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Abstract: A linear transformation A:V (F) —)W(F) maps 0, — 0,, that helps to confirm that the range is the subspace of the

vector space W (F) and the null space is the subspace of V (F).

So, if the range space is a plane or a k — dimensional hyperplane in the n — dimensional space, then the null space is a line or an n — k
dimensional subspace. Further, they both have the point of intersection at the origin resulting in the orthogonal complement spaces of
each other.

Since the row space of the matrix of A is range space and the column null space is the null space of A, ifV (F) =W(F), then the

row space and the column null space become the orthogonal complement subspaces of V (F) So, it can be followed that a linear
transformation can be mapped to the Euclidean space or a plane or a line to the zero space or a line or a plane as its orthogonal
complement spaces respectively.

In the present discussion, restricting the discussion to 3 — dimensions, we wish to find a transformation that do not map the spaces
through the origin and that identifies any point in the space at a fixed distance from the given point.

INTRODUCTION:
The set of points at a fixed distance from a fixed point make a sphere in n — space. In a Euclidean space, the standard basis
vectors are the unit vectors along the co-ordinate axes and the representation of an arbitrary point in the Euclidean space is (x, v,
z) which when transformed into the spherical co-ordinate system, the angles between the co-ordinate axes are considered to be
right angles and so, the angle of measure is considered from the positive part of x — axis at the origin to the projection of the
terminal ray is denoted by @ and the angle between the projection and the terminal ray at the origin is denoted by ¢ . For each

unique pair @, and ¢ , we get a unique point identified by the transformation from the given point.
If the fixed point in the space is P(a,b,c) and Q(X,y,z)is any point in the space, then the fixed distance

p= Z(x - a)2 ,0<0< 27 and0 < ¢ < 7 is the radius of the sphere satisfying the conditions

f=tan™! [lj and ¢=cos™ [ij
X P

Chapter 1:
Definition: 1.1: A:[1° —0° given by A(X,y,z)=(pcossing, psin@sing, pcosg) s a transformation for a fixed triad

(p, 0,¢)that can transform any point in the Euclidean space to any other point required depending on the unique triad.

0(0.0,0)
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x(p,0,8)| [pcososing
Al y(p.0,¢)|=| psinfsing
2(p.0,9) L COS ¢
cos@sing -—sing@ —cos@cosy || p
=|sin@sing cos¢# —sinfcosg || O
CoS ¢ 0 sing 0

cosd —singd 0| sing 0 —cosg| p pcosésing
sing cos¢ 0| 0 1 0 0 |=| psingsing
0 0 1ilcosg 0 sing || 0O P COS ¢

Remark 1.2: for each fixed value of ¢, taking 0 <@ <2, a horizontal circle is formed which identifies the locus of the circle
while increasing ¢ by a small angle, the new circle is formed and the family of these circles will form the entire sphere upon
which every point can be identified with the help of the transformation A.

To identify the transformation that uses the spherical co-ordinate system, conveniently, shift the rectangular frame of reference
OXYZ to PXYZ'such that OX &PX',OY & PY',0Z & PZ' are respectively parallel. The new rectangular frame will

identify the point Q(X,y,z) from P(a,b,c) and all those points which are at the constant distance |PQ| = p .
Definition: 1.3: a transformation A:J° —0° given by

A(X(0.0.4),Y(p.0.4),2(p.0.8))=(a+ pcos@sing,b+ psindsin g,c + pcos )
that does not pass through origin for (a,b,c)#(0,0,0).

This transformation can be called a non — homogeneous transformation.

The matrix form of this linear transformation will be

x(p,0,8)| [a+pcosfsing
Al Y(p,0,8) |=| b+ psinfsing

2(p.0,9) C+ pCosg

a cosd -—singd 0} sing 0 —cosg|l p a+ pcosdsing
b|+<|sin@ cos¢ 0| 0 1 0 0 |¢=| b+ psinfsing
c 0 0 lilcosg O sing || 0O C+ pCOS¢

Chapter 2:

Definition 2.1: the shape of polygon P is translation invariant or simply a polygon P is translation invariant under a
transformation  if

A(X(p,0+6.4).Y(p.0+6,.8),2(p.0+6,.9))= A(X(0.6.8).Y(0.0.8).2(.0.9))
For a fixed value of ¢ , the transformation A acts on a circle. Further, for the fixed value of 8 = 2—” the transformation rotates
n

2k
the n — roots of unity {Hk = —”,1£ k<n&n> 3} by treating them as the vertices, they form a regular n — gon joining them
n

in the order of rotation, which is translation invariant under the transformation A.

Definition 2.2: a group (G, u) is a translation group if the operation s is a metric or a geometric operation on it.
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Theorem 2.3 : a group formed by 7 = {Ok = 2k—ﬂ /1<k<n&nzx 3} under additional of angles ¢ ® “is a translation group.
n

Clearly addition of angles is a metric on a circle.
For each fixed value of¢,0<¢ <, the non homogeneous transformation defines a circle (a circle horizontal if it is

. . . . . 2k .
considered to be in the Euclidean space) upon which for a particular value of 6, = —”,13 k <n, the translation group under
n

2k7r®2j7r _ 2(k+j)x

0,D0, = mod27,1<k, j<n&n>3
n n n
See that OSZk—ﬂ<27z&O£21—”<27zresultin O<2k—7r ZJ—ﬂmOdZH'SZﬂ'
n n n n

But, if the resultant angle is equal to 27z, then we consider it as 0 or &, _represent the vertex of the n —gon upon the positive

part of the x - axis.
This verifies that 7 is closed under ®.

2k N 2(n—k)ﬂ'

6, is the member of zsuch that 6, ®6,_, =(
n n

]mod 27 = 06,, which verifies the identity and inverse
axioms.

Note: the translation is geometrically invariant. However, this is the source of discussion for the permutation groups with
instances of dihedral group.
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