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Abstract— This paper presents analytical and generalized 

expressions of the amounts of occupied resources in a system 

providing several services to its customers. This system can be 

assimilated to a multi-service queue. We considered that the 

required amount of resources for each service are deterministic, 

then random variables amount of resources is studied in second 

part. Analysis carried out on the resource occupations have made 

possible the dimensioning of the total amount of necessary 

resources that must be deployed on the queue server. They are to 

serve the customers up to a certain quality of service in terms of 

the probability of congestion. Reported to a single-service case, 

we found from the analytical expressions established in this work 

the probability of congestion in the Fry-Molina traffic model. The 

obtained results are compared to digital simulations of case 

studies similar to a real system. 

Keywords— Queueing; Dimensioning; Multi-service; Resource 

occupation; Resource sharing 

I.  INTRODUCTION  

The dimensioning of the amount of resources necessary for 

a system guaranteeing a certain quality of service began in the 

era of Erlang [1]. He established a famous Erlang B formula to 

determine the number required channels for a telephone 

network [1][2]. This formula only considers a single service 

(voice service) provided by a system (telephone network) to 

users who request it. Its formula is derived from the study of a 

finite capacity M/M/n/n queue. The results of his studies have 

been developed and extended by many researchers like Palm 

[3], Vaulot & Chaveau [4], Joys [5], Iversen [6] and many 

others. 

Then Iversen [7] studied the case of a multi-service system 

by evaluating the congestion rate of such a system with access 

control. Elastic traffic cases have been developed on multi-

service queueing systems by Hanczewski et al. [8][9]. In [8], 

they proposed a multi-service queue model with SD-FIFO 

(State Dependent FIFO) discipline. This system allocates its 

resources to each class of service in a balanced fairness way. 

They further proposed a generalization of multi-service queues 

used in elastic traffic [10]. 

Other studies on a fairness resource sharing have been put 

forward by Bonald et al. [11] where all the resources are 

available to all service classes and to all the users who present 

themselves in front of the server. An extension of Haddad and 

Mazumdar [12] assesses a certain congestion in such a system. 

Hanczewski et al. [13] have proposed another type of 

discipline called cFIFO (continuous FIFO) for the multi-

service queue. They approximated the convolutional model of 

a cFIFO multi-service queuing system while allowing variable 

rate based on the amounts of unused resources in the server. 

In all these literatures, whether it is in the sharing of 

resources available to all the customers present in the system, 

or either with variable rate, or elastic traffic, the problem arises 

on the total amount of resources that the multi-service server 

queue has for its customers. This article proposes a 

generalization of a multi-service queue, with fixed or random 

amount of resources required for each service class, in order to 

determine the capacity required in the server to provide a 

certain quality of service. Our study is based on the analytical 

determinations of resource occupations in such a generalized 

system. It is also an extension of the work done in [14] and 

[15]. 

II. MODEL DESCRIPTION 

Let be a system sharing its resources through customers 

requesting services. Each customer can request a service i 

requiring a fixed resource 
iR  from the system for a random 

average duration 
i . The arrival rate of customers requesting 

service i from the system is described by a Poisson process of 

intensity 
i . 

By denoting by N the total number of services that this 

system can provide to his customers, assuming that the arrivals 

of customers of each service are independent, we can say that 

the arrival to this system forms a Poisson process whose 

intensity   is expressed by 
1 1

...
N

N ii
   

=
= + + = . The 

rate 
ip  of customers requesting service i is equal to 

/i ip  =  for each i. These two expressions derive from the 

superposition property of independent Poisson processes [16]. 

Let 
iS  be the distribution of the service i duration requested 

by a customer. It is a strictly positive real random variable with 

mean i . The duration of service requested by any customer 

will be denoted by S. From the total probability formula, we 

can express that the cumulative distribution function ( )SF s of 

S is equal to 
1

( ) ( )
i

N

S i Si
F s p F s

=
= , where ( )

iSF s  is the 

cumulative distribution function of 
iS . We will denote by 

( )c

SF s  its complementary cumulative distribution function. 

 

The system is then equivalent to a queue, with a single 

server with a total of R resources. Customers arrive at this 

queue according to a Poisson process of intensity  . The 
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service duration of any customer is a random variable S with 

an average  . These customers will use an amount 
iR  of 

resources  from the queue server depending on the type i of 

service requested. If customers are being served by the system, 

using resources r, the sum of all the amounts of resources used 

by these customers, another arriving customer wanting to use 

an amount of resources less than or equal to R r−  will be 

served immediately. If the amount of resources requested by 

the arriving customer is greater than R r− , then it will be 

queued waiting for a served customer to complete and release 

resources. 

If the initial amount R of resources available in the server is 

infinite, there is a M/GI/  queue (in terms of customers). 

Customers who arrive will be immediately served. 

 
Fig. 1. System description. 

III. ANALYTICAL EXPRESSIONS 

A. Sharing of infinite resources 

We will express the total amount of resources used by the 

customers described in paragraph 2. Note by 
n  the 

probability that the system serve n customers. 

Theorem 

n  follows a Poisson distribution with parameter 

0
( ).c

SF s ds
+

 , i.e. : 

( ) ( )0 0
. ( ) .exp . ( )

!

n n
c c

n S SF s ds F s ds
n


 

+ +

= −     (1) 

Proof 

Let ( )N t be the number of customers being served at instant 

t, assuming that (0) 0N = , and ( ) ( ( ) )n t P N t n = =  the 

probability that the system serves n customers at instant t.  

On the one hand, we denote by 
0( )t tA 
 the process of 

customer arrivals to the queue, and 0( )n nT   their arrival times, 

i.e. the instants of the process. Conditionally on the counting 

measure tA m=  of the process, the random variables 1,..., mT T  

are arranged in ascending order, and uniformly over the 

interval (0, )t . On the other hand, the probability that a 

customer will have a service duration greater than s is 

( ) 1 ( ) ( )c

S SP S s F s F s = − = . Then, the probability that a 

customer arriving uniformly between the interval (0, )t  and 

still being served at time t is equal to 
0

1
( )

t
c

t Sp F s ds
t

=  . 

Conditionally on 
tA m= , the number ( )N t  of customers 

still served at time t is therefore equal to n with a probability: 

( )1
m nn

t t

m
p p

n

− 
− 

 
 

This is due to the fact that n customers are still being served 

(probability 
tp ) at instant t, and therefore m n−  customers 

have finished their services before instant t (probability     

1 tp− ). 

Then, by applying the formula of the total probabilities for 

all the possible values of m, we obtain: 

( )

( )

( ) ( ) ( )

( ) ( ( ) ) ( ). ( ( ) | )

. . . (1 )
!

!
. . . (1 )

! !( )!

.
.(1 ) .(1 )

! ( )! ! ( )!

n t t

m n

m

t n m n

t t

m n

m

t n m n

t t

m n

m n m nnn
tt m n t m nt

t t

m n m n

t P N t n P A m P N t n A m

t m
e p p

nm

t m
e p p

m n m n

t p t tp
e p e p

n m n n m n





 







  

+

=

+
− −

=

+
− −

=

−
+ +

− − − −

= =

= = = = = =

 
= − 

 

= −
−

= − = −
− −







 

( ) ( ) ( ) ( )

( ) ( )

( )
( )

0 0

0

0

.(1 )
! ! ! !

! !

( )

.exp ( )
!

t t

n k n k

t t tt k t

t

k k

n n

t tt tp tpt

n
t

c

S t
c

S

tp t tp t tp
e p e

n k n k

tp tp
e e e

n n

F s ds

F s ds
n

 

  

    

 




+ +
− −

= =

− −−

−
= − =

= =

= −

 




 

Equilibrium is obtained when t tends towards infinity, i.e.: 

( )
( )0

0

lim ( )

( )

.exp ( )
!

n n
t

n
c

S
c

S

t

F s ds

F s ds
n

 




→

+

+

=

= −




 

 

By replacing by the expressions of   and 
SF  within our 

system providing N services to its customers, we therefore 

have: 

1

0
1

0
1 1

. ( )
!

                       .exp . ( )

i

i

n
N

ni N
i c

n S

i

N N
c

i S

i i

F s ds
n

F s ds







+
=

=

+

= =

 
 

  =  
 

  
−  
  




 

           (2) 

Conditionally on the number k of customers that the server is 

serving, we will note 
kr  the amount of resources used by these 

customers. Let ( )P R r  be the cumulative distribution 
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function of the probability that a total amount r of resources of 

this system is used by the customers it serves. 

Thus, we have: 

0

( ) . ( )k k

k

P R r P r r
+

=

 =                            (3) 

where ( )kP r r  denotes the cumulative distribution function 

of the probability that the amount r of resources occupied by 

the k customers is 
kr . 

Now we are assuming that the system serves k customers. 

The cumulative distribution function of the probability that the 

total amount of occupied resources is r is ( )kP r r . 

A customer requesting a service i ( 1,...,i N= ) uses a 

resource 
iR . There are N-tuples of coefficients 

1( ,..., )Nk k  

verifying 
1

.
N

i ii
k R r

=
  such that 

1 ... Nk k k+ + = . 
ik  

indicates the number of customers using the service i among k 

the customers served by the system. 

1

1

1 1

1
,..., 1

...

( ) . ...
,...,

N

N

N N

kk

k N
k k N

k R k R r

k
P r r p p

k k
+ + 

 
 =  

 
             (4) 

where 
ip denotes the probability that a randomly chosen 

customer, from among k served customers, uses the service i, 

i.e. /i ip  = . 

and 
1 1 2

!

,..., ! !... !N N

k k

k k k k k

 
= 

 
. 

The expression of the cumulative distribution function of 

the occupied resources in the system is therefore given by: 

1

1

1 1

1
,...,0 1

...

( ) . . ...
,...,

N

N

N N

kk

k N
k kk N

k R k R r

k
P R r p p

k k


+

=

+ + 

 
  

 =   
  

 

       (5) 

where: 

1

0
1

0
1 1

. ( )
!

                       .exp . ( )

i

i

n
N

ni N
i c

n S

i

N N
c

i S

i i

F s ds
n

F s ds







+
=

=

+

= =

 
 

  =  
 

  
−  
  




 

 

In the following, we will simplify the writing of the 

equation (5) by: 

0

( ) . . i

i

i i

k

k i

k ik i

k R r

k
P R r p

k


+

=



  
 =     

  
    

By adopting the notations 1 1,..., ,  ,...,i N i Nk k k R R R= =  and 

1 1 ...i i N Nk R k R k R= + + . 

B. Sharing of finite resources 

For the case of finite resources, it is obvious to think of a 

M/GI/C queue where C denotes a certain finite capacity of the 

system. But the analytical resolution of this queue is still an 

open problem, and the solutions proposed so far are only 

approximations [17][18][19]. In addition, in our case, we have 

a variable capacity depending on the customers served by the 

system and their requirements in terms of amount of resources, 

so this will further worsen the complexity of our problem. 

In our research, we focus on dimensioning the amount of 

required resources to satisfy customers in their uses of the 

services provided by the system. 

Being given that the system has a capacity C in terms of 

total amount of available resources it can allocate to customers. 

If the requirement of the next customer is greater than the 

amount of available resources in the system, we can say that 

there is a blocking phenomenon. Two scenarios can arise: 

either the customer in question is rejected, or it is put on hold. 

In both these cases, the capacity in terms of amount of 

resources is insufficient. 

On the one hand, if we are going to deploy a lot of resources. 

Some of them may not be used. It is therefore a waste of 

resources. In some cases, the availability of resources is 

chargeable and it will therefore be a loss in terms of 

investment. On the other hand, the deployment of few 

resources can lose some customers as we described in the 

previous blocking phenomenon. It is therefore necessary to 

determine the right total amount of resources to put in place. 

For this, a certain tolerance threshold must be adopted such 

that the probability of rejection or of placing customers on hold 

is less than this tolerance. 

Let's assume that we have deployed an infinite amount of 

resources. For this, the probability of using an amount of at 

most r resources is given by equation (5) recalled below: 

0

( ) . . i

i

i i

k

k i

k ik i

k R r

k
P R r p

k


+

=



  
 =     

  
    

In other words, the probability of using an amount of 

resources greater than C is given by: 

0

( ) . . i

i

i i

k

k i

k ik i

k R C

k
B P R C p

k


+

=



  
=  =     

  
    

We can say that this is the probability of blocking the 

system of capacity C because since from this amount of 

resources C, it can no longer serve more customers. It will be 

called probability of congestion. 

For dimensioning with a tolerance  , the objective is 

therefore to determine a capacity C such that: 

0

( ) . . i

i

i i

k

k i

k ik i

k R C

k
B P R C p

k
 

+

=



  
=  =     

  
             (6) 
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C. What happens in case of single service system and unit 

resource for each customer? 

In this part, we will see the case of a system offering a single 

service in which each served customer uses only a single 

amount of resource. For the case of exponential service 

duration with mean 1/  , we will see that from equations (5) 

and (6), we end up with the BCH (Busy-Calls Held) traffic 

model of Fry-Molina [20][21][22]. 

The number of services provided by the system is then 
1N = . The customer arrival rate follows a Poisson process of 

intensity 
1 = . Since the service duration is exponential, the 

cumulative distribution function of the random variable S of 

service duration is given by ( )( ) 1 expSF s s= − − . The rate of 

customers requesting service 1 is therefore 
1 1p = . 

The cumulative distribution function of the total amount of 

occupied resources, from equation (5), is given by: 

1

1

1 1

1

1

1

1
,...,0 1

...

1

0 0 01

( ) . . ...
,...,

. . .1 ( )

N

N

N N

kk

k N
k kk N

k R k R r

r
k

k k k r k
kk k k

k r

k
P R r p p

k k

k
p k

k



  

+

=

+ + 

+ +



= = =



 
  

 =   
  

 

 
  

= = =  
  

 

 

   

 

where: 

1

0
1

0
1 1

0
1

0
1

. ( )
!

                       .exp . ( )

    . ( )
!

                       .exp . ( )

i

i

i

i

k
N

ki N
i c

k S

i

N N
c

i S

i i

kk N
c

S

i

N
c

S

i

F s ds
k

F s ds

F s ds
k

F s ds











+
=

=

+

= =

+

=

+

=

 
 

  =  
 

  
−  
  

 
=  

 

 
− 
 




 





 

( ) ( )

( )

0 0
    . exp( ) .exp . exp( )

!

1
    . .exp

!

    exp
!

k k

kk

k

s ds s ds
k

k

k


  

 

 




+ +

= − − −

   
= −   

   

= −

 

 

By denoting /  = . 

Then, 

( ) ( )
0 0 0

( ) exp exp
! !

k kr r r

k

k k k

P R r
k k

 
  

= = =

 = = − = −   . 

Thus, equation (6) becomes: 

( )

0

( ) . .

              exp
!

i

i

i i

k

k i

k ik i

k R C

k

k C

k
P R C p

k

k

 


 

+

=



+

=

  
 =     

  

= − 

  



 

By replacing ( )exp −  with 
0 !

k

k k

+

=

 , we find the congestion 

rate 
0

/
! !

k k

k C kk k

 + +

= =

   posed by Fry-Molina in their traffic model..   

We note that this model, which is an alternative to the Erlang 

B formula [1] [2], is used in certain dimensioning of telephony in 

North America. It is observed that this model reflects much more 

the reality of observed traffics compared to the Erlang model [23] 

[24]. 

D. Generalization for random amounts of resources 

requested by customers 

This time, we consider that the amounts of resources 

requested by service i customers are no longer deterministic as 

in the previous paragraphs. Let’s assume that the service i 

customers request a random amount of resource following a 

probability distribution 
iL  with mean 

i . We will denote by 

( )iG r  the cumulative distribution function of the amount of 

resources requested by a customer using service i. 

We still assume an infinite amount of resources available 

from the system server. According to the methodology that we 

adopt in paragraph 3.1, to determine the cumulative 

distribution function ( )P R r  of the resources occupation of 

the system, it is necessary to determine a cdf ( )kP R r  

conditional on k customers served by the system. 

We decompose this number k of served customers into the 

number 
ik  of customers per service such as 1 ... Nk k k= + + . 

We can have 
1 1

!

,..., !... !N N

k k

k k k k

 
= 

 
 possible combinations of 

these customers. For each customer, the probability that he 

uses an amount of resource less than or equal to x is equal to 

( )iG x  if he requested service i (or with a probability of 
ip  in 

other words). 

The probability that all customers then use a total amount 

of resources less than or equal to x for a given vector 

( )1, ..., Nk k  is expressed by: 

( )

( )

1

11

1

1 1 11 1 1 1

...1
 users of service 1

1

 users of service 

( )... ( )
,...,

                                     ... ( )... ( )

NkN

N

N

k

x x xN
k

N N N N N Nk

k N

k
p G x p G x

k k

p G x p G x

+ + =

 
 
 



         (7) 
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where ijx  denotes the amount of resources used by j-th 

customer of service i.  

Equation (7) can be rewritten as a discrete convolution 

product: 
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two functions ( )f t  and ( )g t  with positive variable t, and 

* ( ) ( )*...* ( )nf t f t f t=  the n successive convolution products 

of the function ( )f t  by itself. 

Thus, with all the possible values of the vector ( )1, ..., Nk k  

and all the values of x r , we obtain the cdf ( )kP R r  

conditionally to k customers served by the system: 
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And the cdf of the amount of occupied resources is given 

by: 
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For the case of a finite capacity of resources C, we can 

deduct from equation (9) the probability of the system being 

blocked: 
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It is recalled that this probability must be less than a 

tolerance   for the determination of the sufficient capacity of 

the system. 

Remark: 

When the amount of resources requested by customers, 

regardless of the service used, is an independent and 

identically distributed random variable with a cdf ( )G r , 

equation (9) can be written as: 
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IV. RESULTS AND DISCUSSIONS 

Let’s take a case study of resources sharing between 

customers arriving at a system of a capacity C which will be 

determined. The system can provide one of the N = 4 services 

to each customer. The arrivals of these customers to this 

system form Poisson processes of respective intensity 

1 2 32,  3,  2.5,  = = = 4and 5 = arrivals per unit of time 

for the service i = 1, 2, 3, and 4. By the principle of 

superposition of the Poisson processes, these arrivals form a 

single process with intensity 
4

1
12.5

i i
 

=
= = . 

The amounts of resources required for these services are 

respectively 1 2 3 44,  3,  2,  et 1R R R R= = = =  resources. 

The service durations are assumed to be random following 

an exponential distribution with respective means 

1 2 3 41/ 1/ 3,  1/ 1/ 4,  1/ 1/ 5,  and 1/ 1/ 6   = = = =  units of 

time for the services i = 1 to 4. 

From equation (5), the cumulative distribution function of 

the occupied resources in the infinite capacity system is equal 

to: 

1 4

1 4

1 1 4 4

1 4
,...,0 1 4

...

( ) . . ...
,...,

k k

k
k kk

k R k R r

k
P R r p p

k k


+

=

+ + 

 
  

 =   
  

 

   

Such that /i ip  =  denotes the probability that the 

customer arriving at the system will use the service i. 

And: 
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Curves in Figures 2a and 2b represent this cumulative 

distribution function: 

 

Fig. 2a. Cdf of the amount of occupied resources for an infinite capacity  

 

Fig. 2b. Cdf of the amount of occupied resources for an infinite capacity 

(zoomed in)  

It is obvious from Figure 2a that the deployment of more than 

20 resources does not influence the system. We deduce that the 

probability that the amount of occupied resources is greater than 

or equal to 20 is very small (close to zero). It is therefore not 

necessary to provide more than 20 resources to the system since 

not all of them will be used. 

From these curves and equation (6), we can conclude a 

probability of congestion of 10% when the system has 11 

resources, and this probability becomes 1% with 17 resources. 

We used MATLAB - Simulink to simulate these two values of 

total amount of resources to verify these congestion probabilities.  

Model presented in Figure 3 has been used. The customers 

(users) are generated from the “User of service i” blocks following 

a respective rate 
i  described above. 

 

Figure 3. Resource sharing model for a system having four service-

classes for its users 

The probability of congestion is calculated from the percentage of 

time during which the amount of occupied resources equals to the 

capacity of the system. We then use the parameter 

NbUsedResources in the below algorithm to determine this 

percentage. 

count = 0; 
capacity = 11; 
t = 0:0.01:2000; 
nbUsedResourcesResampled = 

resample(NbUsedResources,t,'zoh'); 
usedResRsmpl = nbUsedResourcesResampled.Data; 
[timeResRsmpl,y]=size(usedResRsmpl); 
for i = 1:timeResRsmpl 
   if usedResRsmpl(i,1)>= capacity 
      count = count + 1; 
   end 
end 
pCongestion = count/timeResRsmpl; 

disp('Capacity = 11'); 
fprintf('The percentage of time the capacity 

is reached : %0.3g \n', pCongestion); 
 

We found the following percentages for a capacity of 11 

resources, and for a capacity of 17 resources at 5000 simulation 

time units. 

 
>>  

Capacity = 11 

The percentage of time the capacity is 

reached : 0.1073 

 

>>  

Capacity = 17 

The percentage of time the capacity is 

reached : 0.0166 

 

These are the probabilities that any user, arriving at a random 

moment, will find all the resources occupied. 

We then found the theoretical results of our model explained by 

the curves of Figures 2a and 2b which are respectively 10% and 

1% for capacities 11 and 17. These results validate the model thus 

established. 
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As a concrete example, the model can be used for the 

dimensioning of codes (resources) of a third generation mobile 

communication network (3G network) which share these codes 

through its customers [25] [26]. This type of network provides 

multiple services, such as: 

 

- AMR voice service: 2 codes needed 

- VP service: 8 codes needed 

- PS R99 DL service: 8 codes needed 

- HSDPA service: 16 codes needed 

 

These results remain valid for the case of non-discrete 

resources. In this case, the amount of resources initially 

available in the system is a strictly positive real number. The 

amounts of resources necessary for each service i can also be 

strictly positive real numbers (not necessarily a non-zero 

natural number). The random variable designating the total 

amount of resources occupied by the customers is then a 

positive real random variable. And the expressions of 

equations (5) and (6) are already carried with the cumulative 

distribution functions which characterize the real random 

variables. 

V. CONCLUSION 

A multi-service system shares its resources through its 

customers according to each customer's requirements for each 

service requested. They arrive on this system according to 

Poisson processes characteristic of each service-class. The 

system is assimilated with a multi-service M/GI/C queue in 

terms of the number of customers. Two cases of capacities in 

terms of amount of resources were considered: the infinite case 

which allowed us to evaluate the distribution of occupancy of 

the queue resources, and the finite case from which we derived 

a probability of congestion from the infinite case. The 

analytical expressions established have made it possible for us 

to dimension the system by determining the amount of 

resources necessary for the server with an admissible 

probability of congestion. From the theoretical result and the 

case study presented, we found that it is quite possible to 

determine this necessary amount since from a certain value of 

the capacity, the characteristic of the system in terms of the 

number of occupied resources does not show much variation. 

We have shown that the result of the Fry-Molina model is 

found from our model and from our result in the single-service 

case. 
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