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Global behavior of third order system of rational difference equations *

M. N. Qureshi T A. Q. Khan ¥ Q. Din $

Abstract

In this paper, our aim is to study the dynamical behavior of third-order system of rational
difference equations
ATp—2 A1Yn—2
s Yn+1 = )
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where the parameters «, 3, v, a1, 581, 71 and initial conditions zg, *_1, T_2, Yo, Yy—1, Y—2 are
positive real numbers. Some numerical examples are given to verify our theoretical results.
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1 Introduction and preliminaries

The theory of difference equations occupies a central position in applicable Analysis. There is no
doubt that the theory of difference equations will continue to play an important role in mathematics
as a whole. In applications Nonlinear difference equations of order greater than one are of great
importance. Such equations also appear naturally as numerical solutions of differential and delay
differential equations which model various diverse phenomena in biology, ecology,physiology, physics,
engineering and economics. It is very interesting to investigate the dynamical behavior of positive
solutions for system of higher-order rational difference equations.

C. Cinar [1] investigated the periodicity of the positive solutions of the system of rational difference

equations:
1 Un
Tntl = — Yn+t1= — -
Yn Tn—1Yn—1
S. Stevi¢ [2] studied the system of two nonlinear difference equation:

Unp, Wn,

Tn+1 = m» Yn+1 = ma
n n

where u,,, v,, Wy, S, are some sequences T, Or Y.
S. Stevi¢ [3] studied the system of three nonlinear difference equations:

A1Tn—2 y a2Yyn—2 > aszzn—2
y Yn+1 — y An+1 — )
b1Ynzn—1Tn—2 + 1 bo2pTp—1Yn—2 + C2 b3TpYn—12n—2 + C3
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where the parameters a;, b;, ¢;, i € {1,2,3} are real numbers.
Ignacio Bajo and Eduardo Liz [4] investigated the global behavior of difference equation:

Tp—1

Tp4+1 =
a+br,_ 1z’

for all values of real parameters a, b.
S. Kalabusié¢, M. R. S. Kulenovi¢ and E. Pilav [5] investigated the global dynamics of the following
systems of difference equations:

o1 + ﬁll'n _ Y2Yn
A + Boxp + Yn .

Tp41 =

A. S. Kurbanli, C. Cinar, I. Yal¢inkaya [7] studied the behavior of positive solutions of the system of
rational difference equation:

Tn—1 Ynal = Yn—1
YnTn—1 + 1 n+ TpYn—1 +1
N. Touafek and E.M. Elsayed [9] studied the periodic nature and got the form of the solutions of the
following systems of rational difference equations:

o

Tn—3 y L= Yn—3
1tz 3yn1 " Al tyn 3wn 1

Tp4+1 =

Similarly, N. Touafek and E.M. Elsayed [10] studied the periodicity nature of the following systems of
rational difference equations:
Yn Tn

x = =
M () LT g T (E L £ )

Recently, Q. Zhang, L. Yang, J. Liu [11] studied the dynamics of a system of rational third-order
difference equation:

Ln—2 Yng1 = Yn—2
B+ ynYn—1Yn—2 > A+ zpzy_ 1252 ’

Tp4l = n=0,1,---.

Our aim in this paper is to investigate the dynamical behavior of positive solution for third-order
rational difference equations:
QT2 Yt — Q1 Yn—2

) +1 — )
B+ YTnTn_1Tn_a’ " B1 + YnYn—1Yn—2
where the parameters «, 5, 7, a1, B1, 71 and initial conditions xg, z_1, *_9, Yo, Y_1, Y_2 are
positive real numbers.

Let us consider six-dimensional discrete dynamical system of the form:

Tpi1 = n=0,1,---. (1)

Tn4+1 = f(fUn,$n71,$n—2,ymyn717yn—2), (2)

Yn+1 = Q(l”n,ﬂ?nfl, xn*2aynaynflayn*2)a n = 07 17 T,

where f : I3 x J? — I and g : I? x J3 — .J are continuously differentiable functions and I, .J are some
intervals of real numbers. Furthermore, a solution {(x,, yn)}o> 4 of system (2) is uniquely determined
by initial conditions (z;,vy;) € I x J for i € {—2,—1,0}. Along with the system (2) we consider the
corresponding vector map F' = (f, zp, Tn—1,Tn—2,9, Yns Yn—1,Yn—2). An equilibrium point of (2) is a
point (Z,7y) that satisfies

T = f(,2,2,9,9,9)

gy = 9(&,z,%,59,9)

The point (Z,y) is also called a fixed point of the vector map F'.
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Definition 1. Let (z,y) be an equilibrium point of the system (2).
(1) An equilibrium point (Z,q) is said to be stable if for every e > 0 there exists 6 > 0 such that for
0

every initial condition (z;,v;), i € {—2,—1,0} || Z (i, i) — (7, 9)|| < 6 implies ||(xn, yn) —(Z,9)|| < e
i=—2
for all n > 0, where ||.|| is the usual Euclidian norm in R2.
(ii) An equilibrium point (Z,q) is said to be unstable if it is not stable.
(m) An equilibrium point (Z,7y) is said to be asymptotically stable if there exists n > 0 such that

I Z zi,yi) — (Z,9)|| < n and (xn, yn) — (Z,9) as n — 0.
1=—2
(iv) An equilibrium point (Z,q) is called global attractor if (xyn,yn) — (Z,y) as n — oco.
(v) An equilibrium point (z,y) is called asymptotic global attractor if it is a global attractor and
stable.

Definition 2. Let (Z,y) be an equilibrium point of the map

FWZ:(f,xn,$n,1,$n42,g,yn,yn71,yn72)

where f and g are continuously differentiable functions at (z,y). The linearized system of (2) about
the equilibrium point (z,y) is
Xn+1 = F(Xn) = FJXna

Tn
Tn—1
Tn—2

Yn
Yn—1
Yn—2

where X, = and F is Jacobian matriz of the system (2) about the equilibrium point (Z,7).

To construct corresponding linearized form of the system (1) we consider the following transfor-
mation:

($n7xn417xn427ynvyn717yn—2) — (fafl?jé’gaglng)a (3)
where f = 5+’YIEC:;Z len 20 9= 51+'YloéJlnyynn121ynf2’ fr=an, f2 = Zn-1, 91 = Yn, 92 = Yn—1. The Jacobian

matrix about the fixed point (z,y) under the transformation (3) is given by

A A B 0 0 o
1 0 0 0 0 0
Fy@y) =10 0 o ¢ ¢ b
0 0 0 1 0 0
0 0 0 0 1 0
where A= — 90 p=_0ob o __omit anqp=_%b
(B+~T3)%? (B+~z3)%? (Br+m17°)? (Br+mz®)?
Theorem 1. For the system X,11 = F(X,), n=0,1,---, of difference equations such that X be a

fized point of F. If all eigenvalues of the Jacobian matriz Jp about X lie inside the open unit disk
IA| < 1, then X is locally asymptotically stable. If one of them has a norm greater than one, then X
s unstable.

2 Main results

Let (Z,y) be an equilibrium point of system (1), then for a > 8 and a7 > (31 system (1) has following
two equilibrium points: Py = (0,0), P; = (A, B), where A = (*=£ > )é and B = (¢ Bl)i
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Theorem 2. Let (z,,,yn) be positive solution of system (1), then for every m > 0 the following results
hold:

Q

0<z, <(5)" Mo g, if n=3m+1,

™

Q

0<z, <(5)"Mz_q, if n=3m+2,

™

0<m, < (5" e, if m=3m+3,
ﬂm—&—l . _
OSynS(B) Yo, if n=3m+1,
1
A1 \m+1 ; _
Ogyng(ﬁi) Y-1, an_3m+27
1

0< yn < (%)m“yo, if n=3m+3,
1

Proof. The results are obviously true for m = 0. Suppose that results are true for m =k > 1, i.e.,

0<z, < (%)k+1x_2, if n=3k+1,
0<z, < (%)kﬂx,l, it n=3k+2,
0< < (5) a0, if n=3k+3,
0<yn < ()Y 0y if n=3k+ 1,
i
OT\k+1 . _
Ogyné(i) Y-1, 1fn_3k:+27

B
XL+l - _

ogyng(ﬁ—) yo, if m=3k+ 3,
1

Now, for m = k + 1 using (1) one has

QT3k+1 QT3k41 «a
0 < 3444 = < < (2)FPay,
B 4 VT34 37342031 B B
QT3442 QT3k42 O\ g
0 <3145 = < < (5)"2r_q,
B+ YT3k4+4T3k4+3T3k42 B B
Q3543 QT3k+3 O\ g
0 < 23416 = < < (%) xo,
B+ Y3k 5Y3k+4Y3k+3 B B
Q1Y3k+1 A1Y3k+1 a1\ k12
0 < ysgpa = < < (5 Py,
B1 + V1Y3k+3Y3k+2T3k+1 B B1
Q1Y3k+2 A1Y3k+2 01\ k12
0 < yspts = < < (5)"Py-a,
B1 + V1Y3k+4Y3k+3Y3k+2 B B1
A1Y3k+3 A1Y4k+3 A1\ 42
0 < yspt6 = < < (=)""yo
B+ 1+ + 1y3k4+5Y3k+4Y3k+3 B1 B1 ’

O]

Theorem 3. For the equilibrium point Py of Equation (1) the following results hold:

(i) If « < B and a1 < [, then equilibrium point Py of the system (1) is locally asymptotically
stable.

(ii) If o > B or ay > B, then equilibrium point Py is unstable.
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Proof. (i) The linearized system of (1) about the equilibrium point Py is given by:

Xnt1 = Fy(Py) Xy,

2, 00900 o
Tp—1 10 000 O
| 2o lo1o000 o0
where X,, = " and F;(0,0) = 00000 %
Yn—1 00 010 O
Yn—2 000 01 0
The characteristic polynomial of F;(Fp) is given by
(e aq ]
PO) =X — (= + )N+ —. 4
) (B 51) BB @

The roots of P(A) are £5 and +3! repeated roots. Since [§| <1 and |3 <1, whenever o < § and
a1 < B1. Thus, by Theorem 1 Py is locally asymptotically stable.

(ii) It is easy to see that if & >  or a1 > (1, then there exists at least one root A of Equation (4)
such that |A\| > 1. Hence, by Theorem 1 if « > § or a; > (1, then (0,0) is unstable. O

Theorem 4. If a < 8 or oy < 1, then positive equilibrium point Py of Equation (1) is unstable.

Proof. The linearized system of (1) about the equilibrium point P; is given by:

Xn+1 = FJ(Pl)Xn7

Tn
o1 —1#85-14+2 2 o 0 0
Tp—2 1 0 0 0 0 0
Tn—3 0 1 0 0 0 0
where X,, = " and Fj(Py) = 0 0 0 —14 % 14 % % ,
Yn—1 0 0 0 1 0 0
Yn—2 0 0 0 0 1 0
Yn—3
One of the roots of characteristic polynomial of F;(P;) is given by % Hence, by Theorem 1 if
[1 > oy then P; is unstable. O

Theorem 5. Let a < 8 and a1 < [, then the equilibrium point Py of Equation (1) is globally
asymptotically stable.

Proof. For a« < 8 and a1 < fq, from Theorem 3 P is locally asymptotically stable. From Theorem
2, it is easy to see that every positive solution (z,,yy) is bounded, i.e., 0 < z, < pand 0 <y, < v
for all n =0,1,2,---, where p = max{zx_9,x_1,20} and v = max{y_2,y_1,y0}. Now, it is sufficient
to prove that (zy,yy) is decreasing. From system (1) one has

ATp—2
Tn+1
n+ B+ VYTnTn—1Tn—2 ’
QTp—2
< < Tp—29.
- B
This implies that x3,+1 < T3n—2 and 3,44 < Y3p+1. Also
Ynp1 = QYn—2
+
" B4 YYnYn-1Yn—2

AYp—2
S g < Yn-—2-
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This implies that y3p4+1 < 23,—2 and y3p44 < T3n4+1. Hence, the subsequences {3,411}, {T3n+2}, {3043}
and {ysn+1}, {ysnt2}, {ysnts} are decreasing. Therefore the sequences {x,} and {y,} are decreasing.

Hence, lim z, = lim y, = 0. O]
n—oo n—oo

3 Rate of Convergence

In this section we will determine the rate of convergence of a solution that converges to the unique
positive equilibrium point of the system (1). The following result gives the rate of convergence of
solution of a system of difference equations

Xni1 = (A+ B(n)) Xn, (5)

where X,, is an m-dimensional vector, A € C™*™ is a constant matrix, and B : ZT — C™*™ is a

matrix function satisfying
[1B(n)]| =0 (6)

as n — oo ,where || - || denotes any matrix norm which is associated with the vector norm
1,9l = Va? + 2

Proposition 1. (Perron’s Theorem)[?] Suppose that condition (6) holds. If X, is a solution of (5) ,
then either X, = 0 for large n or

T 1/n
p= tim (1 )7, @
or X

no0 || X |

exists and is equal to the norm of one the eigenvalues of the matrixz A.

Assume that lim x, = Z and hm Yn = y. First we will find a system of limiting equations for
n—oo

the map F'. The error terms are glven as

2 2
$n+17f:ZAi($n7i7 +ZB Yn—i — Y ynﬂfy—zc xnlfi)+ZDi(yn,ifg).
i=0 i=0
Set el = x, — 7 and €2 = y,, — 9, one has
2 2 2 2
eiLH = Z Agel .+ Z Bie? ., 6721+1 = Z Ciel . + Z Die? ..
i=0 i=0 i=0 i=0
2
ayx H Tp—4
where Ay = — =1 LA = — 2‘17572%72 Ay = — . aB

1=0

2
(/34-7 H xn—i) (B+7Z3)

=0

([3+7 1T 3371—@’) (B+72%)

=0
2
11y H Yn—i
=1

(ﬁ+v 1T xn—i) (B+72%)

B; = 0fori € {0,2}, C; = Ofori € {0,2}, Dy = — - Dy =— NP yn=2 :
(ﬁ1+“/1 H ynl) (B14+m753) (514-’}’1 H ynz) (B14+m73)
=0 i=0
Dy = — 5 a1 ’
(514—”/1 H yn_i) (Bi4+719%)
=0
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. .. . . ayz3 ) . af
Taking the limits, we obtain nh_)n(f)loAi = B+ for i € {0,1}, nh_{r;oAz = Br
=3
o : o ‘ o amy .
lim B; = 0 for i € {0, 2}, Jlim G = 0 for i € {0, 2}, Jim D; = Br+mpP)? for i € {0,1},
: _ aip o : B
nh_)rgo Dy = (CETTOE So, the limiting system of error terms can be written as E,+1 = Fj(0,0)E,,
ol
n
6711—1
where where F,, = 6252 . Using proposition (1), one has following result.
n
€n—2

Theorem 6. Assume that {(x,,yn)} be a positive solution of the system (1) such that li_>m Ty = I,
n—oo
and lim y, = y, where (Z,5) = (0,0). Then, the error vector E, of every solution of (1) satisfies
n— o0

both of the following asymptotic relations

[ Ent]]

oo || By

. 1 _ _
Jim ([ B, ))» = [AF(2,9)], = |AFy(2,9)l,

where AFj(Z,y) are the characteristic roots of the Jacobian matriz F;(Z,y) about (0,0).

4 Examples

In order to verify our theoretical results we consider several interesting numerical examples in this
section. These examples represent different types of qualitative behavior of solutions to the system of
nonlinear difference equations (1). All plots in this section are drawn with mathematica.

Example 1. Consider the system (1) with initial conditions x_o = 7.9, x_1 = 0.19, 29 = 1.2, y_o =
3.6, y_1 = 2.3, yo = 9.1. Moreover, choosing the parameters a = 970, 8 = 990, v = 110, a3 =
770, 51 =790, v1 = 90. Then, the system (1) can be written as:

970xy,—2 770yn—2

_ = n=0,1,.--, 9
990 + 110272y 12n2’ 7" 7 790 + 0Unyn10ma’ )

Tn+1

n=20,1,--- and with initial conditions x_o =7.9, x_1 =0.19, g =1.2, y_2 =3.6, y_1 = 2.3, yg =
9.1 .The plot of system (9) is shown in Figure (1) and its global attractor is shown in Figure(2).

Example 2. Consider the system (1) with initial conditions x_9 = 2.9, x_1 = 0.19, 9 = 1.2, y_o =
3.6, y_1 = 5.3, yo = 1.1. Moreover, choosing the parameters o = 197, § = 199, v = 210, a; =
177, p1 =179, v1 = 190. Then, the system (1) can be written as:

o 197$n72 _ 177yn,2
T 199 1 21022 12n—2’ T 179 4 1909nyn 1Yn_2’

Tp+1 n=0,1,---, (10)

n=20,1,--- and with initial conditions x_o = 2.9, x_1 =0.19, g =1.2, y_9 =3.6, y_1 = 5.3, yg =
1.1 . The plot of system (10) is shown in Figure (3) and its global attractor is shown in Figure (4).
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Figure 1: Plot of system (9)

E ]

)

5 100 150 200

Figure 3: Plot of system (10)
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Figure 4: An attractor of system (10)
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Conclusion

In the paper, we investigate some dynamics of a six-dimensional discrete system. The system
has two positive equilibrium points. The linearization method is used to show that equilibrium point
(0,0) is locally asymptotically stable. The main objective of dynamical systems theory is to predict
the global behavior of a system based on the knowledge of its present state. An approach to this
problem consists of determining the possible global behaviors of the system and determining which
initial conditions lead to these long-term behaviors. In case of higher-order dynamical systems, it is
very difficult to discuss global behavior of the system. Some powerful tools such as semiconjugacy
and weak contraction cannot be used to analyze global behavior of system (1). In the paper,using
simple techniques to prove the global asymptotic stability of equilibrium point (0,0). Some numerical
examples are provided to support our theoretical results.
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