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INTRODUCTION:

An Engineering student once said, “Mathematics
is when numbers are put into equations’. This statement
obviously contains an element of truth. One cannot expect
engineering students to perceive mathematics in the same way
as professional mathematicians usually do, yet the professional
engineer must acquire not only empirical but also abstract
understanding of mathematics. It seems that the objective of
teaching mathematics to engineering students is to find the
right balance between practical applications of mathematical
equations and in-depth understanding. In this paper | discuss
this balance and some practical ways of achieving it based on
my experience of teaching thermofluids to engineering and
energy students at Brighton University. The achieved results
are discussed based on self-assessment forms completed by
the students.

NEED FOR MATHEMATICS IN ENGINEERING

It should not be taken for granted that engineering
students understand the need to study mathematics in the first
place. Although my subject is not mathematics but thermo
fluids, it inevitably contains a number of mathematical
equations which 1 tried to explain in detail. When, after the
first few lectures of the course, | asked my students to
complete feedback forms, about 80% of the students
complained that my course was too academic. One of the
students tried to describe this general mood by writing: We are
mostly not academics but practical engineers; we forget what
we are told but never forget what we see or discover for
ourselves!" It was clear that | made at least two mistakes in
designing my course. Firstly, the theory was indeed not
properly balanced with practical applications. Secondly, the
need for the theoretical part was not well explained at the
beginning of the course. | had to put things right in order to
complete the course successfully. There are obvious “natural’
limits to the depth of the mathematical analysis. If we don't set
these limits we can, in theory, end up studying topology (the
foundations of mathematics) ad infinitum. Our brain may be
working very hard, but its direct contribution to the science of
engineering would be negligible. On the other hand, there are
not so many objects that can be physically touched in modern
engineering. For example, one cannot “touch' the boundary
layer of a supersonic aircraft or the inside of a working
internal combustion engine. In order to study them one needs
to describe them as abstract concepts in terms of mathematical
equations. This means that mathematics is indispensable for
the engineering community, but the depth of its study is bound
to be limited. The best “practical' approach to mathematics is
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to understand it as a language for describing physical and
chemical laws. From this point of view understanding an
engineering problem means the conversion of this problem
into a physical and/or chemical problem, and its formulation in
terms of mathematical equations. Note that the fact that
predictions of theory agree with observations does not
necessarily mean that the theory is correct. For example,
Ptolemy's theory of the heavens was in good numerical
agreement with observations over two * Accepted 25
September 1997.

NUMBERS AND FORMULAE

If engineering students are asked to solve a
simple problem of finding the temperature distribution
between two parallel plates at temperatures T1 and T2
provided that thermal conductivity between these plates is
constant, some of them might find it difficult. On the other
hand, the same problem can be reformulated in numbers: Two
parallel plates are kept at temperatures 2008C and3008C6 a
part. The thermal conductivity between these plates is 10Wm1
K1. Calculate the temperature at the point which is 3 m from
the first plate. In this case, almost everybody will promptly
answer that the temperature is equal to 2508C. The reason for
this is very simple. Most engineering students think in terms
of numbers rather than in terms of abstract concepts. For this
reason, students who experience difficulties with simple
analytical calculations can turn out to be very good in practical
applications. This does not mean that we should avoid dealing
with abstract concepts altogether for the reasons already
discussed. This means, however, that every new abstract
concept needs to be accompanied by plentiful numerical
examples. For example, if one just introduces Wien's law for
blackbody radiation (T ~ const) and moves on to the next
topic, most students just forget it by the next lecture. On the
other hand, if a lecturer spends some time illustrating this law
by practical examples then it eventually registers. In other
words, referring to referential aspects of students' experience,
numbers lead the engineering students from surface to deep
knowledge (see [4, 5]). Referring to organizational aspects of
their experience, numbers help make the transition from an
atomistic cognitive approach to a holistic approach, that is,
students start understanding the problem as a whole, rather
than concentrate on its parts [5, 6]. Note that the reverse
process takes place in the mathematical student’s community:
deep and holistic approaches are related in most cases to their
concentration on formulae, while surface and atomistic
approaches appear at the stage of working with numbers (this
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observation is based on my own experience as a student, and
the discussion of the matter with other students).

When | started my course | assumed that the
students felt comfortable with algebraic manipulations. After
the first few lectures, however, | understood that this
assumption does not always hold. None of the students have
problems in solving the equation ax = b and obtain the
solutions x © b=a. However, if the same equation is written in
a slightly more complicated way, say, as:

DIFFERENTIAL EQUATIONS

Differential equations, even relatively simple ones, seem to be
a stumbling block for many students. My experience suggests
that the simplest way of tackling this problem is to avoid it
altogether by guessing the solution rather than solving the
equation. For example, if we take the equation: d2 y=dx2 ~ 0
then it should be just proven that: y © Cix ¥ C2is its solution
by direct substitution of this expression for y into the original
equation. Another approach to the problem is to rewrite the
original equation as: dz=dx = 0 where z ~ dy=dx. Then it
should be explained to the students that the derivative of a
constant is zero, so that the solution of the equation for z can
be written as: z~ C1 Remembering the definition of z, this
equation can be rewritten as: dy=dx = C1 Then students can
be explained that derivative of: y~ Clx f C2is equal to C1.
Hence y© Cix f C2 is the solution of the original equation.
Based on my experience, this rather lengthy approach to the
problem pays off and the students begin to understand more
complicated types of differential equations and their
application to engineering problems. Note that on many
occasions students are not confident in the concept of
derivative itself. One teaching method of introducing this
concept is based on the discussion of velocity as a “natural
derivative' [8, 9]. VECTORS AND TENSORS Even simple
manipulations with vectors, such as summation and
subtraction can cause problems if students are not prepared for
them. A one dimensional problem could be a good starting
point. One can consider the problem of calculating the velocity
relative to the platform of two passengers in a moving train
walking in opposite directions to each other inside this train.
This problem can be easily visualized and students can recall
their own experience. Students should really become very
confident with this simple problem before they move on to the
problem of summation and subtraction of vectors in three-
dimensional space. The product of a vector and a scalar and
the scalar product of vectors do not cause too many problems
if they are explained in detail. The vector product is often a
stumbling point. In practice it seems to be more efficient to
deal with the components of the vector product rather than
with the general equation written in vector form (cf. the
Gestalt theory as discussed by Laurillard [10]). The basic
concepts of vector analysis such as gradient, divergence and
curl can look rather intimidating to some of the students. They
can be introduced if necessary, but it seems better to avoid any
general manipulations. Instead, the analysis can be focused on
simple limiting (one or two dimensional) cases when the
expressions for gradient, divergence or curl can be presented
in simple forms. Tensor analysis is normally excluded from
the

TEACHING METHODS

Formal lectures In spite of all criticism of formal
lectures (see [4]) they still remain the main teaching method
used. Formal lectures alone are not particularly effective in
teaching mathematics because of a number of reasons.
Mathematical courses are built in such a way that if a student
misses a key concept at the beginning of the lecture, the rest of
the lecture can be lost for him or her. Besides, every student
has his or her own pace of acquiring mathematical knowledge.
The pace of the lecture can be too slow for some students and
too quick for others. Finally, formal lectures can deprive
students from using their initiative, encouraging surface/
atomistic rather than deep/holistic learning (see [11] for the
discussion on this subject). The obvious way of overcoming
many of these problems is to give students motivation [5]
although in practical terms this can often be difficult to
achieve. Alternatively, these problems can be resolved if
formal lectures are used in conjunction with other teaching
methods. These may include compulsory reading of the
recommended textbooks, detailed handouts, small group
teaching and formative assessment. All these methods, which |
have implemented into various parts of my course, will be
briefly discussed in the following subsections.

Compulsoryreading Recommending a particular
book as complementary reading often proves to be inefficient.
Many students ignore this recommendation and try to base
their learning exclusively on the lecture notes. Others start
reading but become stuck somewhere and eventually drop the
book altogether. It seems that the most efficient way ahead is
to link specific sections of the recommended book with the
corresponding parts of the lecture course. This can be
explicitly indicated in handouts as compulsory reading for a
particular topic. Part of the lecture time can be spent on giving
an overview of the book material and highlighting the most
important concepts. | adopted this approach and it was well
received by the majority of students. The main problem with
this reading was unavailability of books in the library and their
high cost for students in the bookshops. Handouts Handouts
are particularly relevant for teaching mathematics.

They save a lot of students' time which would
otherwise be spent on copying formulae from the whiteboard.
Also they prevent unavoidable mistakes during this process. In
most cases | used the handouts as printed copies of overheads
(4 or even 8 overheads can be copied onto a double-sided A4
page). They also included some extra material, not presented
in standard textbooks for compulsory reading. There are two
main pitfalls with handouts.

Firstly, overly detailed handouts discourage some
students from active participation in the lecture. This can even
make them disruptive. Secondly, the handouts may sometimes
restrict the flexibility of the lecture. These problems were
avoided when the handouts presented the highlights of the
lecture (key formulae) rather than a detailed presentation of
the contents of the lecture. Small-group teaching Various
methods of small-group teaching have been extensively
discussed (e.g. [11, 12]). Unfortunately the scope of
application of these methods for teaching mathematics to
engineering students is rather limited in practice. In what
follows | will briefly describe just three methods, based on my
own recent experience.
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Individual learning under supervision. The idea of
introducing this method came along when | planned the work
of the third year students in Computational Fluid Dynamics
(CFD) laboratory on learning how to solve problems using
CFD packages. The backgrounds of the students varied
considerably. Some of them had spent a year working with
CFD packages and were very confident in using them. Others
had no idea about these packages at all.

Any centralized tuition of this group of students, say
via asking them to perform operations with the code
simultaneously, would have been inappropriate. Instead, |
have prepared detailed handouts, describing the tasks expected
to be performed by the students, and allowed them to work at
their own pace. | stayed in class during the whole period of
students' work 148 S. S. Sazhin but intervened in this work
only when | was asked to do so.

When there were several students seeking for help
simultaneously then | was helped by other students who were
strong in the subject. There were no general breaks during the
three hours session, but the students were allowed to leave the
room and to return at any time provided that they do not
produce noise. At the end of the work they prepared the
reports which were individually assessed. Since this approach
to teaching was not traditionally used, students were asked for
their feedback comments. Their answers are summarized in
Table 1.

The questionnaires were anonymous, but from the
following discussions with students an impression was gained
that the unhelpful verdict was made by the most experienced
students who thought that they did not gain much of this
laboratory.

In future | plan to use the same approach to teaching
the second year students when their computer experience is
about at the same level. Also | plan to introduce more
advanced tasks as options to challenge the strongest students.
Individual tuition. Some sort of individual tuition is inevitable
because of the students' different abilities and backgrounds.

The best way of doing this is to encourage students to
come with their problems to the lecturer's office. Sometimes
5+10 minutes discussion can put students back on track. This
time spent with students can also be used to receive additional
feedback from the class. Another way of promoting individual
tuition is to come to the classroom a bit earlier, and not to be
in a hurry to leave it. This encourages some students to
approach to the lecturer with their problems. Fishbowl. It is
sometimes useful to invite one of the students to the
whiteboard to solve a particular problem. This turns into
individual tuition in front of the class. The class, however,
almost never remains passive. As a result a productive
dialogue is established with the whole group. We can get
immediate feedback from the class and this also keeps
students alert, since anybody can be called to the whiteboard.
Fishbowl can be practiced in conduction with so called “quiet'
time when everybody is encouraged to think the problem
through in silence. Consultation hour. The idea behind the
consultation hour was to provide an extended version of
individual tuition. During this hour | had no preplanned
activities and just stood in front of the class taking questions
from the audience.

Students were encouraged to enter the room and
leave it at any time during this hour provided that they kept
quiet. For example, there was no point for somebody to stay in
the room while | answer a question which is well understood
by him or her. Originally this consultation hour was designed
to help the weakest part of the class. In practice, however, it
was attended mainly by the most hard working students.

Formative assessment. The main problem with
assessments in British Universities is that they are in most
cases summative rather than formative [14+17]. Students
sometimes have little or no idea of why they receive a
particular mark. Moreover, they often do not have a clear
understanding of what is expected from them at the exams. |
have attempted to overcome these problems by introducing
spot tests for my first year students. There were three spot tests
during the term. Most of them were suggested during the last
20 minutes of the lectures.

Students were asked to solve a problem in class
and hand the solution over to me for assessment. They were
allowed to use books and any notes, but they were not allowed
to communicate between themselves. Sometimes the
suggested problems were taken from their homework. This, as
well as the fact that spot tests were offered without warning,
was intended to encourage students to work consistently
during the term rather than just before the exams. If students
missed spot tests without good reason then they received zero
mark. The averaged mark for the spot tests contributed to the
final mark for the subject.

The main benefit in the spot tests, in my view, was
not in this mark, but in the individual comments which | made
in students' papers. In these comments | tried to explain in
detail what was wrong and how this could be improved. My
aim was to justify each individual mark using the same
marking principles as in actual exams. Since this work was
very time consuming, some cutcorners were inevitable and
hence this aim was only partially achieved.

This, perhaps was reflected in the feedback forms
from the students when they were asked to comment on the
usefulness and fairness of this assessment. The students'
replies are summarised in the Tables 2 and 3. Since the
feedback forms were anonymous, and students avoided
writing specific comments | can only guess about the reasons
behind their comments. | strongly suspect that those students
who found my assessment unhelpful were the weakest
students who submitted totally wrong solutions in which case |
usually wrote no comments at all. Note that there were
relatively few students who found my assessment fair. |
believe that this attitude could be overcome if I worked out
more.

CONCLUSION

Engineering students need to have it explained to
them why knowledge of mathematics is essential for their
future practical work. Mathematics should be regarded as a
language for expressing physical, chemical and engineering
laws. All general equations should be illustrated by practical
numerical examples in order to encourage a deep/ holistic
approach to students' learning. Necessary steps in the
manipulation of algebraic equations should be highlighted.
Rigorous solutions of differential equations can be replaced by
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checking that a particular function satisfies this equation. It is
beneficial to start studies of vector properties with a simple
one-dimensional case using the Gestalt theory. Formal
lecturers should be supplemented by compulsory reading,
handouts, elements of small group teaching and formative
assessment. The analysis of self-assessment forms completed
by students show that their progress in understanding physical
concepts is much more visible than their progress in
understanding mathematical concepts
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