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Abstract-In this paper, the free vibration behavior of laminated sandwich spherical shell with viscoelastic core are presented. Based
on the first order shear deformation theory (FSDT), the theoretical formulations for analyzing the free vibration of the laminated
sandwich spherical shell are established. The displacement components of the viscoelastic core are expressed as those of base and
constraining layers by using continuity condition. The displacement fields of the laminated sandwich spherical shell are expanded by
the Ultraspherical polynomials in meridional direction and Fourier series in circumferential directions. The accuracy and reliability of
the presented method on the free vibration of laminated sandwich spherical shell with viscoelastic core are verified by comparing to the
vibrational analysis results of published literatures and finite element software ABAQUS. Finally, the effects of some parameters on the
frequency parameters and modal loss factors of the laminated sandwich spherical shell are presented, which contributes to the
preliminary design of the laminated sandwich spherical shell with viscoelastic core.
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1. INTRODUCTION

Composite shells are widely used in various fields
such as aerospace, ships and civil engineering due to their
excellent properties. In particular, sandwich shell structures
are widely used in various engineering applications due to
their superior characteristics such as high vibration and
noise reduction ability caused by the large shear
deformation of the viscoelastic core [1, 2]. Therefore, the
study on the dynamic characteristics of the sandwich
structures has attracted a lot of interest of many researchers
[3, 4].

Yang et al. [5] studied the vibration and damping
characteristics of the sandwich conical shells and annular
plates with arbitrary boundary conditions including classical
and elastic ones by using a simple and efficient modified
Fourier solution. Wang et al. [6] presented a semi-analytical
method for the free vibration analysis of the functionally
graded (FG) sandwich doubly-curved panels and shells of
revolution with arbitrary boundary conditions. Bardell et al.
[7] presented the vibration study of a general three-layer
conical sandwich panel based on the h-p version of the
finite element method. In their study, the h-p finite element
formulation of sandwich panel was derived based on a set of
trigonometric assumed displacement functions. Singha et al.
[8] investigated the free vibration behavior of rotating
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pretwisted sandwich conical shell panels with functionally
graded graphene-reinforced composite (FG-GRC) face
sheets and homogenous core using finite element method in
conjunction with HSDT. Sofiyev and Osmancelebioglu [9]
demonstrated the effectiveness of functionally graded
coatings in the vibration of sandwich truncated conical
shells. In their study, the governing equations were
established by using FSDT and Donnell kinematics
assumptions. Jin et al. [10] developed an accurate solution
for the vibration and damping characteristics of a three-
layered passive constrained layer damping (PCLD)
cylindrical shell with general elastically restrained
boundaries by means of the modified Fourier—Ritz method
in conjunction with Donnell shell assumptions and linear
viscoelastic theory. Sahu et al. [11] conducted the free
vibration study of doubly curved sandwich shell panels
having a core of viscoelastic material, constrained by a
functionally graded material (FGM) layer by using finite
element method (FEM) in framework of FSDT. Sobhani et
al. [12] implemented the free vibration analysis of sandwich
composite joined conical-cylindrical-conical shells made of
three layers including two face sheets and one core using
FSDT and Donnel shell assumption.

Meanwhile, researchers proposed different numerical
methods such as FEM [11,13], differential quadrature
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method [14-16], pb-2 Ritz method [17], Non-Uniform
Rational B-Splines (NURBS) method [18-21], spectral-
Tchebychev solution technique [22,23], dynamic stiffness
method [24-26], meshfree method [27,28], Haar wavelet
method(HWM) [29-32] for the dynamic analysis of
composite shells and plates.

This study focuses on the free vibration and damping
characteristics of laminated sandwich spherical shell with
viscoelastic core by the Ritz method with Ultraspherical
polynomial as displacement function. The theoretical
formulations for vibration analysis are established based on
the FSDT. Using the continuity condition in interface
between the layers, the displacement components of the
core are replaced by those of base and constraining layers.
The displacement component of the sandwich shell are
approximated by using Fourier series in conjunction with
Ultraspherical polynomials. The accuracy and reliability of
the proposed method are verified through the comparison
with the results of published literature and finite element
software ABAQUS. Finally, the effects of the parameters
such as geometric dimension, boundary condition,
lamination structures and material property on the vibration
and modal loss factor of the laminated sandwich spherical
shell with viscoelastic core are presented though some
numerical examples.

2. THEORETICAL FORMULATIONS

2.1. Model Description

Fig. 1 shows the diagram of a laminated sandwich
spherical shell which is composed of the laminated base
layer and constraining layer, the viscoelastic core.
Orthogonal curvilinear coordinate systems (¢, 0, z) are set
on the middle surfaces of each layer. R: and h: (&=s, v, )
mean the radius and thickness of each layer, in which the
subscripts s, v, and ¢ denote the base layer, core layer and
constraining layer, respectively.

Fig. 1. Geometry and coordination of laminated
sandwich spherical shell with viscoelastic core.

2.2 Governing equation
In this paper, the displacements at any point of each
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layer are derived based on FSDT as follows [1, 2, 10];
u; (¢.6,2,t)=ul(p,0.t)+24, . (9.6.1),
V(002072 (000424, (000, (@O
W (9.0,2,t)=w’(p,0,t)

0 ,,0

;e and wP

middle surface of each layer in the ¢, 6 and z directions,

respectively.

By using the displacement continuity between layers,
the displacements of the core layer can be replaced by those
of the base and constraining layers:

where u denote the displacements in

1 h  h
UV:E uS+uC+_‘//(ps__‘//¢C !

2 2
1 h, h,
Vo =R(UC—U5—7V/WS—?WW} )
WL WL | ?
2 2 2
1 h, h,
Vo :E(VC -V _?Vlas _?Wﬁc]
The strains at any point of each layer can be expressed

as [1, 2]:
_ 0 _ 0
Eps TEps T LN per Epr T Eps T L0
_ 4,0 _ .0 _ .0
Yooe =Vooe T 2Xpos0 Vore = Vorer Vore = Vore

where ¢,z 9 and y,0¢ indicate the normal and shear
strains at any point of each layer, y,. and ys. denote

transverse shear strains. In addition, gg,g, ggvf and

3)

Voo.erVonr Von,c d€NOte the strains in the middle surface of
each layer, x,., 7, and x,, . denote the curvature and

twist changes with respect to middle surface, respectively.

According to the elastic theory, the relationships
between strain and displacement in the middle surface are
expressed as:

ou’
sf;vé:i —+w |,
R\ d¢
uO aVO
(9(25:l c +—_1 —< 4w
“ Ritang sing 060
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The internal force and moment components of each
layer are expressed by the strain components in the
following relationship [1, 2]:

N, =D.e;, ®)
where N is the internal force and moment vector and &: is
the strain vector, and they are expressed as follows,
respectiveley.

= |:N¢’ s’ Nf),i’ NW@’ Mwé’ Mf}yﬁ‘ Mfﬂ(’yf’Q@é’Q@vé] (6)

[5 t’ge,g 7¢9‘,:Z¢5 Xozv Xpo,2 ’7¢z 1791‘,] @)
The stiffness coefficients matrix Dg (¢=s, c)for the
laminated base and constraining layer is expressed as
follows.

A 11 A§12 A, 16 B§11 B§12 8516 0 0
A512 A, 22 Ag 26 Br;lZ B;ZZ B £26 0 0
A;lﬁ A¢ 26 A;GG B¢16 B¢ 26 Bg 66 0 0
D = B§11 B{lZ B 16 Dg’ll D§12 D,‘IB 0 0 (8)

° Bng B522 Bs 26 Dg'12 Dg’ 22 D¢ 26 0 0
B £16 BEZG B £66 D§16 D§26 DEGB 0 0

0 0 0 0 0 0 A, A,

0 0 0 0 0 0 A, Ag

where Az jj, Be ij and Dg j; are the stiffness coefficients
of laminated composite material of base and constraining
layers [1, 2]. In addition, stiffness coefficients matrix Dy for
the viscoelastic core Dy is expressed as follows [5].

A/ll AIlZ O O 0 O O O

A Az O 0O 0 0 0 0

0 0 Ay O 0O 0 0 0
5.0 0 0 Dy D, 0 0 0 ©)
*Jo o o0 D, D, O 0 O

0 0 0 0 0 Dg 0 0

0 0 0 0 0 0 A, O

0 0 0 0 0 0 0 Agl

The stiffness coefficients of the viscoelastic core are
expressed as follows.
3
A/,ij = h/Qv,ij’ Dv,ij = %Qv,ij i, J =1~6 (10)
The reduced stiffness coefficients Qy,j of the isotropic

material in the core layer are as

EV /'lVEV
Qi =Qz =m' Qy =m’
% E A (11)
Quas = Quss = Ques = Z(?V,uv)

where Ey and wuy are the Young’s modulus and Poisson’s
ratios of the core material, respectively.

In the case of viscoelastic core, the Young’s modulus
E, of the viscoelastic material is composed of real and
imaginary parts.

E, = E, +iE, (12)
where E; and E; denote the real part and imaginary part of
the complex Young’s modulus of the viscoelastic material
layer, respectively.

[JERTV 15| S052484

International Journal of Engineering Research & Technology (IJERT)

| SSN: 2278-0181
Vol. 15 Issue 05, May - 2026

The strain energies of the laminated sandwich
spherical shell can be described as follows.
U=U,+U,+U,
" N o&ps + Npetpe + N oo
'f +M¢s)(ws + My 2y + MWS;(WS sinpdpdd
P Qur s + Qs

RZn

2

LN

R2 29 N(/Ngmv +N,e0 + Nw(,vygw - 13)
ey .([ _[ M L + M 2oy + M g, 2, (SN @A
"+ Q7o + Qo
Rcz 2 ch’scsc +Nyo&g, + NW;C}’,SOC -
N+ Qw0 + Qe e

The kinetic energies of the sandwich shell can be
given as

T=T,+T,+T,
- R?SZIII[/OS (02 +92 ) [sin pdpd
+R7"ZTT[/0V(L]5+\'/V2+V'\l‘,2)}sin(pd(pd9 (4
+7C!i[pc(u§+v§+w§)}sin(pd(pde

The elastic energies stored in distributed springs of
each layers can be given as
H 2
Ug = % _f [kuous2 +KoVZ koW kg2 + k00¢js]d9

0

R R 27
+ % j I:kulusz + kvlvs2 + kwlw2 + k¢1¢;s + k01¢025 jl d 0

0

D S'”“’(’j Kol? Ko g¥Z + K, oW 4K o, + g, |06

(15)
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R
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0

By introducing the Ultraspherical polynomial, the
displacement components can be expanded as follows.

= ii%wm (p)cos(ng)e™

m=1n=0

= ZN:iVﬁnV/m (p)sin(ng)e™

m=1 n=l

= ii‘bimwm (¢)cos(n)e™ (16)

m=1n=0
N
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>
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w= ZZWmnwm(w)COS(nH)e‘”‘
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where w,, (@) is the Ultraspherical polynomial of degree m

for the displacement, M and N denote the maximum order of
Ultraspherical polynomial and circumferential wave number,
respectively. The unknown coefficients
Urin 'Vrfn'q)imn'q)gmn
determined. And w is the vibration angular frequency, and
the non-negative integer n is the circumferential wave
number.

The total Lagrangian energy function of the laminated
sandwich spherical shell can be written as follows.

L=T-U-Ug 7)

Minimizing the above Lagrangian energy function

with respect to the unknown coefficients,

and Wn, are variables to be

aq (18)
q = U r?m 'Vn?n 4 ¢(Zmn ' ¢6S’mn ’U r?m 'Vn?n ’ ¢(Zmn ' ¢;mn 'Wmn
Substituting Eg. (17) into Eq.(18), following
governing equations are obtained.

(K-’M)A =0 (19)

where Us is the displacement vector, K and M are the
stiffness and mass matrices.

If the core layer is made of viscoelastic material, the
complex eigenvalues will be obtained from the above Eg.
(19). The real part of the natural frequency o of the
laminated sandwich shell and the modal loss factor # are
defined as follows.

‘i Re(wz) (20)
2
(o)
n= Re(a)z) (21)

3. NUMERICAL RESULTS AND DISCUSSION

In this section, some numerical examples are presented
to verify the accuracy and reliability of the proposed method
for the vibration analysis of laminated sandwich spherical
shell. Unless otherwise stated, the material properties of the
base and constraining layers of sandwich shell under
consideration are selected to following: Ej=150GPa,
Ei,=10GPa, Gij12=Gi13=6GPa, Gi»3=5GPa, ,ui12:0-25 and
pi=1500kg/m? (i=s, c).

3.1 Convergence and verification

From the theoretical formulation, it can be seen that
the solution accuracy of the proposed method is determined
according to the maximum order and parameters of
Ultraspherical polynomial. Therefore, it needs the
convergence study to determine these parameters. Fig. 2
shows the variation characteristics of frequency parameter
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of the laminated sandwich spherical shell with viscoelastic
core according to the increase of Ultraspherical polynomial
maximum order M.

The material properties of the viscoelastic core and
the geometries of the laminated sandwich spherical shell are
given as: E,~=(23+i7.82)MPa, 1,=0.34, p,=1340kg/m?,
Rs=1m, hs=h=h,=0.02m, ¢o=x/6, p1=x/2. The longitudinal
mode number of the considered frequencies is as m=1. As
shown in Fig. 2, the present method can be ensured stable
convergence for predicting the frequency parameters and
modal loss factors of the laminated sandwich spherical shell
with viscoelastic core.

=
H s,

£ s o

516 2

= 2

= \\ T3

= g3

2 P—— 20— ——2—3—02— =

s ]

Z H
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084
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Fig.2. Convergence of frequency parameters and modal
loss factor according to the increase of Ultraspherical
polynomial maximum order M.

The boundary conditions are generalized by the
introduction of a virtual stiffness technique, and the type of
boundary conditions is selected according to the spring
stiffness. The effects of spring stiffness values of elastic
boundary on the frequency parameters of laminated
sandwich  spherical shell ~with  viscoelastic core
([90%core/90°]) are investigated in Fig. 3. The material
properties of the viscoelastic core and the geometries of the
sandwich shell are same as in Fig. 2. The left bound of the
shell is chosen as elastic boundary and the right bound is
completely clamped. It can be seen from Fig. 3 that
frequency parameters increase rapidly within the stiffness
value range of 10° to 10%2,

1.025

1.020 4

1.015 4

1.0104

1.005 1

Frequency parameter

1.000 4

10* 10° 10° 10" 10" 10" 10
Boundary spring stiffness

Fig.3. Convergence of frequency parameters for a
laminated sandwich spherical shell with viscoelastic core
according to different boundary spring stiffness.

Based on the above study, the spring stiffness values
for different boundary conditions considered in this study
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are set as shown in Table 1, in which the symbols F, C, S
and SD mean free, clamped, simply supported and shear
diaphragm boundary conditions, respectively.

Table 1. Stiffness values for boundary springs.
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same as in Fig. 2 and the geometric dimensions of the shell
are given as: Rs=1m, hs=h:=2h,=0.02m, po==/10 and p1=x/2.

Table. 3. Frequency parameters for a laminated sandwich
spherical shell with various lamination schemes.

Boundary spring stiffness value

B.Cs ™ K ke K, ko
F 0 0 0 0 0
C 104 104 104 104 10
s 104 104 104 0 101

) 0 104 10 0 0

Next, the free vibration results of a Ilaminated
sandwich spherical shell are compared with those of
literature to verify the accuracy of the proposed method.
The material properties of isotropic core and the geometric
dimensions of sandwich shell are given as: E,=70GPa,
w=0.3, pi=2700kg/m®, R=1m, hs=h;=0.03m, h,=0.02m,
po=n/12 and p1=r/2. The frequencies by FEM are calculated
using the finite element software ABAQUS, in which S4R
elements are used for analysis of the spherical shell. As
observed from Tables 2, the frequency results obtained by
the proposed method agree well with those of the literature
and ABAQUS.

Table. 2. Comparison of first six natural frequencies for a
laminated sandwich spherical shell with isotropic core.
Lamination
B.Cs|w|[0°/90°/0%core/0°/90°/0°]  |[0°/45°/0°/core/0%/45°/0°]
FEM | Present | Diff,% | FEM | Present | Diff,%
862.30 | 860.34 | 0.2273 | 904.98 | 901.99 | 0.3304
872.93 | 871.36 | 0.1799 | 906.75 | 903.04 | 0.4092
911.26 | 909.89 | 0.1503 | 964.00 | 962.23 | 0.1836
976.42 | 975.61 | 0.0830 | 1040.7 | 1039.8 | 0.0865
1037.4 | 1034.3 | 0.2988 | 1056.5 | 1054.0 | 0.2366
1037.6 | 1034.4 | 0.3084 | 1082.4 | 1080.1 | 0.2125
438.84 | 438.42 | 0.0957 | 417.21 | 416.95 | 0.0623
446.10 | 448.07 |-0.4416 | 483.95 | 483.48 | 0.0971
779.14 | 777.93 | 0.1553 | 666.92 | 665.97 | 0.1424
798.10 | 797.71 | 0.0489 | 754.71 | 753.18 | 0.2027
822.09 | 822.09 | 0.0000 | 801.92 | 800.83 | 0.1359
850.77 | 851.75 |-0.1152 | 898.80 | 896.98 | 0.2025

C-C

F-C

OOl WINFRPIOOBR|WIN|F

3.2 Parametric study

Based on the verification study of the proposed
method, the effect of some parameters on the frequency and
the modal loss factor of the laminated sandwich spherical
shell with viscoelastic core are investigated. First, the effect
of lamination schemes of base and constraining layers on
the frequency parameter Q=wRs(ps/Es)*° of a laminated
sandwich spherical shell with viscoelastic core is shown in
Table 3. The material properties of the viscoelastic core are

[JERTV 15| S052484

B.Cs
CC|CS|SS | FC| FS

1.0875|1.0033|0.9557(0.6697(0.6364
1.1688(1.0960(1.0644(0.3641|0.3567
1.3029|1.2383|1.2287(0.5921|0.5922
1.4532|1.3883|1.3886(0.9195(0.9190
1.0519(1.0135{0.9903(0.7642|0.7314
1.0993(1.0658(1.0498(0.4415|0.4336
1.1621(1.1319|1.1216(0.7838(0.7814
1.2469|1.2180|1.2114(1.1157{1.1053
1.5973(1.5889(1.5836(0.7710|0.7684
1.4163|1.4020|1.3765(0.4052{0.4033
1.4146|1.3956|1.3786|0.7658|0.7658
1.4771|1.4476|1.4460(1.2187(1.2177
1.1308|1.0917|1.0848(0.8276(0.7750
1.2034|1.1711|1.1651|0.4081|0.3948
1.2926|1.2644|1.2562(0.7137(0.7136
1.3944|1.3674|1.3595(1.1054(1.1037

Lamination n

[0°/core/0°]

[45°/core/45°]

[0°/90°/core/0°/90°]

[0°/45°/core/0°/45°]

AIWINRP|IRWOINRP|BRWIN PRI WINE-

In addition, the effect of fiber angle « of base and
constraining layers on the dimensionless frequency and
modal loss factor of a laminated sandwich spherical shell
with viscoelastic core ([0%a/0°%core/0°/«/0°]) is illustrated in
Fig. 4. The material properties of the sandwich shell are
same as in Table 4, and the geometric dimensions are given
as: R&=1m, hs=h=0.03m, h,=0.02m, po=n/12 and ¢1=nr/2. As
shown in Fig. 4, the curves of all frequencies are symmetric
with respect to 6=90°. In addition, the dimensionless
frequencies of the sandwich spherical shells are minimum at
0=0°, while the modal loss factors are maximum at a=0° or
a=90°,

Frequency parameter

1.2 — ([ e 58 = [
== (C-SD == SD-SD

T T T T T T T
0 200 40 60 BO 100 120 140 160 180
[

Fig.4. Variation of frequency parameters for a laminated
sandwich spherical shell with various fiber angles.

Subsequently, the effect of thickness of viscoelastic
layer on the dimensionless frequencies and modal loss
factors of the sandwich shell is investigated. Table 4 shows
the frequency parameters of a sandwich [0°%core/0°]
spherical shell with various thickness ratio hy/h
(h=hs+he+hy). The total thickness of the shell is h=0.1m, and
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the thicknesses of the base layer and constraining layer are
assumed equal. The material properties are same as in Fig. 2,
and the other geometric dimensions of the sandwich shell
are same as in given as: Rs=1m, go=n/12 and ¢1=n/2. It is
obvious that thickness ratio has a remarkable influence on
the Frequency parameters of the sandwich spherical shell.

Table. 4. Frequency parameters for a sandwich [0°/core/0°]
spherical shell with various thickness ratios.

B.Cs.

Cc-C C-S S-S F-C F-S
1.5136 | 1.3332 | 1.2340 | 0.7271 | 0.6708
1.6137 | 1.4391 | 1.3583 | 0.5489 | 0.5363
1.7775 | 1.6137 | 1.5601 | 1.1169 | 1.1102
1.9740 | 1.8182 | 1.7890 | 1.6510 | 1.5923
1.1914 | 1.0604 | 0.9880 | 0.6327 | 0.5925
1.2768 | 1.1548 | 1.0995 | 0.4318 | 0.4231
1.4176 | 1.3051 | 1.2740 | 0.8676 | 0.8634
1.5810 | 1.4736 | 1.4615 | 1.2934 | 1.2637
0.8807 | 0.8051 | 0.7633 | 0.5265 | 0.5004
0.9551 | 0.8881 | 0.8607 | 0.3251 | 0.3186
1.0742 | 1.0134 | 1.0045 | 0.6320 | 0.6313
1.2048 | 1.1435 | 1.1433 | 0.9562 | 0.9515

hv/h

>

0.1

0.3

0.5

ARIOINEPIRWINRP|RWIN| -

In Fig. 5, the variations of frequency parameters of
laminated sandwich spherical shell according to the
circumferential wave number are investigated. The
geometric dimensions of the shells are given as: Rs=1m,
hs=h=0.02m, h,=0.01m, @o==/6 and @1=r/2. It is obvious
from the Fig. 5 that the frequency parameters of the
laminated sandwich spherical shell with viscoelastic core
decreases as the circumferential wave number increases,
regardless of lamination structure. For the sandwich shell
with angle-ply lamination structure of base and constraining
layers, the freque ncy ~ parameters increases as the
circumferential wave number increases. However, for the
sandwich shell with cross-ply lamination structure of base
and constraining layers, the lowest frequencies of the shell

exits in n=3.
30

T T

= [0°/90°/0°/core/0°/90°07]

= [0°/90° core/0°790°]
45

Frequency parameter

1.0+

- R T S R PR
Circumferential wave number

Fig. 5. Variation of frequency parameters for a laminated

sandwich spherical shell with viscoelastic core according

to circumferential wave number.
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4. CONCLUSION

In this study, a method for analyzing the vibration
characteristics of the laminated sandwich spherical shell
with viscoelastic core using an Ultraspherical polynomial as
a displacement function is presented. The theoretical
formulations of the structural model are established by
using the energy principle in framework of FSDT. The
energy of the sandwich shell is composed of that of base
layer, core layer and constraining layer. The displacement
components at any point of the sandwich shell are expanded
by the Ultraspherical polynomial in the meridional direction
and Fourier series in the circumferential direction. The
continuity condition is applied for replacing the
displacements of the core layer by those of base and
constraining layers. Numerical examples for free vibration
and damping analyses of laminated sandwich spherical shell
with viscoelastic core are presented to verify the reliability
and accuracy of the presented method. First, the free
vibration analysis results of the laminated sandwich
spherical shell with viscoelastic core obtained by the
proposed method are compared with those of published
literature and finite element software ABAQUS. Finally, the
effects of several parameters such as geometric dimension,
material properties, lamination scheme of base and
constraining layers and boundary condition on the
frequency parameter and modal loss factor of the laminated
sandwich spherical shell with viscoelastic core are
investigated.
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