(resp. a-open, b-open) subsets of a space X is
denoted by SO(X), (resp. aO(X), bO(X)).

Definition 2.2: A subset A of a space (X,1) is
called a

i) generalized closed (briefly g-
closed) set[5] if cl(A)=U
whenever AZU and U is open
set in (X,1).

i) semi-generalized closed
(briefly sg-closed) set[2] if
scl(A)EU whenever ACU and
U is a semi-open set in (X,1).

iii) generalized semi-closed
(briefly gs-closed) set[1] if
scl(A) =U whenever AZU and
U is open set in (X,T1).

iv) a-generalized closed (briefly
ag-closed) set[7] if acl(A) EU
whenever ACU and U is open
set in (X,1).

V) generalized a-closed (briefly
ga-closed) set[6] if acl(A) EU
whenever ACU and U is o-
open set in (X,1).

vi) d-generalized closed (briefly
dg-closed) set[3] if clo(A)EU
whenever ACU and U is open
set in (X,1).

vii) g -closed set[12] if cl(A) EU
whenever ACU and U is a
semi-open set in (X,1).

viii) ag -closed set[9] if acl(A) EU
whenever ACU and U is g-open
set in (X,1).

iX) gb-closed set[15] if bcl(A) EU
whenever ACU and U is open
set in (X,1).

The complement of a g-closed(resp. sg-
closed, gs-closed, og-closed, go-closed, dg-
closed, g —closed and ag—closed) set is called
g-open (resp. sg-open, gs-open, og-open, go-
open, dg-open, g —open and ag —open) set .
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Definition 2.3: A function f: (X,1)— (Y, o) is called

i)  Continuous[12] if F~1{17) is closed in (X,1)
for every closed set V in (Y, o)

i)  g-continuous [17] if F~*{1") is g —closed in
(X,7) for every closed set V in (Y, o)

iii) g —continuous[20] if £F~({1") is g —closed in
(X,7) for every closed set V in (Y, o)

iv)  ag —continuous[7] if £f~1(1") is ag—closed in
(X,7) for every closed set V in (Y, o)

v)  ag —continuous if F71(17) is ag —closed in
(X,7) for every closed set V in (Y, o)

vi) b —continuous [25] if f~1(1") is b —closed in
(X,7) for every closed set V in (Y, o)

vii)  gb—continuous[25] if f~%(1") is gb—closed
in (X,t) for every closed set V in (Y, o)

viii) gs-continuous[22] if £~1{1"} is gs —closed in
(X,7) for every closed set V in (Y, o)

ix) sg—continuous[24] if £F~1(1") is sg—closed in
(X,7) for every closed set V in (Y, 0)

Definition 2.4: A function f: (X,1)— (Y, o) is called
i) open map[12] if (V) is openin (Y, o) for
every open set V in (X,1)
i) g-open map[23] if f(V) is g-open in (Y, o)
for every open set V in (X,7)
iii) §-open map[12]if f{V)is g—openin (Y, o)
for every open set V in (X,7)
iv) gs—open map[21] if f{V) is gs—open in (Y,o)
for every open set V in (X,7)
v) sg-open map[21] if f{V) is sg—open in (Y,c)

for every open set V in (X,7)

Definition 2.5: A function f: (X,t) —»(Y, o) is called
i) Homeomorphism[12] if f is both
continuous map and open map.

i) g-homeomorphism[23] if f is both g—
continuous map and g—open map.

iii) g-homeomorphism[12] if f is both g
continuous map and g§—open map.

iv) sg—homeomorphism[22] if f is both sg-
continuous map and sg—open map.

v) gs—homeomorphism[22] if f is both gs—
continuous map and gs—open map

3. bg — Continuous functions
We introduce the following definitions:

Definition 3.1: A function f: (X,1)— (Y, o) is said to
be bg — continuous map if £ 1 (V) is bg-closed in (X,t)
for every closed set V of (Y, o).

Example 3.2:Let X=Y={a,b,c}

1= {X, ®, {a}} and
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o=1{Y, ®, {a}, {b}, {ab}.{ac}}

Define a function f: (X,t)— (Y, 0) by

f(a) = a, f(b) = b, f(c) = c. Then f is bg —
continuous, since the inverse  images of a
closed sets {b}, {b,c}, {a,c}, {c} in (Y, o) are
{b}{b,c}, {ac}, {c} respectively which are
bg — Closed in (X,7).

Theorem 3.3:Every continuous map is bg —
continuous.
Proof: Let V be a closed set in (Y, o). Since

is continuous, then £ ~1(V) is closed in (X,1).
Since from[19] Remark 3.23 “Every closed set
is bg — Closed”. Then f ~2(V) is bg — Closed
in (X,t). Hence f is bg — continuous.

Remark 3.4: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be a
continuous map as shown in the following
example.

Example 3.5:Let X=Y={a,b,c}

1={X,®, {a}} and o= {Y, O, {b}}

Define a function f: (X,1) —» (Y, o) by
f(a) = a, f(b) = b, f(c) = c.

Then f is bg- continuous, but not
continuous, since the inverse image of a
closed set {a,c}in (Y, o) is {a,c} which is bg —
closed but not closed in (X,7).

Theorem 3.6:Every g-continuous map is bg —
continuous.
Proof: Let V be a closed set in (Y, o). Since

is g-continuous, then f_i(V) is g-closed in
(X,71). Since from[19] Proposition 3.6, “Every
g-closed set is bg — Closed”. Then f (V) is
bg —Closed in (X,tr). Hence f is Dbg-
continuous.

Remark 3.7: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be a g-
continous map as shown in the following
example.

Example 3.8: Let X=Y={a,b,c}

1= {X, ®,{a},{b}{a,b}}and 6 = {Y, ®,{a,c}}
Definea function f. (X,t) —» (Y, 0) by
f(a) = a, f(b) =b, f(c) = c.

Then f is bg — continuous, but not g-
continuous, since the inverse image of a
closed set {b} in (Y, o) is {b} which is bg —
closed but not g-closed in (X,t).
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Theorem 3.9:Every b-continuous map is bg —

continuous.

Proof: Let V be a closed set in (Y, o). Since
is b-continuous, then f_i(V) is b-closed in
(X,7). Since from[19] Proposition 3.3, “Every
b-closed set is bg — Closed”. Then f (V) is
bg —Closed in (X,r).Hence f is bg -
continuous.

Remark 3.10: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be a b-
continous map as shown in the following
example.

Example 3.11:Let X=Y={a,b,c}

1={X, ®, {a}} and

c={Y, ®, {a}, {b}.{a,b}{ac}}

Define a function f: (X,;1) —» (Y, 0)
by f(a) = a, f(b) = b, f(c) = c.

Then f is bg-continuous, but not b-
continuous, since the inverse image of a
closed set {a,c} in (Y, o) is {a,c} which is bg
— Closed but not b-closed in (X,1).

Theorem 3.12: Every gb-continuous map is
bg — continuous.

Proof: Let V be a closed set in (Y, ). Since
is gb-continuous, then f_i(V) is gb-closed in
(X,t). Since from[19] Proposition 3.18,
“Every gb-closed set is bg — Closed”. Then
FY(V) is bg - Closed in (X,t). Hence f is by
— continuous.

Corollary 3.13:The converse of the above
theorem is also true.

(i.e) Every bg — continuous is gh-continous.
Proof: Let V be a closed set in (Y, o). Since f
is bg-continuous, then f_i(V) is bg -closed in
(X,1). Since from[19] Corollary 3.19, “Every
bg -closed set is gb— Closed”. Then £~ 1(V) is
gb— Closed in (X,r). Hence f is gb-
continuous.

Remark 3.14: The following example shows
the relationship between bg — continuous map
and gb-continous map.

bg — continuous —»  gb-continous
4—

Example 3.15:Let X=Y={a,b,c}
1={X, ®, {a,c}}and

o ={Y, @, {a}, {b}, {a,)b}, {a,c}}
Define a function f; (X, 13— (Y, ©) by
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f(a) = a, f(b) = b, f(c) = c.

bg-closed set in X = {X, @, {a}, {b}, {c},
{a,b}, {b,c}}

gb-closed set in X = {X, ®,{a},{b},{c}.{a,b},
{b.c}}

closed setsin Y = {Y, @,{b},{c},{a,c},{b,c}}
Clearly f is both bg - continuous and
gb-continuous.

Theorem 3.16: Every g-continuous map is
bg — Continuous.

Proof: Let V be a closed set in (Y, o). Since
is g-continuous, then f_i(V) is g-closed in
(X,7). Since from[19] Proposition 3.9,
“Every g-closed set is bg — Closed”. Then
F (V) is bg — Closed in (X,t). Hence f is bg
— Continuous.

Remark 3.17: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be g-
continous map as shown in the following
example.

Example 3.18:Let X=Y={a,b,c}

1={X, @, {a,c}}and

c={Y, ®, {a}, {b}, {a,b}, {a,c}}

Define a function f: (X,71)—» (Y, o) by

f(a) = b, f(b) = a, f(c) = a.

bg-closed set in X = {X, ®,{a},{b},{c},{a,b},

{b.c}}

g-closed set in X = {X, @, {b}, {a,b}, {b,c}}
Then f is bg — continuous, but not g-

continuous, since the inverse image of a

closed set {b,c} in (Y, o) is {a} which is bg —

closed but not g-closed in (X,1).

Theorem 3.19:Every gs-continuous map is bg
— continuous.
Proof: Let V be a closed set in (Y, o). Since f

is gs-continuous, then f_i(V) is gs-closed in
(X,7). Since from[19] Proposition 3.12 “Every
gs-closed set is bg — Closed”. Then F (V) is

bg — closed in (X,r). Hence f is bg —
Continuous.

Remark 3.20: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be gs-
continous map as shown in the following
example.

Example 3.21:Let X=Y={a,b,c}
1= {X, ®, {acj}tand 6 = {Y, @, {a},{a,b}}
Define a function f: (X,t1)— (Y, ) by
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f(a) =c, f(b) = a, f(c) = a.

bg-closed set in X = {X, @, {a}, {b}, {c},

{ab}, {b,c}}

gs-closed set in X = {X, @, {b}, {a,b}, {b,c}}
Then fis bg — continuous, but not gs-

continuous, since the inverse image of a

closed set {c} in (Y, o) is {a} which is bg —

closed but not gs-closed in (X,1).

Theorem 3.22:Every sg-continuous map is bg
— continuous.

Proof: Let V be a closed set in (Y, o). Since
is sg-continuous, then f_i(V) is sg-closed in
(X,t). Since from [19] Remark 3.23 “Every
sg-closed is gs-closed” and from [19]
proposition (3.12) “Every gs-closed set is bg —
closed”, we have “Every sg-closed set is bg —
closed” . Hence f~1(V) is bg — closed in

(X,7). Thus f is bg — Continuous.

Remark 3.23: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be sg-
continous map as shown in the following
example.

Example 3.24:Let X=Y={a,b,c}

1={X, ®, {a}}and o = {Y, D, {a,b},{c}}

Define a function f: (X,t1)— (Y, 6) by

f(a) =a, f(b) = b, f(c) =c.

bg-closed set in X = {X, ©, {b}, {c}, {a,b},

{ac} {bc}}

sg-closed set in X = {X, @, {b}, {c}, {b,c}}
Then f is bg — continuous, but not

sg-continuous, since the inverse image of a

closed set {a,b} in (Y, o) is {a,b} which is bg

— closed but not sg-closed in (X,1).

Theorem 3.25:Every ag-continuous map is bg
— continuous.

Proof: Let V be a closed set in (Y, ©). Since
is ag-continuous, then f_i(V) is ag-closed in
(X,1). Since from[19] Proposition [3.15]
“Every ag-closed is bg — closed”, we have
F (V) is bg — closed in (X,t).Thus fis bg —
Continuous.

Remark 3.26: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be ag-
continous map as shown in the following
example.

Example 3.27:Let X=Y={a,b,c}
1={X, D, {a}, {b}, {a,b}} and
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c={Y, ®, {b}}

Define a function f: (X,t1)—(Y, o) by

f(a) =a, f(b) = b, f(c) =b.

bg-closed set in X = {X, @, {a}, {b}, {c},

{ac}, {b,c}}

ag-closed set in X = {X, @, {c}, {a,c}, {b,c}}
Then f is bg — continuous, but not

ag-continuous, since the inverse image of a

closed set {a,c} in (Y, o) is {a} which is bg —

closed but not ag-closed in (X,7).

Theorem 3.28:Every ag-continuous map is bg
— continuous.
Proof: Let V be a closed set in (Y, o). Since f

is ag-continuous, then f_i(V) is ag-closed in
(X,t). Since from[19] Proposition [3.20]
“Every ag-closed is bg — closed”, we  have
F1(V) is bg — closed in (X,7). Thus f is bg —
Continuous.

Remark 3.29: The converse of the above
theorem need not be true.

(i.e) Every bg — continuous need not be ag-
continous map as shown in the following
example.

Example 3.30:Let X=Y={a,b,c}

t={X, @, {a},{b,c} }and

c={Y, ®, {a},{b},{ab}}

Define a function f: (X,71)— (Y, o) by

f(a) =a, f(b) = b, f(c) =c.

bg-closed set in X = {X, @, {a}, {b}, {c},
{a,b}{a,c}, {b,c}}

ag-closed set in X = {X, @, {a}, {b,c}}

Then f is bg — continuous, but not ag-
continuous, since the inverse image of a
closed set {c} in (Y, o) is {c} which is bg —
closed but not ag-closed in (X,1).

Remark 3.31:The following diagram shows
the relationships of bg — continuous map with
other known existing maps. A — 5, B
represents A implies B but not conversely.

‘ Continuous ‘ | g-Continuous ‘

BN /

sb-Continuous bg continuous

N

‘ gs-Continuows { ‘ sg-Continyous ‘

ag-Contimous

g Contmuous
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4 Applications

Remark 4.1: The composition of two bg -
continuous functions need not be bg — continuous.
For we consider the following example.

Example 4.2: Let X={a,b,c}

t={X, ®, {a},{b},{a,b}}, o = {X, @, {b}} and
n={X,®, {a}}

Define a function f: (X,1}— (X, o) by

f(a) =a, f(b) = b, f(c) =c and

Define a function g: (X,0)}— (X,n) by

g(a) =b, g(b) = ¢, g(c) =a.

Clearly fand g are bg — continuous.

But for a closed set {b,c} in (X,n)

(fog)™Mocr=g7[fHb,cl] =07 {b.c)
= {a,b} which is not bg — closed in (X,t). Hence
f @ gis not bg-continuous.

Definition 4.3: A function f: (X,1) —(Y, o) is
said to be bg — irresolute if f_i(V) is bg-closed in
(X,7) for every bg-closed set V of (Y, o).

Remark 4.4: The composition of two bg —irresolute
functions is again bg — irresolute.

bg — open maps and bg — closed maps

We introduce the following definitions:

Definition 5.1: Let X and Y be two topological
spaces. A map f: (X,1) —¥Y, o) is called bg —open
map if the image of every open set in X is bg-open
in (Y, o).

Definition 5.2: Let X and Y be two topological
spaces. A map f: (X;1) —»(Y, o) is called bg —
closed map if the image of every closed set in X is
bg-closed in (Y, o).

Theorem 5.3: Every open map is bg-open map.
Proof: Let f: (X,1)—»(Y, o) is a open map and V
be a open set in X, then f(V) is a open set in Y.
Since[19] Proposition(3.3), “Every open set is bg-
open set”, we have f(V) is a bg-open set in Y. Thus
fis bg-open map.

Remark 5.4: The converse of the above theorem
need not be true.

(i.e) Every bg-open map need not be a open map as
shown in the following example.

Example 5.5: Let X=Y={a,b,c}

= {X, ®, {ac}}and o = {Y, O,{b}}
Define a function f: (X,1) %) by
f(a) =b, f(b) = b, f(c) = c.

Open setsin X = {X, @, {a,c}}
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bg—opensetinY = {Y, ®, {a}, {b}, {c},
{ab}{b.c}}

Here f is bg — open map, but not a
open map, since the image of a open set {a,c}
in (X, 1) is {b,c} which is bg — open but not
openin (Y, o).

Theorem 5.6: Every g—open map is bg—open
map.

Proof: Let f: (X,;1) —» (Y, o) is a g—open
map and V be a open set in X, then f(V) isa
g-open set in Y. Since from[19]
Proposition(3.6), “Every g—open set is bg—
open set”, we have f(V) is a bg—open set in Y.
Thus fis a bg—open map.

Remark 5.7: The converse of the above
theorem need not be true.

(i.e) Every bg—open map need not be a g—open
map as shown in the following example.

Example 5.8: Let X=Y={a,b,c}

t={X, ®, {a}, {b},{a,b},{a,c}}and

o={Y, ®,{a,c}}

Define a function f: (X,t1)— (Y, o) by

f(a) =b, f(b) = c, f(c) =b.

Open sets in X = {X, ®, {a}, {b},{a,b},{a,c}}

bg— open set in Y = {Y, ®, {a}, {c},

{a,b}{a,c}{b,c}}

g-opensetinY = {Y, @, {a}, {c}, {a,c}}
Here f is bg — open map, but not a g—

open map, since the image of a open set {a,c}

in (X,t) is {a,b} which is bg — open but not g—

openin (Y, o).

Theorem 5.9: Every g—open map is bg—open
map.

Proof: Let f: (X,1) —» (Y, o) is a g—open
map and V be a open set in X, then f(V) isa
g open set in Y. Since from[19]
Proposition(3.9), “Every g—open set is bg—
open set”, we have f(V) is a bg—open set in Y.
Thus fis a bg—open map.

Remark 5.10: The converse of the above
theorem need not be true.

(i.e) Every bg—open map need not be a g—open
map as shown in the following example.

Example 5.11: Let X=Y={a,b,c}

1= {X, ®, {a}, {b},{a,b}}and 6 = {Y, ®,{a}}
Define a function f: (X,t1}— (Y, o) by

f(a) =a, f(b) = b, f(c) =c.

Open setsin X = {X, @, {a}, {b},{a,b}}
bg—opensetsinY = {Y, @, {a},{b}, {c},
{ab}.{ac}}

g-opensetsinY = {Y, ®, {a}}
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Here f is bg — open map, but not a §—
open map, since the image of a open set {a,b}
in (X,t ) is {a,b} which is bg — open set but
not g—open set in (Y, 0) .

Theorem 5.12: Every sg—open map is a bg—
open map.

Proof: Let f: (X,t1) — (Y, o) is a sg—open
map and V be a open set in X, then f(V) isa
sg— open set in Y. Since from[19]
Remark(3.23), “Every sg—open set is bg—open
set”, we have f(V) is a bg—open set in Y. Thus
fis a bg—open map.

Remark 5.13: The converse of the above
theorem need not be true.

(i.e) Every bg—open map need not be sg-open
map as shown in the following example.

Example 5.14: Let X=Y={a,b,c}

t={X, ®,{a,c}}and 6 = {Y, ®,{a}}

Define a function f: (X,t)— (Y, o) by

f(a) =b, f(b) = a, f(c) = b.

Open sets in X = {X, ®,{a,c}}

bg—opensetsin Y = {Y, @, {a},{b}, {c},

{ab}{ac}}

sg-opensetsin Y = {Y, @, {a},{a,b},{a,c}}
Here f is bg — open map, but not a

sg—open map, since the image of a open set

{a,c} in (X,t ) is {b} which is bg — open set

but not sg—open set in (Y, o) .

Theorem 5.15: Every gs—open map is a bg—
open map.

Proof: Let f: (X,t1) —» (Y, o) is a gs—open
map and V be a open set in X, then f(V) is a
gs— open set in Y. Since from[19]
Proposition(3.12),“Every gs—open set is bg—
open set”, we have f(V) is a bg—open set in Y.
Thus fis a bg—open map.

Remark 5.16: The converse of the above
theorem need not be true.

(i.e) Every bg—open map need not be a gs—
open map as shown in the following example.

Example 5.17: Let X=Y={a,b,c}

t={X, ®,{a},{b,c}}and 6 = {Y, D,{a,c}}

Define a function f: (X,t1— (Y, o) by

f(a) =a, f(b) =b, f(c) =c.

Open sets in X = {X, ®,{a},{b,c}}

bg—opensetsin Y = {Y, ®, {a},{c},

{ab}{ac}{b,.c}}

gs-opensetsin Y = {Y, @, {a},{c},{a,c}}
Here f is bg — open map, but not a

gs—open map, since the image of a open set

www.ijert.org

6

International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 2 Issue 10, October - 2013

{b,c} in (X,t ) is {b,c} which is bg — open set
but not gs—open set in (Y, o) .

Remark 5.18: The following diagram shows
the relationships of bg — open map with other
known existing open maps. A ——» B
represents A implies B but not conversely.

1. bg—open map
3. g-open map
5. sg—open map

2. Open map
4. & — open map
6. gs — open map

bg — Homeomorphisms

Definition 6.1: A bijection f: (X,1)—»(Y,0)
is called a bg — homeomorphism if f is both
bg — continuous map and bg — open map.

Example 6.2: Let X=Y={a,b,c}

1={X, ®,{a}}and 6 = {Y, D,{b}}

Define a function f: (X,71)— (Y, 0) by

f(a) =c, f(b) = a, f(c) = b.

bg —closed sets in X = {X,D,{b},{c},{a,b},

{ac}{b.c}}

bg —open setsinY =

{Y,D,{a},{b},{c}.{ab},{b,c}}

sg —closed sets in X = {X,®,{b},{c},{b,c}}

sg-opensetsin Y = {Y,®,{b},{a,b},{b,c}}
Here the inverse image of a closed set

{a,c} in Y is {a,b} which is bg —closed in X

and the image of a open set {a} in X is {c}

which is bg —open in Y . Hence f is bg —

homeomorphism.

Theorem 6.3:Every homeomorphism is a bg —
homeomorphism

Proof: Follows from theorem 3.3 “Every
Continuous map is bg — continuous” and from
theorem 5.3 “Every open map is bg — open
map.
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Remark 6.4:The converse of the above
theorem need not be true.

(i.e) Every bg—homeomorphism need not be a
homeomorphism as shown in the following
example.

Example 6.5: Let X=Y={a,b,c}
1={X, ®,{a},{b,c}}and 6 = {Y, D,{a,c}}
Define a function f: (X,t1)y— (Y, o) by
f(a) =a, f(b) = b, f(c) =c.
bg —closed sets in X
={X,®,{a},{b},{c},{a,b}, {ac},{bc}}
opensetsinY = {Y,D,{a,c}}
closed sets in X = {X,®,{a},{b,c}}
bg —open setsinY =
{Y,®,{a},{c},{a,b},{a,c},{b,c}}

Here the inverse image of a closed set
{b} in Y is {b} which is bg —closed in X but
not closed in X and the image of a open set
{a} in X is {a} which is bg —open in Y but not
open in.

Hence f is bg — homeomorphism, but
not a homeomorphism, since f is not a open-
map and not a continuous map.

Theorem 6.6:Every sg—homeomorphism is a
bg — homeomorphism

Proof: Follows from theorem 3.22 “Every sg—
continuous map is bg — continuous” and by
theorem 5.12 “Every sg—open map is bg —
open map.

Remark 6.7:The converse of the above
theorem need not be true.

(i.e) Every bg—homeomorphism need not be a
sg—homeomorphism as shown in the following
example.

Example 6.8: Let X=Y={a,b,c}
1={X, ®,{a}}and o = {Y, O,{b}}
Define a function f: (X,1— (Y, o) by
f(a) =c, f(b) = a, f(c) = b.
bg —closed sets in X = {X,®,{b},{c},{a,b},
{ac}{b.c}}
bg —open setsinY =
{Y,®,{a},{b},{c},{a,b},{b,c}}
sg —closed sets in X = {X,D,{b},{c},{b,c}}
sg—opensetsin Y = {Y,®,{b},{a,b},{b,c}}
Here the inverse image of a closed set
{a,c} in Y is {a,b} which is bg —closed in X
but not sg—closed in X and the image of a
open set {a} in X is {c} which is bg —open in
Y but not sg—open in'Y.
Hence f is bg — homeomorphism, but
not sg—homeomorphism, since f is not sg—
continuous and sg—open map.
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Theorem 6.9:Every gs—homeomorphism is a
bg — homeomorphism

Proof: Follows from theorem 3.19 “Every gs—
continuous map is bg — continuous” and by
theorem 5.15 “Every gs—open map is bg —
open map.

Remark 6.10:The converse of the above
theorem need not be true.

(i.e) Every bg—homeomorphism need not be a
gs—homeomorphism as shown in the following
example.

Example 6.11: Let X=Y={a,b,c}
1={X, ®,{a,c}}and o = {Y, ®,{a},{b,c}}
Define a function f: (X,71)— (Y, o) by
f(a) =a, f(b) = b, f(c) =c.
bg —closed sets in X =
{X,®,{a},{b},{c}.{ab},{b,c}}
bg —open setsinY =
{qu)’ {a},{b},{c},{a,b},{a,c},{b,c}}
gs —closed sets in X = {X,®,{b},{a,b},{b,c}}
gs—opensetsinY =
{Y.9,{a},{b},{c}.{a,b}{ac}.{b.c}}

Here the inverse image of a closed
set {a} in Y is {a} which is bg —closed in X
but not gs—closed in X hence f is not gs—
continuous, however f is a gs—open map.
Hence f is a bg —homeomorphism but not gs—
homeomorphism.

Theorem 6.12:Every g—homeomorphism is a
bg — homeomorphism

Proof: Follows from theorem 3.6 “Every g—
continuous map is bg — continuous” and by
theorem 5.6 “Every g—open map is bg — open
map.

Remark 6.13:The converse of the above
theorem need not be true.

(i.e) Every bg—homeomorphism need not be a
g-homeomorphism as shown in the following
example.

Example 6.14: Let X=Y={a,b,c}
t={X, ®,{a},{a,b}}and 0 = {Y, O,{a,c}}
Define a function f: (X,1)—» (Y, o) by
f(a) =a, f(b) = b, f(c) =c.
bg —closed sets in X=
{X,®,{b},{c},{a.c},{b.c}}
bg —open setsinY =
{Y.®,{a},{c}.{ab},{ac],{bc}}
g —closed sets in X = {X,®,{c},{a,c},{b,c}}
g-opensetsinY = {Y,D,{a},{c},{a,c}}

Here the inverse image of a closed
set {b} in Y is {b} which is bg —closed in X
but not g—closed in X and for the image of a
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open set {a,b} in X is {a,b} which is bg —open
in Y but not g—open in Y hence f is not g-
continuous and g—open map. Thus fis a bg —
homeomorphism but not g—homeomorphism .

Theorem 6.15: Every g—homeomorphism is a
bg — homeomorphism

Proof: Follows from theorem 3.16 “Every g—
continuous map is bg — continuous” and by
theorem 5.9 “Every §—open map is bg — open

29

map”.

Remark 6.16:The converse of the above
theorem need not be true.

(i.e) Every bg—homeomorphism need not be a
&-homeomorphism as shown in the following
example.

Example 6.17: Let X=Y={a,b,c}
1={X, ®,{a},{a,b}}and

o={Y, ®,{a},{b},{ab}}

Define a function f: (X,t)— (Y, ) by
f(a) =b, f(b) = a, f(c) =c.

bg —closed sets in X =
{X,0,{b},{c},{a.c}.{b.c}}

bg —open setsinY =
{Y,®,{a},{b},{a.b},{ac},{bc}}

g —closed sets in X = {X,®,{c},{b,c}}
g —opensetsin Y = {Y,D,{a},{b},{a,b}}

Here the inverse image of a closed
set {b,c} inY is {a,c} which is bg —closed in
X but not g—closed in X, hence f is not g—
continuous, however f isa g—openin.

Thus fis a bg ~homeomorphism but not g—
homeomorphism.

Remark 6.18: The following diagram shows
the relationships of bg — homeomorphism with
other known existing homeomorphisms.

A —>» B represents A implies B but not
conversely.

www.ijert.org

. bg —homeomorphism
. homeomorphism

g — homeomorphism
. & —homeomorphism
. sg — homeomorphism
. gs — homeomorphism
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