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Abstract - We apply the Modified Differential
Transformation Method (MDTM) to obtain semi-analytic series
solutions of second-order equations of motion, including
nonlinear terms and forcing/damping. MDTM produces a
rapidly convergent recurrence for the power-series coefficients
of the solution; nonlinearities are handled via discrete
convolution formulac. We show how to derive an exact energy
balance (time derivative of mechanical energy) from the
equation of motion and how to compute the series expansion of
the energy using the MDTM coefficients. A worked example
(Duffing oscillator with viscous damping) illustrates the method
and gives explicit first terms of the solution and energy series.
The study includes an algorithmic description suitable for
numerical implementation.

Keywords - MDTM; DTM; Equation of Motion; Equation
of Energy; non-linear; ODF.

I. INTRODUCTION

Nonlinear oscillators constitute a fundamental class of
dynamical systems with applications spanning mechanical
vibrations, electrical circuits, structural dynamics, and
numerous physical phenomena. Their governing equations are
typically formulated as second-order nonlinear differential
equations, where the restoring forces incorporate polynomial or
more complex nonlinearities. Classical analytical techniques
enable exact solutions for only a limited subset of such
systems—often expressed through Jacobi elliptic functions or
other special functions—yet these closed-form solutions remain
difficult to manipulate and apply in practical engineering
contexts due to their mathematical complexity and limited
scope of applicability [1-4].

Consequently, the focus of modern research has shifted toward
numerical and semi-analytical approaches capable of handling
strong nonlinearities with improved efficiency. Among these
methods, the Differential Transform Method (DTM),
introduced in the late twentieth century, has been widely
employed to derive rapidly convergent series expansions for
nonlinear ordinary differential equations [5]. Despite its
conceptual simplicity, traditional DTM suffers from a restricted
convergence radius, making it unsuitable for long-term
simulations or systems exhibiting pronounced nonlinear
behavior. To overcome these limitations, the Modified
Differential Transform Method (MDTM) was developed,
integrating auxiliary tools such as the Laplace transform and
Padé approximants to significantly extend the convergence
domain and enhance the accuracy of the resulting solutions.
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Numerous studies—including those by Momani and Noor [6],
Ertiirk [7], and others—have demonstrated the effectiveness of
MDTM in modeling nonlinear oscillators such as the Duffing
system,  yielding  highly  accurate  semi-analytical
approximations over extended time intervals.

Despite these advances, existing literature has predominantly
centered on solving the equation of motion itself, while the
energy relation, derived from conservation of total mechanical
energy, has received comparatively limited attention. Typically
expressed as a first-order differential equation, the energy
relation has been used primarily as a diagnostic tool for
validating numerical solutions or constructing phase-space
trajectories. However, applying MDTM directly to the energy
relation offers a novel and underexplored analytical pathway.
Because the energy equation inherently reflects conservation
laws and integrates the system’s global dynamical behavior, its
semi-analytical treatment may yield more stable and physically
consistent approximations—particularly for conservative or
weakly damped systems. Recent indications in the literature
suggest that combining MDTM with Laplace—Padé
resummation can substantially enhance the accuracy and
convergence of solutions derived from the energy perspective,
although comprehensive studies in this direction remain scarce
[8.9].

Recognizing this gap, the present work aims to systematically
examine the application of MDTM—augmented by Laplace—
Padé resummation to both the equation of motion and the
energy relation for nonlinear oscillatory systems. Through a
comparative analysis, the study evaluates the consistency,
convergence properties, and physical accuracy of solutions
obtained via each formulation. The findings highlight the
potential of the energy-based MDTM approach as an effective
complementary tool to conventional equation-based methods,
thereby contributing to a deeper and more robust understanding
of nonlinear conservative dynamics.

II. METHODOLOGY AND IMPLEMENTATION

2.1 Differential Transformation Method (DTM)
The Differential Transformation Method (DTM) is a semi-
analytical technique for solving differential equations by
transforming them into a sequence of algebraic equations. The
method is based on the Taylor series expansion and allows
systematic computation of the series coefficients.
Transformation of k™ derivative of a function [27]
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1 [d*y(x)
dxk

Yk =

The inverse transformation

y() = ) Yk - xp)*
k

THEOREMS:

1. Ify(x) = au(x) + bv(x) then it transformation
Y(k) = aU(k) + bV(k) ,where a, b are constants

Proof:

By def

Y(k) = % :dzc(:f ) i

Y(k) = % :dk(au(ﬁ;)x-]l; bv(x)) _

Y = :d"(;‘jj,f"” dk(j;ﬁx»]x:o
-2 o)

Y(k) = aG(k) + bH(k)
2. If y(x)=u(x)v(x) then its transformation Y (k) =

oUWV (k—s)

Proof: By Leibniz's theorem
k s k-s

d* k! d

dxk (u(x)v(x)) - Z st(k—s)ldxs ulx) dxk-s v()
S

By def. of differential transforms

dk
Vi) = _![ dyx(:)

k
1 k! ds dr-=s
Yo = k! [Z sl (k —s)! %u(x) dxk=s v(x)l

k
Y(k) = Z UV (k —s)
5=0

x=0

3. Ify(x)=x"then its transformation Y (k)=8(k-n)
_{1 ifk=n
ifk#n
Proof: By def.
d*y(x)
Y(k) = Pl [ Ik

1[akxn]
e

x=0 . _
T T

4. Ifty(x) = %u(x) then its transformation
Y(k)=(k+ 1Dk +2)..(k+n)U(k +n)

Y(k) =

Proof: By def
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1 [d*y(x)
Yl = k| dxk
x=0
e Euw] o fare
Y(k) = — |—dx" 7 M)
k! dxk k!'| dxk+n =0
x=0
Y = (k +n)! 1 dFu(x)
k! (k+n)! dxktn =0

Y(k) =(k+ 1)(k + 2)
5. If y(x) u(x) — v(x) then its transformation

Y(k) = Z [H(r +0) H(k —r+plue
r=0Li=1 j=1

+n)V(k—r+m)

(k+n)Uk +n)

Proof: By def

dk
Y = _1[ dj;(':c)
1 d* ar
Y = k! dxk [dx" (x)—v(x)]
= Y(k)
k
1 k! d’ dT pam
Z ri(k —r)ldx" dx" ulx )] dxk-r [dxm v(x)]
%
1 n+r 1 dk—r+m
(o = Z [ Ldxn*r u() [(k —r)ldxk-T+m v(x)]
O
k n m
= (r+1i) (k-7
2|1 H

k-r+m

) r+m)!dxk-r+m (x)]

[(r +n)! dxnr ] [(k

Y (k) = Z H(r +0)

r=0Li=

H(k —r+)NIUTE+n)V(k

—-r+ m)
2.1 LAPLACE-PADE RESUMMATION
Laplace Pade Resummation is used to extend the solution's
convergence domain or obtain an exact solution [26].
Laplace Pade Resummation is described as:
1. Apply the Laplace Transformation to the power series
2. Substitute t by 1/s in the obtained equation
3. We transform the series obtained from 2 into a
meromorphic  function by creating a Pade
approximation of an order [N/M], where N and M are
to be chosen randomly.
4. Now substitute t by 1/s in the obtained meromorphic
function
5. Finally, by applying inverse Laplace transforms, we
get an exact or approximate solution
2.3 IMPLEMENTATION
First, we apply DTM to the non-linear second-order ordinary
differential equation of motion.
i+x3 =0
with initial conditions
the solution as a series is

x(0) =1,x(0) =0
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1. 1. 3 7 61
— _ 42 4 _ T 46 _~ 48 10
O =1-t+ et -0 Y620t 19z00°

Then we apply DTM to the first-order differential equation
energy relation derived from the given non-linear second-
order ordinary differential equation of motion by multiplying
Le.
1 1
N2 a4
(X)) + 2% =3
with initial conditions x(0) =1,x(0) =0

the solution as a series is

1 1 3 7 61
H=1—zt?+-t*——t5+—t8 ———10
x(®) 2" *8" 80" Tea0" " 19200
Now, to an approximate solution, we applied the Laplace Pade

Resummation method to the series solution and got the

solution as

x(0) = 730+ oo [ ) e | )
tO) =335 Gever 7 + a?)) * G6ver L7 + B

Were, a? = (10 —V67), B2 = (10 +V67),y =

(137 +17V67),6 = (—137 + 17V67)

III. RESULT

We first apply the Modified Differential Transform Method
(MDTM) to the nonlinear second-order differential equation of
motion:
i+x3 =0
with initial conditions x(0) =1,x(0) =0
by theorems
> ify(x)= g( 9 then

Y(k) = (k + Dk +2)k+3)..(k+n)G(k+n)
> ify(x) = u(x)v(x)w(x), then
k k-s
Y(k) = Z Z UV Wk —s —m)

s=0 m=0

applying DTM, we have

k k-s

k+ Dk + 2)X (& + 2) + Z Z X()X(m)X(k — s —m)
s=0 m=0
=0
with initial conditions X(0)=1,X(1) =0
By rearranging the Recurrence relation
k k-s

Z X($)Xm)X(k —s—m)

1
X(k+2) = m;mzo

solving for k=0,1,2,3.........

At k=0
0 -s
X(2) = _—;; mzoX(s)X(m)X(—s “m)
>X@2) =7
Atk=1
1 1-s
X(3) = _—;Z X($)Xm)X(1 — s —m)
s=0 m=0

IJERTV 141 S120098

International Journal of Engineering Research & Technology (IJERT)
I SSN: 2278-0181
Vol. 14 Issue 12 , December - 2025

X(3) = %1{2 X(O)X(m)X(1 —m)
m=0

+ Z X(l)X(m)X(—m)}

m=0
=>X3)=0
At k=2 )
1
X(4) = 542 mZOX(s)X(m)X(Z _s—m)
X(4) = 1—21{ X (O)X(M)X(2 — m)
=0

+ X(l)X(m)X(l —m)

+ X(Z)X(m)X(—m)}

X(4) = 1—21 {X(O0)X2)+X(1)X(1) +X(2)X(0) +0
+X(@)
X(8) = @) + XD + X D)

X(4) = —1{_23} > X(4) = %

12
Atk=3
1 3 3-s
X(5) = E; mzzoX(s)X(m)X(B _s—m)

X(5) = S {Zhoo X(OX(M)X(3 —m) +
T2 XX MX(2 = m) + Thoo XX ()X (1 —m) +
Zm=0 X(R)X(M)X(—m)}

=>X(5B)=0
= 4 4-s
-1
X(6) = %; mZOX(s)X(m)X(zL —s—m)

X(6) = 5 (Zm=o X(OX(M)X(4 —m) +
TR XXX (B —m) + X2, X)X (X (2 —m) +
Th=o XRXEX(1 = m) + Ypno X®X ()X (—m)}

X(6) = ;—;{X(4) +X(2)XQ2)+X(4) +X(2)X(2)
+X2)X(2) + X(4)}
-1¢3 3
X(6) = %{gﬁ}

= X(6) =;—O

5-s

5
X(7) = —12 X($)X(m)X(5 — s —m)

s=0 m=0

\1
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X(7) = = {Zh=o X(OX ()X (5 —m) +

Thoo XXX —m) + 33,20 XX (m)X(3 —m) +
SE-0 XXX (2 = m) + Thoo XWX (MX(1 —m) +
Sm=o X(5)X(M)X (—m)}

= X(7)=0
At k=
1 6 6-s
X(8) = E; mZ:OX(s)X(m)X(6 _s—m)
X(8) = = {Zmo X(O)X(m)(6 —m) +

Zin=o X(DXM)X(5 —m) + Lo X (DX (M)X (4 —m) +
T=0 X)X (M)X (3 —m) + L5 X(HX(M)X (2 —m) +
Lm=0 X(DX(MX(1 —m) + Lo X(6)X ()X (—m)}

X(8) = ;—61 {X(6) +X(2)X(4) + X(1)X(2) + X(6)

+ X)X + X(Q2)X(2)X(2) + X(2)X(4)
+X(X2)+X(4)X(2) + X(6)}

-1( 9 6 1
X®) = {_%_E 8}
7
= X(B) = m

Atk=7

-1 =3
X9 = —{ X()Xm)X(7 —s— m)}

9.8 ;mzo
X(9) = = (Zh=o X(OX ()X (7 —m) +

Ton=o XWX (M)X (6 —m) + X520 X(2)X(M)X(5 —m) +
L= XB)X(M)X(4 —m) + X30 X(DX(M)X (3 —m) +
Tr=0X(B)X(M)X(2 —m) + Lo X(O)X(M)X (1 —m) +
Zm=0 X(NX(mM)X(—m)}

=>X9)=0
Atk=8 e
X(10) = mz Z X($)X(m)X(8—s—m)
s=0 m=0
X(10) = = (Z5h-0 X (X ()X (8 — m) +

5 7m0 X(DX(MX(7 = m) + Lo X (DX (M)X (6 —m) +
Soco X(DX(MX(5 = m) + Thoo XX ()X (4 —m) +
T30 X(BX(MX (B = m) + Lo X(O)X(M)X (2 —m) +
Shoo X(DXMX (L = 1) + Tmeo X (B)X ()X (—m)}

X(10) = ;—; {X(8) + X(2)X(6) + X(4)X(4) + X(6)X(2)

+X(@B)+X(2)X(6) +X(2)X(2)X(4)
+X2Q)XMHX2)+X(2)X(6) + X(4)X(4)
+ XXX+ XDHX(4) +X(6)X(2)
+ X(6)X(2) + X(8)}

IJERTV 141 S120098

International Journal of Engineering Research & Technology (IJERT)

| SSN: 2278-0181
Vol. 14 Issue 12 , December - 2025

—1{21 18 3 3}

X(10) = —J—— 4 — 4+ —+ —
(10) =55 16a0 " 160 T 62 ' 32

-61
19200

= X(10) =

Now the solution as a series is

1. 1 3 7 61
t)=1——-1t* tf——1¢° t8 — t10
x(®) 2V 8t “30" Tea0" 19200

The first-order differential equation energy relation is derived
from the given non-linear second-order ordinary differential
equation of motion by multiplying "2x"
Le.
1
12 4
X)) +-xt =2
O +3 2

with initial conditions

by theorems
> If y(x)=u(x)v(x) then its transformation

Y (k) = Z UV (k —s)

»> If y(x)=x" then its transformatlon
_(lifk=n
(k) = 6(k n) = {0 ifk+n

> If y(x) — u(x) — v(x) then its transformation
e

Y(k) = Z n(r +1i) n(k —r+jlU(r+n)V(k

r=0 i=1 j=1
—r+m)

x(0) =1,%(0) =0

Applying DTM
k

Z(r + Dk =1+ DX0 + DXk =7+ 1)

r=0

1
=30®

k—s k—=s—-m

Z Z Z X(S)Xm)X(m)X(k —s

s=0m=0 n=0

—-m-—n)
Where, 6(k-n) ={é Zz ]Ii ;:t Z

With initial conditions X(0)=1, X(1)=0

Solving for k=2,34.......
At k=2
2
Z(r + D@ =X+ DXGE—71)
=0
- L5
T2
2 2-S 2-s-m

_ %Z Y XEXmXmXE -

s=0m=0 n=0
—-m-—n)
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4(X(2))? = 0 = 2 [X2-0 X2Z0 X ()X ()X ()X (2 —m —
1) + Thoo TEE X (DX (M)X (WX (1 —m —n) +
Ym=02m=0X(2)X(MXM)X(—m — n)]
4(X(2))? = 5 [Z2-0 X(OX (X2 —n) +
Thoo X(DXMX (1 = 1) + Tnoo X)X ()X (—1) + X(2)]
4(X(2)?% = % X(O)X2)+ XWX +Xx(2)X(0)+0
+X(2) + X(2)]
4(X(2)* +2X(2) =0
2X(2)2X2)+1) =0 = X(2)=-1/2
Atk=3

3
Z(r + 14— X0+ DX (4 —1)

1
:—6(3)
3—-5 3—s—-m

ZZ Z X($)XmXMX(3 - s

s=0m=0 n=0
—m-n
4X(1DX(4) + 6X(2)X(3) +) 6X(3)X(2) + 4X(1)X(1) =
— {0 IR X (X (mX(M)X (3 —m —n) +
Y=o o= X(DX(M)X(M)X(2 —m —n) +
Y=o Zaz0 X@X(M)X()X(1 —m—n) +
Yim=0 Ln=0X ()X (M)X ()X (—m —n)}
—6X(3) = —2{Z3_o X(OX(MX(3 —n) +
Lrico XXX (2 —n) + Lice XXX (1 —n) +
Tn=0 XXX (—1) =2 (Th-o XXX (1 —n) +
Taco XXX (-0)) + X(3)}
—6X(3) = —5{X(3) + X(3) + X(3) + X(3)}
6X(3)+2X(3)=0 =2X3)=0
Atk=4

Z(r + DG - DX+ DXE —1)
=0

1
=590
4—s 4—s—m

Z Z Z X(S)XmXM)X(4—s

s=0 m=0 n=0
—m—n)

16X(DX(4) = =5 {Zhoo ThF X (OX(M)X ()X (4 —m —
n)+ Y3 o 23X (DX(M)XM)XB-—m—n) +

7m0 2B XX (MX ()X (2 —m —n) +

YL o2 X(3)X(mM)X(M)X(B—m—n) +

=0 Zn=o X(HX ()X (W)X (=m — n)}

8X(4) = %{ 2 XOXMXME—-n)+ X3 X()XM)X3B -
n) + 320 X)X (X (2 = n) + Th_o X)X (MX(1 —n) +
Tn=o X®X X (—1) = {Z2_o X(O)X (W)X (2 —n) +
Thoo X(DX XA = 1) + Lo XXX (-1} + X (4)}
8X(4) = %{X(4) + XX +X@) + X)X () +
X@X(@) +X(4) —3[X(2) + X(2) + X2)] + X(4)}
16X(4) = 4X(4) + 2= X(4) = 1/8
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5 ALK=S
Z(r +1)(6 - X+ 1DX(6 —1)
=0

1
=790
5—-s 5—-s—-m

Z Z Z X($)X(M)X ()X (5 — s

s=0m=0 n=0
—m-—n)

10X(2)X(5) + 10X(5)X(2) =

— 2 Zhm0 ZRB X (OX ()X ()X (5 —m —n) +
Tho Zazh XXX (X (4 —m—n) +
Yn=0Zn=o X@)X(M)X(MX(3 —m—n) +
Yoo 2 XX (MX(MX(2 —m —n) +
Sheo Zash XWX (mX (X (4 —m—n) +
Sm=0Zn=o X (B)X(M)X ()X (=m — n)}

~10X(5) = =2 {E5-0 X ()X ()X (5 — n) +

Ta-o X(DXMX(4 = 1) + T30 XX (X(B —n) +
Y20 X(B)X(WX(2 — 1) + i XXX —n) +
Tn=0 X(S)X(MX(—1) =2 [T30 X)X (W)X (3 —n) +
Y20 X(DX(X(2 — 1) + i_o XXX (1 —n) +
Znz0 XXX ()] + 2 [Zho X (X ()X (1 —n) +
Tnoo X(DX (X (-m)] + X(5)}

20X(5) = X(5) + X(5) + X(5) + X(5)

= X(5) =0
Z(r +1)(7 =X+ DX(T —71)
r=0

- 15(6)

6—5 6—s—-m

Z Z Z X()X(m)X(n)X(6 —s

_ mS_OTT) 0 n=0

12X(2)X(6) + 16X(4)X(4) + 12X(2)X(6) =

— {Zh=0 ZeB X (OX ()X ()X (6 —m — ) +

Ym0 250 X (DX (M)X(MX(5 —m —n) +

Y=o Zn=o X)X(M)X(M)X(4 —m —n) +

Y3 o2 X(B)X(M)X(M)X(3—m—n) +

Yhoo ZEp X(HX(MX(MX(2 —m —n) +

Yin=0 Zn=o X()X(M)X(MX(5 —m —n) +

Y=o Zn=0 X (6)X (M)X ()X (—m — n)}

24X(6) =2 = Lo X(0)X(n)(6 —n) +
Tr-o X(XMXG —n) + Th_o X()X(M)X (4 —n) +
Si-0 X(DXMX(B —n) + Tae XXX (2 —n) +
Sr-0 XGXMWX(1 =) + Fno X(O)X (W)X (—1) —
~[Zh-o XXX (4 —n) + T3 X(DXMX(E —n) +
Y20 X(XMX(2 = 1) + Thoe X(3)XMX (1 —n) +
Tnzo XWX X (-1)] + 2 [Z2-0 XXX (2 —n) +
Troo XXX = 1) + Tnoo X (DX ()X (—1)] + X(6)
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24X(6) — g =X(6)+X(2)X(4) + X()X(2) + X(6) +
X(2)X(4) + X(2)X(2)X(2) + X(2)X(4) + X ()X (2) +
X(H)X(2) +X(6) =5 [X(4) + X()X(2) + X(4) +
X(2)X(2) + X()X(2) + X(®)] +[X(2) + X(2) + X(2)] +
X(6)
= X(6) = —3/80
At k=7

7
Z(r + 1)@ - X+ 1XEB —1)

r=0

=3an

7-5 7-s—-m

Z Z Z X(S)Xm)XM)X(7 —s

s=0m=0 n=0
—-m-—n)
14X(2)X(7) + 14X ()X (2) =
—amwz-meMHMH7nzm+
im0 Zazs X(DX(M)X(n)X(6 —m —n) +
Yoo Zace X ()X (M)X (W)X (5 —m —n) +
Y=o Z;ﬁ;’(’f X(3)X(M)X(M)X (4 —m —n) +
Yoo Zast X(HX(m)X(mM)XB —m—n) +
a0 XAt X(B)X(m)X(m)X(2 —m—n) +
Yhoo 2o X(6)X(mM)X()X(1 —m —n) +
Zm=0 Zn=0 X(7)X(m)X(n)X(—m - n)}
28X(7) = Y7o X (X)X (7 —n) + oo X(DX ()X (6 —
n) + Yo XXX —n) + a0 X)X ()X (4 —n) +
Yazo X(BX(M)XB —n) + X2 XGIX(MX(2 —n) +
a0 X(O)X(MX(1 —n) + Lo X(NX ()X (—n) +
X(2)[Zrzo X(O)X(Mm)X(5 —n) + o X(DX ()X (4 —n) +
a0 XR)X(MXB —n) + T2, XB)X(X(2 —n) +
Tho XBXMX (1 —n) + Xpoo X(BIX ()X (—1)] +
X®[X3=0X(OXM)XB —n) + Ta X(DX(M)X(2 —n) +
Thoo XXX (1 —n) + Xpoo XBIX ()X (—1)] +
X(6)[Xh=0 X(0)X(m)X(1 — ? )+ Yoo XWX (M)X(—n)] +
X(7
28X(7) =X(7) + X(7) + X(7)
=>X(7)=0
Atk=8

8
Z(r +1)(9 = PX(r + DX — 1)
r=0

= 16(8)

8—5 8—s-m

Z Z Z X()X(m)X(n)X(8 — s

s=0m=0 n=0

—-m-—n)
16X(2)X(8) + 24X(4)X(6) + 24X(6)X(4) +
16X(8)X(2) = — 2 {Z50 TS0 X ()X (m)X (n)X (8 — m —
n) + Y o2 X(l)X(m)X(n)X(7 m-—n)+
Yoo oM X ()X(M)X(M)X(6 —m —n) +
Ym=0 Zi;’o" XBR)XMXMXGE-m—n)+
Yo Ta X (HX(MX(M)X (4 —m—n) +
Yo Zat X(B)X(mMX(MX(B—m—n) +
Y2 o 2ZmX(6)X(MXM)XR2-—m—n)+
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Tm=0Zn=0 X(NX(M)X(MX(1 —m—n) +
Lm=0Zn=0 X (B)X(M)X ()X (—m — n)}

32X(8) + = = T5_o X(0)X(M)X(8 — n) +
Yro XXX (7 —n) + X0 X(DX(M)X(6 —n) +
Y0 XBR)XMX(G —n) + Xa o XXX (4 —n) +
Y0 XBG)X(MX(B —n) + X2, X(6)X(M)X(2 —n) +
Tazo X(DXM)X(1 —n) + Xpoo X(B)X ()X (—n) +
X(2)[X5=0X(0)X(M)(6 —n) + X7o X(DX()X(5 —n) +
YrcoX)XM)X(4—n) + X5 XBR)X()X(3 —n) +
Yac o XMXMX2 —n) + X0 o XG)X(M)X(1 —n) +
Y=o X(OXMX(—n)] + X(D)[X1-0 X (0)X(n)X(4 —n) +
T XWXMXB-n)+Xi 0 XXX (2 —n) +
Yro XXX —n) + Yoo XWX ()X (—n)] +
X(6)[Xa_0 X(0)X(M)X(2 —n) + Xho X(DX()X(1 —n) +
Y=o X(2)X(M)X(—n)] + X(8)
32X(8) + % = X(8) + X(2)X(6) + X(1)X(4) +
X(6)X(2) + X(8) + 2(X(2)X(6) + X(2)X(2)X(4) +
X)X(2)X4) + X(2)X(6)) +
X(DX(4) +

(X(4)X(2)X(2) + X(4)X(4)) +2(X(6)X(@) +
X(6)X(2)) + X()X(2)X(4) + X(2)X(2)X(2)X(2) +
X2Q)XR)X(4) +2(X2)X(2)X(4) + X(2)X(2)X(4)) +
X(A)X(4) + 2X(6)X(2) + X(8) + X(8)
28X(8) + 2= E = 28X(8) = 49/160

= X(8) = 7/640
Atk=9

9
Z(r +1)(10 = X (r + DX(10 — 1)
r=0

=3M%

9-5 9—s-m

Z Z Z X()Xm)X(M)X(9 —s

_ ms_orrlrs 0 n=0
18X(2)X(9) + 18X(9)X(2) =
— > Tmo ZaB X(OX(MX(MX(9 —m —n) +
Yoo o X (DX(M)X(M)X(8 —m —n) +
Y=o 2= X(Q)X(m)X (W)X (7 —m —n) +
Yoo 2o X(B)X(M)X(M)X(6 —m —n) +
Y=o Zaztr X(HX(M)X(M)X(5 —m —n) +
Y=o 2a=0 X(5)X(M)X(M)X (4 —m —n) +
Yo Zatm X(6)X(m)X(M)X(B —m—n) +
Y20 LAt X(NX(MX(MX(2 —m—n) +
Yl o2 X@)XM)XM)X(1—m—n)+
Y=o Zn=o X (DX (M)X ()X (-m —n)}
36X(9) = Ln-o X(0)X(M)X(9 —n) + X5-o X (DX ()X (8 —
n) + Y7o X(2)X(M)X(7 = n) + 250 X)X (W)X (6 —n) +
Trzo XBXMX (G —n) + Tno XGIX(MX(4 —n) +
Yrzo X(6)X(M)X(3B —n) + XA, X(NX(MX(2 —n) +
Taoo X@XMX(1—-n) +
Y=o XXX (—n) + X (2)[X7-0 X (0)X ()X (7 —n) +
Yooo X(DX(M)X(6 —n) + X5 XXX —n) +
Trzo XXX (4 —n) + X5 0 X(DX(M)X(3 —n) +
Ya o X(B)X(MX(2 —n) + a0 X(O)X(MX(A —n) +
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Y=o X(MDXMX ()] + X(D[X5-0 X(0)X(M)X(5 —n) +
Yrso XXX (4 —n) + X350 X(2)X(M)X(3 —n) +
Ya0XB)XMX(2 —n) + Xh o X(HX()X(1 —n) +
Y=o XG)XM)X(—n)] + X(6)[X5-0 X (0)X(m)X(3 —n) +
TricoX(DXMX 2 —n) + Xho XXX —n) +
Tn=0 XXX (—)] + X(B)[X7-0 X (0)X(m)X (1 —n) +
Y=o X(DX(M)X(—)] + X (9)
36X(9) = X(9) + X(9) + X(9) + X(9)

=X(9)=0

At k=10

10
Z(r + 1)1 =X+ DX(A1—7)
=0

1

10 10-s10—-s—m

20X(2)X(10) + 32X(4)X(8) + 36X (6)X(6) +

32X(8)X(4) + 20X(10)X(2) =

— 2 T ZAL X (X (X (X (10 —m —n) +

om0 Zam X (DX (M)X (WX (9 —m —n) +

Yoo ettt X()X(m)X(M)X(8 —m—n) +

Y o 2T X(B)X(M)X(M)X(7 —m —n) +

o0 XS X (HX(M)X ()X (6 —m —n) +

Y=o Zazet X(5)X(m)X(M)X(5 —m—n) +

Yo T X(O)X(M)X()X(4 —m—n) +

Yo Zatt X(MX(mM)X(MX(B —m—n) +

Y2 022X (B)X(M)XM)X(2—-—m—n)+

Lo ZEX (DX (MX(MX(1—m —n) +

Ym=o Zn=o X(10)X(M)X ()X (-m — n)}

—20X(10) + ;70 + % =— %{z}gox(O)X(n)X(w —n)+
Y=o X(DX(M)X(9 —n) + X5 X(2)X(W)X (8 —n) +
Y=o XBXMX(7 —n) + X0 X(DX(M)X(6 —n) +

o0 X(BXMX (G —n) + Th_o X(OXMX (4 —n) +

Yo X(DX(M)X(B —n) + i X@)X(M)X(2 —n) +

T o XXX (1 =) + Tpsp XX ()X (—n)} +
X(2)[Zh-o X(O)X(M)X(8 —n) + X7, X(DX(M)X(7 —n) +
260 XX MX(6 — 1) + Ti0 X(R)X (X (5 —n) +
Taso X®XMX (4 —n) + Lo XG)X(MXB —n) +

Y20 X(O)XMX2 —n) + oo X(NDXMX(A —n) +
=0 X@)XM)X(—n)] + X(D)[X5-0 X(0)X(n)(6 —n) +
Trzo XXX —n) + Xno XXX (4 —n) +
3o XBX(MX(B — 1) + T2 X(DX(WX(2 —n) +
Yo XB)XMXA —n) + Lo X(O)XMX(—0)] +
X(O)[Zh_o X(OX(MWX(4 —n) + X XWXMXB —n) +
Ya0 XXX (2 —n) + Xh0 X()X()X(1 —n) +

Tnoo XXX (—n)] + X(8)[Z2-, X (0)X()X (2 — n) +
Taoo X(DX(MX(1 = n) + T2 X ()X ()X (—n)] + X (10)
—20X(10) + -+ —— = —~{X(10) + X(2)X(8) +
X(4)X(6) + X(6)X(4) + X(8)X(2) + X(10) + X(2)X(8) +
X2Q)X2)X6)+ XXX +X(2)X(6)X(2) +
X2)XB)+X)X6)+ XXX+ X(MHX(4)X(2) +
XO)X4)+X6)X(H)+X6)X2)X2)+X(6)X(4) +
X(8)X(2) + X(8)X(2) + X(10) + X(2)[X(8) + X (2)X(6) +
XWX+ X6)XR2)+XB)+X(2)X(6) +
XXX+ XXM X2)+X2)X(6)+ X)X +
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XXX+ X)X +X(6)X(2) +X(6)X(2) +
XB)]+XM)[X®6)+X2)X(4)+XDX(2)+X(6) +
XX+ XXX+ X)X +X(4)X(2) +
XDXRQ)+XO)]+XO6)[XM4)+X2)X(2)+X(4) +
XQOXQ+XQ)XQ)+X@D]+XOB)[X(2)+X(2) +
X(2)]+ X(10)}
= X(10) = -61/19200

Now the solution as a series is

1. 1 3 7 61
— _ 42 44 _ T 46 48 10
O =1-t+ et -0 Y620t " 19z00°

Applying Laplace-Padé Resummation to obtain a series
solution

Taking the Laplace transform of the series
1 1 3 27 441 11529
L =5-GtE v o
Substituting s as 1/t
L{x(t)} =t —t3 +3t> — 27t7 + 441t° — 11529¢11
The Pade approximant [5/5]
ag + a;t + ayt? + azt® + a,t* + ast®
1+ byt + byt? + bst3 + byt* + bst5
=t—t3+3t>—27t7 + 441¢°
— 11529t
the coefficients of the numerator and denominator are
obtained by the system of equations
(t%):a0=0,tY:a;, =1, (t>):a, = by, (t3):a; = -1+
by, t"):a, = —by + bs, (t°):as =3 — by + by, (t%): 0 =
3b; — b3+ bs, (t7): 0 = —27 + 3b, — by, (t8):0 =
—27b; + 3b; — bs, (t°): 0 = 441 — 27b, + 3b,, (t1°): 0 =
441b, — 27b; + 3bg
ay=0a,=0a,=b; =b; =bs=0,a, =1,a; =19,as
=16,b, = 20,b, = 33

Therefore,
=t —t3+3t5—27t7 + 441¢° — 11529t1*

_14+19¢% + 16t°
1+ 20¢2 + 33t*

Again, substituting t as 1/s
16 + 19s2 + s*
Lix(t)} = ———
WO =33 205 7 5

17s% +307s

+
33(s* + 20s2 + 33)

16
L{x(t)} = I35
L{x()}
16

~33s
17s% +307s

"3 (34 + (10 = v67)s2 + (10 + V67)s2 + (10 — V67)(10 + x/ﬁ))

Leta? = (10 —V67), p? = (10 +V67)

L{x(t)} = 16 4 1753 + 307s
M= 335 33(s* + a?s? + B?s%2 4+ a?B?)
6 17s% +307s

1
L) =335 3t ez 7 59

_ 16 1 [(137 +17V67)s
L) =335+ 66«/@[ (s2 + a?)
(137 + 17v67)s
(s? +B%) ]

Lety = (137 + 17v67),6 = (—137 + 17V67)
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(0} =335 66\/_ (s + az) 66\/ (s> + ﬁz)
Taking inverse Laplace Transforms
6
x(t) = at+———=cosft
®= 33 66 \/ 66167 k

Now Checking the Satisfaction of Initial Conditions

At t=0
=8 (137 + 17\/_) (—137 + 1767)
X =
337 6over 6667
x(0)=1
Differentiating and putting t=0
, (137 +17V67) (137 + 17V67)
%(0) = ——————=sin0 — sin
66V67 6667
x(0)=0
Remarks

e The series solution obtained from the energy relation
matches exactly the series from the equation of motion,
confirming the consistency of the method.

e Laplace—Padé resummation effectively extends the
convergence domain, making the solution usable for
larger time intervals.

e  This illustrates the effectiveness of MDTM combined
with Laplace-Padé for both second-order motion
equations and first-order energy relations.

IV. CONCLUSION

In this study, a semi-analytical approach combining the
Modified Differential Transform Method (MDTM) and
Laplace—Padé resummation was successfully applied to a
nonlinear oscillator. Both the second-order equation of motion
and the first-order energy relation were solved, and the resulting
series solutions were found to be identical, confirming the
consistency and reliability of the method.

The application of Laplace—Padé resummation significantly
extended the convergence domain of the series solution,
providing accurate approximations over a wider time interval.
Moreover, solving the energy relation directly ensures inherent
preservation of total energy, highlighting a distinct advantage
of this approach for conservative systems.

This work demonstrates that MDTM, when combined with
Laplace—Padé resummation, offers an effective and flexible
tool for analyzing nonlinear oscillatory systems. By applying
the method directly to the energy relation, a new perspective is
introduced that can be extended to other conservative systems,
providing both theoretical insights and practical computational
benefits.
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