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ABSTRACT

In this paper, we have studied the Mathai’s definitions of the Kampe de Fériet’s

functions, the Lauricella functions of matrix arguments in complex case.
1. INTRODUCTION

Techniques of Mathai [1,2] for positive symmetric matrix, we define Kampé de
Fériet’s, Lauricella and other functions of matrix argument in complex case. All matrices
used in this paper are hermitian positive definite. All the matrices appearing in this paper are
p x p real Hermitian positive definite and meanings of all the other symbols used are the same
as in the work of Mathai [1,2]

FUNCTION OF MATRIX ARGUMENT IN THE COMPLEX CASE :

We consider real valued scalar function of a single matrix argument of the type Z =

X +iY where X and Y are p x p matrices with real elements and i=+-1 as well as

scaler functions of many matrices Zi , 1=1,2, ..., K where each Zi is of the type Z

above in the real case. We confined our discussion to the situation where the argument matrix
was real symmetric positive definite. This was done so that the fractional power of matrices
and functions of such matrices could be uniquely defined. Corresponding properties are of we
restrict to the class of Hermitian positive definite matrices.

Definition : Hermitian positive definite matrix due to Mathai [3], We will denote the

conjugate of Z by Z if Z hermitian, then Z = Z*, that is

Z=7Z* = X+iY=(X+iY)*=X +iY’
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Thus X is the symmetric and Y is skew symmetric. Further if Z is hermitian positive

definite, then all the eigen values of Z are real and positive.
Further, matrix variate gamma in the complex case is

= Ml—(a)l—(a—l) ....... I'(a-n+1)
[, (a) i

We will use the notation Z >0 to indicate that Z is hermitian positive definite.
Constant matrices will be written without a tilde whether the elements are real or complex
unless it has to be emphasized that the matrix involved has complex elements. Then in that

case a constant matrix will also be written with a tilde.
2. DEFINITIONS
2.1 The Kampé de Fériet’s function

of matrix arguments is defined as that class of functions for which the M-transform is the

following:

PP

Y

po =P

M(Fra* )

s:m;n

[
X>0Y>0

wl@) ) ) o STe
F { B X, Y}dXdY

sim;n (as

e {176 117 )

{l_i[fp(b pl)}{f[fp pz)}fp(pl)fp(pz)

=1

c _
{ﬁFpB -p, HHF e pz)}

for Re(pl,pz,aj - P, —pz,jzl,...,r;ocj - P, —pz,jzl,...,s;bj -p.,)=1...,0;

. (2.1)

B =P i=L.m;c —p, i =1 Ky, —p,, j=1..,n)>p-1
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2.2 The Lauricella function

Fr) = F/(j)(a,bl,...,bn;cl,...,cn;—x

A

of matrix arguments is defined as that class of functions which has the  following matrix

transform:

pq-P pn-P

X1

X,

= L . - — = ..(2.2)
I}(&){%ﬁ!I}(bj)}{lj!I}( J__pl>}
forRe(bj—pj, j—pj,pj,a—pl—...—pn)>p—1;j:1 ..... n.
23 F"=F"a,,..a,,0,,..b,;c-X, .= X;)
MFM)= [ o [ IXS X
X1>0  Xp>0
Fé”’(al,...,an,bl,...,bn;c;—)~(1 ..... —)~(n)d)~(1...d)~(n
LT, 5K, b, -0 F )
=—r .(2.3)
H{Fp(ai)rp(bj)}rp(c_pl_"'_pn)

for Re(aj—pj,bj —pj,pj,c—pl—...—pn)>p—1;j:1 ..... n.

~ ~

24 FM = FC(”)(a, b,C,,..., cn;—Xl,...,—Xn)

~

S, |P1P
X [PX
0
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T E)TIR @ -p - p-p.—mp) i E}RASCT.M;;izz:sz:;tzt
= I

= = ..(2.4)

f‘p (a)fp (b ljfp (Ci a pi)}

forRe( —p,ppa—p, — .—pn,b—pl—...—pn)>p—1;j:1,...,n.

25 FY=F"a,b,,...b,;c-X,,..=X,)
MED)= [ o [ R [
> X1>0  Xp>0 "
Fg”)(a,bl,...,bn;c;—>~<1,...,—>~<n)d>~<1...d>~<n

= = ...(2.5)

for Re(bj —pj,pj,a—pl—...—pn,C—pl—...—pn)> p-Lj=1..,n.

3. KAMPE DE FERIET’S FUNCTION OF MATRIX ARGUMENTS

Theorem 3.1
F111212|:a : B’A‘;B ’7\' ; _ 5‘(’_?:| - _ _ Fp(l"l)~p(l"l )~ %
ISR Fp(}”)rp(“_}”) p(}”) p(“_}”)
I e ~ e — 1) — 1)~ -
(IO N =g =V " x ﬁ(a,B,B';y;—u%xu%,—v%vv%)jUdv
00

..(3.2)
for Re(%, ALu—A, u'—k’) >p-1
Proof: From definition (2.1) we deduce that,

PP p2—P

X

(Flllzlz) = J. J. ‘ Y

X>0 Y>0
Fm{a BRI
111 e T
YIW WG

—f(,—\?}df(d\?

p(u')~p(0t~ ) (B pl)f( p)X
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p (l"l _p 2 )

for Re(Plipz’a_Pl_Pz’B_Plik_PpB'_Pz’}V'_Pz’Y_Pl_Pz’M_PpM'—Pz)> p_l

|

Now taking the M-transform of the right side of eq.(3.1) with respect to the variables

)~(, Y and the parameters p,, p, respectively, we have,

~

Y

py P

TV (B 0RO VR JaRaY -63)

[ I
X>0Y>0
Applying the transformations,

X, = 04X0%, ¥, = VARV

~

"%, and %, =[O, %,

:‘\7”\7‘ ) in the

dX.dY, =V

(implying therebyd)~(1 = ‘0
expression (3.3) and then making use of Mathai’s definition of M-transform of an Appell’s

function F; we get,

—

BT, (B, (v —p,—p,)

Substituting this expression on the right side of eq. (3.1) and integrating out the variables

y)f (p1)~p(p2 )fp(a — P, _pz)f (B —p )f‘ (B'_p ) ...(3.4)

‘~ =L\~ P2 (

0 and Vin the resulting expression by using a type-1 Beta integral we finally obtain
M(F]flz) as given by eq. (3.2)

4. LAURICELLA FUNCTIONS OF MATRIX ARGUMENTS

Theorem 4.1

T TR - QS g

~Bn_p n . . < v T v T —
T \P,ﬁ>(a,Bl,...,Bn_l,yl,...,yn,—xl,...,—xn_l,— %XHT%)iT

..(4.0)

for Re(B,)>p -1

Proof: Taking the M-transform of the right side of eq. (4.1) with respect to the variables

~

X,,..., X and the parameters p,,...,p, respectively, we get
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L IR OB it = 1Ko X T KT g g,
X1>0  Xp>0
..(4.2)
which on applying the transformation
Y, =T%XT" with dY, =[T] dX
n-1
- Flapp LG =HITE G0
‘T Al WAl o PN .(4.3)

T, (o) {ﬁrp(ﬁi)}{gfp(v,- - P,-)}

i=1

Substituting this expression on the right side of eq. (4.1) and then integrating out T in the
resulting expression by using a Gamma integral produces M(F/i”)) as given by eq. (2.2).

Theorem 4.3

000y Brreens By V=X =X, )

- = 1 J' Y )Tﬁn F’Ein)(ocl,...,ocn,Bl,...,Bn_l;y;—f(l,___, X T% y)ﬂ-
p(Bn)'T'>0
..(4.9)
for Re(Bn)> p_l
Theorem 4.5

F et Biyy ¥ =X =X, )

— 1 I e_tr(f)-‘Fa_p\{lz(n)(B;’Yl""”Yn;_T%ilf%,---,_f%;(n-?%)jf (45)
1—‘p(OL)'TBO

for Re(a)>p—1

Theorem 4.6

~

F e Byrens By i 1i—Xone =X, )

~(Bn-p

(D”)(oc,[31,...,[3n_1;y;—)~(1,..., X T}/2 y)ﬂ ...(4.6)
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