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Abstract - This study present the design of extended Kalman
filter (EKF) for object position tracking. It is required to
accurately track the position of an object amidst noisy
measurements. The state variables and nonlinear output
equations were obtained for a flying object at a fixed point
position. An extended Kalman filter and its algorithm was
developed in the embedded Matlab/Simulink function block.
The measurement noise was introduced in the filter using the
random noise block of the Matlab/Simulink block code.
Simulations were performed at 0.1s sampling intervals. The
output error standard deviation was varied between 0.05 and
1. This results to optimal selection of the system noise
covariance matrix. The simulation results obtained showed
that the designed extended Kalman filter accurately tracked
object position with improved filtering performance by
effective tuning of the noise covariance matrix.
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I INTRODUCTION

One of the fundamental problems in control and mobile
computation is the ability to determine the position of an
object. The question then arises on which position of the
object to track and how to locate the position of the object;
what kind of system model can be used for the object
motion and which type of noise is it taking, still remains to
be answered. There is a complication often encountered in
object tracking due to the measurement of noise. In order to
predict the true position of a moving object, the noise must
be filtered. There are two types of noise: the measurement
noise caused by errors in tracking device and the state (or
process) noise caused by perturbation due to environmental
factors. Several researches have been carried out to solve
this problem; research is still ongoing to improve on existing
works in the literature. In order to track the exact position of
an object, a Kalman filter or an extended Kalman filter (a
modified version of Kalman filter) can be used.

The Kalman filter has become the main focus of research
and application, especially in the field of autonomous or
assisted application [1]. Kalman filter is used widely in
control systems as a predictor-corrector for estimating
unmeasured states of plant. Though Kalman filtering is
applicable in many fields, it is mainly used for estimation
and estimators’ performance analysis [2]. As a set of
mathematical equations, Kalman filter gives an efficient
computational means of estimating the state of a process
such that the mean of the squared error is minimized. As a
very powerful filter that has been used in various aspects, it
can be used to perform the estimation of: the past, present,

and even future states, and even in situation when the exact
nature of modeled system is not known [3]. The Kalman
filter also called linear quadratic estimator (LQE) is an
estimator for solving the linear quadratic problem. The
linear quadratic problem is the problem of estimating the
instantaneous condition of a linear dynamic system
disturbed by white noise (or statistical noise), that is,
random signals whose processes are zero. Hence, to solve
the linear quadratic problem, a LQE algorithm is developed
using a series of measurements observed over time
containing white noise and some other errors, and then
produces estimates of unknown variables that are more
accurate than those obtained from a single measurement. In
practice, it has helped to perform many tasks that would not
have been possible without it. Its immediate areas of
applications have been in the control of intricate dynamic
systems like: in continuous manufacturing processes,
aircraft, ships, or spacecraft. In order to control dynamic
system in control engineering, it is expected that the
variables of process to be controlled be known or
measurable. In the applications mentioned earlier, it may not
be possible or desirable [2] to have all the variables required
to be controlled measured. In this case, the Kalman filter
helps to make available a means for deducing the missing
information from indirect (and noisy) measurements. A
major limitation to the Kalman filter is largely due to the
fact that it requires both the dynamic system and the
measurement functions to be linear in respect to the state
variables [4]. In most of the practical applications, these
requirements are not likely satisfied. This has led to the
development of a modified version of the Kalman filter to
what is now known as extended Kalman filter (EKF), which
can be applied in a situation when the system and/or the
measurement models are not linear. As the name implies,
the extended Kalman filter (EKF) is an extension to the
standard Kalman filter that linearises a system beyond the
linear system limitation of the Kalman filter to nonlinear
system. The EKF works exactly as a Kalman filter when
used on linear system because all the linearization
performed on the linear system would give the same result
as in the application of the standard Kalman filter. One of
the benefits of using the extended Kalman filter is that it
provides simple approach to solving nonlinear systems
compared to other approaches which employs Kalman filter
in solving nonlinear systems. Hence in using EKF to solve
nonlinear problem, a code is written which is more
transparent and less complex or simplified algorithm is
developed. With a less complex algorithm for filtering, the
execution time of EKF will be shorter than the more
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complex versions of the Kalman filter for nonlinear systems.
The extended Kalman filter (EKF) being extension of
Kalman filter is a state estimator which optimally
approximates Bayesian rule used in Kalman filter by
linearization. In one of its applications, the EKF is used to
solve the problem of tracking flying objects. An object is
tracked at each point in time as well as its given range and
bearing from the observer. The tracking problem involves
estimating the horizontal and the vertical displacements and
position of the object as well as the velocities.

I OBJECT TRACKING

Tracking can be referred to as the inference shape of object,
appearance, and motion with respect to time. Object
tracking is the case where the position of another object is to
be estimated in terms of measurements of relative range (or
distance) and angles to one’s position [5]. [6], defined
tracking as a problem which involves inference generation
about a motion of an object given a sequence of images. For
object tracking to be performed properly, the most likely
measured potential target location should be used to update
the object’s state estimator. This is known as the data
associated problem [1]. The possibility of the obtained
measurement being accurate lies between the predicted
states of the object and the measured state. In object tracking
applications, the most famous techniques for object’s
updating is to assume that the dynamics of the object can be
modeled, and that noise affecting the object dynamics and
feedback sensor data is stationary.

The Kalman filter and its extension, the extended Kalman
filter, is a location based approach for finding object
locations in the next frame [7]. The object center is first
found, and then uses the filter to predict the position of it in
the next frame. In the case of a Kalman filter, it is used to
estimate the state of a linear system where the state is
assumed to be distributed by a Gaussian. If the system is
nonlinear, the extended Kalman filter is used so as to
linearize the system. It consists of two steps: prediction and
correction as shown in Fig 1. It provides an optimal
estimation of a moving object at each step time which
contains some kind of white noise, and some noisy
observations about its position. A typical problem of a
flying object whose position is being tracked is shown in Fig
2.

Measurement
@(mnlineaﬂ
PREDICT CORRECTION

(using nonlinear model)

I

Initial Values
(known)

Figl: EKF predict/correct model

Tracked Object \

Range
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Fig. 2: A typical problem of object whose position is being tracked
Obiject tracking is relevant in the following areas:

» In predicting stock prices of the stock market which is
fully random and nonlinear

» In motion-base recognition such as human
identification based on gait, and object detection

» In automated surveillance, that is, to monitor a scene so
as to detect activities or events which are suspicious.

» In human to computer interaction, that is, a form
gesture recognition, eye gaze tracking for data input to
computers

» In traffic monitoring to enhance traffic flow
management.

> In automation annotation and retrieval of the videos in
multimedia and database
Some types of object tracking are defined below:

» Extended object tracking: In this type of object
tracking, an object generates multiple measurements per
time and measurements are spatially structured around
the objects, that is, a case where an object occupies
multiple resolution cells.

» Group object tracking: In this case, a group objects
which consists of two or more sub-objects that share
certain motion in common. Also, the objects are not
tracked separately rather are treated as a unit. Hence,
the group objects occupy many resolution cells; and
each sub-object is likely to occupy either one or more
resolution cells. It should be noted that each object
generates multiple measurements per unit time and
measurements are spatially arranged around the objects.

» Tracking with multi-path propagation: Each object in
this case creates multiple measurements per unit time as
a result of the multi-path propagation but measurements
are not spatially structured around object.

» Point object tracking: each objects creates at most a
single measurement per unit time, that is, a single
resolution cell is occupied by an object.

i LINEARIZATION
Linearization is a linear approximation of a nonlinear
system about a valid region (operating point). For nonlinear
dynamic systems, linearization is done by computing the
Jacobian matrix of the state space equation or in most cases
use of Simulink control design software.
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Consider the continuous time nonlinear differential function
as shown below
x = f(x(6),u(®),At) (1)
y(&) = g(x(®),u(®),At) (2)
Where:

x(t) represents the system states

u(t) represents the inputs to the system

y(t) represents the outputs of the system
The linearized model of the system defined by the equations
above is valid around the region defined by the operating
conditions, which in most cases are given by the initial
conditions (states),
Ax(t) = x(t) — x, (3)

Au(t) = u(t) —u, (4)

Ay(t) = y(t) — ¥, (5)
The linearized models in terms of the defined new variables
are represented by:

Ax(t) = AAx(t) + BAu(t) (6)
Ay(t) = CAx(t) + DAu(t)(7)
Where A, B, C and D are time varying matrices.
Linearization finds use in systems model analysis and
control design applications. Also software (Simulink control
design) are used to linearize continuous time, discrete time
models which results in linear time variant model in state
space form [8]. Simulink software linearizes models using a
block by block approach. This approach linearizes each
block in the Simulink model and combines the results to
produce the linearization of the specified system. Nonlinear
dynamic systems describing changes in variables with
respect to time are normally unpredictable as such
linearization of such a system is needed for further analysis
of the system state. Typically the behavior of nonlinear
system is described by sets of nonlinear equations with
unknown variable or functions represented in polynomial
form of degree higher than one and they are normally
difficult to solve, hence nonlinear systems are commonly
linearized.

v CONTINUOUS AND DISCRETE TIME
COMPARISON

Though the majority of the Kalman filters are implemented
in discrete time, there exists a continuous time counterpart.
The discrete time implementation is largely due to the fact
that the filters are implemented in digital computers. The
continuous time implementation is not practical in many
cases. However, that does not mean that modeling of
systems in continuous time cannot be handled with discrete
time Kalman filter. An example is demonstrated to compare
both forms.

Consider a system in continuous time form as follows:

X(t) = R (Ox(t) + G, (tu(t) + w(t)

®

Where F; and G indicate the system matrices for a
continuous system, and wcis the continuous time process
noise vector with covariance matrix Q. The continuous
model can be discretized, e.g. using a first order
approximation, as in

Where At is the sampling time, or the duration of
a single discrete time step, thus resulting int =
KAt.

Then, including the continuous time model gives

X, = Xq + AF, OX(1) + G, (Hu(t) + w(t)]

(10)
Which can be simplified to obtain the following
discrete time system

X, =[1+AtF, (kKAL) x, , + MG, (kAt)u, +Atw (kAt)

1)

\% THE DESIGN
The design approach in this work is to assume a radar
antenna (observer) monitoring the position of an aircraft
(object being tracked) in an airport at a certain height above
ground level. The kinematic of the entire tracking system is
obtained under the following assumptions.

a A given range and elevation angle (or bearing) is
assigned to the object being tracked at each point in
time from the observer.

b At a given period of time, the object position

changes by At times the velocity in both the
horizontal (x) direction and the vertical (y)

direction.
¢ The velocity remains the same in both the x and y
directions.

d The effect of gravitational force, air drag, and
rotation motion are ignored.
In order to realize the objective of this research, the
assumptions stated above are maintained and are used to
derive the kinematic equations in this section. The state
variables of the position of an aircraft at certain ground level
are obtained, first in continuous time, and later transformed
to its equivalent discrete time state. An extended Kalman
filter (EKF) equation is definedand an algorithm for EKF
established in Matlab/Simulink.
In this work, acceleration which serves as the vector input,
is generated by the acceleration model developed using the
Matlab/ Simulink Code as shown in Fig 3.
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Fig 3: Input vector (acceleration model)

In this work, the model is assumed to have serially
correlated random accelerations. This is the same as an
object maneuvering with a velocity that cannot change
quickly. The rate at which the velocity is allowed to change
is determined by the gain in the first order filter.

An essential area of applying extended Kalman filter is the
creation of the model using mathematical knowledge to
derive nonlinear transition function for unknown parameter
in each estimation state. Two models are available for use
with an extended Kalman filter. These are

A The State Model:

Ky = f(xk-l’ uk-1)+ Wit
where X k-1 represents the state model which comprises

parameters used for each state prediction, X k represents

the next (or new) state whose predicted data (or information)
is to be obtained from the use of the transition function

which is nonlinear function, u k -1 represents the control

input which is optional (because an extended Kalman filter
can be designed without a controller as in this work), and

W1 is the Gaussian white noise. The variable f is the
vector value nonlinear state transition function, which
describes how the state is generated from t-1 without control
or noise

B The Measurement Model:

Yk = h(xk)+ Vi

Where yk denote the measurement model, Vk denote

(13)

the Gaussian white noise affecting the output, and h is
the vector-value, nonlinear measurement (or output)
function, which describes how to map the state X, to an
observation Y,

In order to take care of the nonlinear functions f and

h , Jacobian matrices are calculated so as to linearize
the equations at each time step about the previous state as in
equations (14) and (15).

The Jacobian matrix, is defined as:

_of

OX %L s

I:k -1

The Jacobian matrix H i is calculated using:
X o
oh [ OX, Oy,

8rk ] Xy Yy
\/Xk2 + Yk2 \/Xk2 + Yk2

H =—= =
Cox [ By X,
(%% M) | Dy \/xk2+yk2_
(15)
cosb, sind,
Therefore, K —sinek COSek (16)

Hence, applying the calculated Jacobian matrices, an
extended Kalman filter (EKF) algorithm can be developed.
Note: W,_; and V.are random variables and are
independent and normally distributed with covariance R and

Q

ERROR ERROR IN PREVIO MEASU
IN DATA us RED
ESTIMA (MEASURE ESTIMA VALUE
TE MENT) TF
X
y
A y CALCULATE CALCULAT
CALCULA CURRENT ENEW
TE ERROR IN
WAILRAARN ESTIMATE ’_> ESTIMATE
1
1
|
1
' | UPDAT
'_. > E
ESTIMA
FIG 4 Block diagram model for EKF Algorithm
A Kalman Filter Gain

One of the main elements of the Kalman filter is the gain,K.
An understanding of the Kalman gain will give an insight on
how much of the measurement to use to update the new
estimated or predicted state.
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Fig 5 below shows the quantities that go into the gain K,
which are the error in estimate and error in measurement. It
should be noted that error in estimate represents the
projected (or estimated) error covariance while the error in
measurement represents update (measurement) error
covariance. The term covariance is used when estimation
and measurement are performed in two or more dimensions.
As established below for the purpose of the design in this
work, the gain is the ratio of estimate error to sum of the
estimate error and measurement error and is taken to be a
value between zero (0) and one (1) as expressed
mathematically below

4

K= &
E+ @

Measure

ment

Error

Estimate Kalman

error Gain
Calculatio

Fig 5: A typical block diagram for Kalman gain Calculation

The relationship between the gain, estimate error,
measurement error, new or current estimate, previous
estimate, error in current estimate, error in previous
estimate, and measurement is established mathematically
below.

K=—%2 :0<K<1 17
E+Q
Where £ = estimate error, and 9 = measurement error.
E; =Ei1 +K(M—-E;_q) 1)
Where:
Et = current estimate

Et_1 = previous estimate
M = measurement.

Et _
&t :—(D t-1 (19)

P+t
Which implies that
g =[1-K)eg_g (20)
Where:
&t = current estimate error

&t 1 = previous estimate error

Fig 6, shows the pattern of relationship between the gain,
the measurement and the estimate.

Accurat Inaccurat
@ e
e AA e o
N < K < 1
| 1.0.9.0.8.0.7.0.6. 0.5. |
Unstabl Stable
€ = Measur

Fig 6: Relationship pattern between gain, measurement and estimate

As shown in Fig 6, if the gain is high or large that is close to
1, it indicates fairly accurate measurement with unstable
estimate. The idea is to ensure that the difference between
measurement and previous estimate as in Equation (17) is so
small so that the value obtained by multiplying it with the
gain is small. Also with high measurement error, the gain is
reduced so that it is possible to have better estimates. In fact,
with large gain the estimated error increases and this can
make the object estimated position to be off target (see
Equation 16).

In order to design a kalman filter algorithm for the purpose
of tracking a flying object at a certain

height from ground level in two-dimension Cartesian plane,
the recursive algorithm process is summarized as shown in
Fig 7 below

: Initial :
: estimation :
L——- I R
Time Update (“Predict”) Measurement Update
(“Correct”)
1. Project the
state ahead 1. Calculate the
Xk = Xk Kalman gain
=F( X1, Uk Kk = Pyjk1
1) HT(HkPHTy +
2. Project the RVTi)t
error 2. Update estimate
covariance with

N\

Fig 7: A summary of the designed EKF Algorithm process

Two main parts is associated with the design of EKF
algorithm. This include: prediction state and correction state.

~

In the correction state, the estimation state Xk k-1 and

Pk\k—l obtained from the prediction state is used to

calculate the Kalman gain or K which stands as the
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“trustable” value of state model and measurement variable.

~

Xk k-1 is calculated using state transition model, while

Pk\k—l is user define. In any case, when the covariance

matrix R k tends to zero, it shows that measurement is more
trustworthy and reliable than state model. Since Pk\k—l is

a function of the covariance matrix Qk , it means that as

Qk tends to zero (the same as Pk‘ k—1 approaching zero),

the measurement becomes less trustworthy. After which the
estimated data is updated depending on the values of the

gain matrix, K The final stage is the updating of the error
covariance for next iteration.

B Extended Kalman Filter Model

A block diagram of the developed model that implements
the required object position tracking problem is presented as
shown in Fig 8. It makes use of an extended Kalman filter
(EKF) to estimate an object’s position.

XPos Estimate

M XVel Estimate
YPos Estimate

‘ Y Vel Estimate

!

Vel Pos

+
r Meas
Accelerati y y N
o ’ EKF out

’_’ At
Cartesian to

XPos Actual

—
XPos Estimate

(.

XPosition

YPos Actual

|
'YPos Estimate

YPosition

]

XVel

]

XVel Estimate I

XVel XVelocity

[
XVel Estimate

YVelocity

Fig 8: Block diagram model of designed EKF

In order to perform a flying object position tracking problem, the measured

data is actual range r of the object and elevation angle 9 which is
corrupted with zero-mean Gaussian noise, implemented using Matlab , and

at 0.1s sampled intervals, AL denote an execution over 10 times steps. A

variance of 50 was selected for the range noise while variance of 0.005 was
assigned to the elevation angle noise.

The EKF is implemented using an embedded Matlab function block as
shown in Fig 7. It is a discrete Matlab code block with sampled interval of
0.1s.

C Definition of Quantities

The necessary quantities used for the extended Kalman filter in this work
are defined in Table 3.1. The values of the gquantities used for simulations
performed in this context were obtained through mathematical calculations
and selection process to represent the actual states of the system as well as
the noisy measurement. This is not obtainable in real-life application
problem as actual (or true) states are not known rather are obtained from
the measurement system.

Table 1: Parameters used and definition (Nivedita and Pooja 2015)

Parameter Symbol Definition
Assumed initial state
error covariance 40
matrix
P, 0 4
Measurement noise
covariance matrix R k 50 0
0 0.005
Actual initial state 1000
vector X o m
1000
Time increment At 0 13
Actual Initial (Vx, Vy) (100,0) m/s
Velocity
Horizontal and - 10,0.1
Vertical noise power
VI RESULTS AND DISCUSSION

Simulations are performed, considering a simulation step of
10 and observation error standard deviation varied between
0.05 and 1 which results to optimally selection or turning of

the system noise covariance matrix. The error variance O
was optimized with respect to the varied values of the error
standard deviation. The simulation results for the optimized
error variance selected for an object position tracking
system using extended Kalman filter (EKF) presented in this
work are shown in Figures 9 to 12. The essence of the
simulations was to ascertain the optimality of the designed
EKF.

In this work an object has been assumed to be at an actual
state of 1000m for the position in both dimensions and
actual state of 100m/s for the velocity for horizontal
dimension and Om/s for vertical dimension. The horizontal
and vertical noise power are 10 and 0.1 as shown in Table 1.

A Optimized Error Variance of 0.05
1000 —
ctual _'_,—"Hf
g 800 fEstlmate e
5 |
£ 600 o
2 e
g a0 s
y L~
S 200 i
I e
T
L
0 11 12 13 14 15 16 17 18 19 20
Time (s)

2
Fig.9: Estimation of object horizontal position O~ =0.05
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Fig. 11: Estimation of object horizontal velocity O = 0.05
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Fig. 12: Estimation of object vertical velocity O = 0.05
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Fig. 13: Estimation of object horizontal position O =0.1
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Fig. 14: Estimation of object vertical position O =0.1
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Fig. 17: Estimation of object horizontal position O =1
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Fig. 18: Estimation of object vertical position O =1
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For the purpose of simulation of the system with the
selected values for the optimized error variance for the
system noise covariance matrix, the dynamic state of the
system and the designed extended Kalman filter (EKF) were
analyzed in Simulink. Figs 9-12, shows the simulation
graphs of an object position tracking system using EKF
when implemented with an optimized error variance of 0.05.
Fig. 9 shows the horizontal position of an object at actual
state of 1000m and is tracked or estimated by the
measurement noise at about 10seconds. In the vertical
coordinate as shown in Fig.10, the object position 1000m is
approximately estimated by the measurement noise at about
11-20 seconds. In Fig.11, the actual state of the object
velocity at 100m/s is estimated at about 9.5-12seconds and a
better estimate at 16-20seconds. Consequently, in Fig.12, an

actual state of object velocity was estimated at about 14- 20
seconds. The Figures below shows the simulation graphs for
the implemented EKF for an object position tracking system
with an optimized error variance of 0.1. In Fig 13 shows the
horizontal position of an object at actual state of 1000m and
is tracked or estimated by the measurement noise at about
10seconds. The actual state of object at vertical position is
approximately estimated by the measurement noise at about
11-20 seconds as shown in Fig.14. In Fig.15, the actual state
of object wvelocity in the horizontal dimension is
approximately tracked by the estimate at about 16-
19seconds. The graph of Fig.16 shows that actual state
velocity of object is tracked by the estimate at 14-
20seconds.

The simulation results for an object position tracking system
using EKF is implemented in this work with an optimized
error variance of 1, is shown in Figures below. It can be
seen that for simulation result in Fig.17, the actual state of
object position in the horizontal is tracked at about 10
seconds. In the vertical coordinate as shown in Fig.18, the
actual object position 1000m is approximately estimated by
the measurement noise at about 13-20 seconds.
Consequently, in Fig.19, the actual object velocity is tracked
by estimated time of 17- 19 seconds and in Fig.20 the actual
object velocity is initially tracked at about 1 second and later
at about 9-14seconds.

Though the convergence of the extended Kalman filter
(EKF) takes some time, it can be seen that the tracking
performance of the EKF is optimally improved within the
selected error variance chosen in this work. The estimate
was able to track the actual state (or trajectory) of an object
to an appreciable accuracy after 10-15seconds.

VII CONCLUSION
This work has presented design of an extended Kalman filter
for object position tracking. The estimation of the states of
an object position in two dimensions has been studied using
noisy measurement. In order to realize the objective of this
work, the kinematic equations representing the state of an
object at a particular position above ground level were
formulated in two dimensional coordinates. The formulation
assumed a radar antenna (observer) tracking an aircraft
(object) some distance from the observer location in two
dimensions. The equations were initially expressed in
continuous time and were later transformed into an
equivalent discrete time form using a step time of 0.1s. The
values of the parameters used were obtained from existing
literature. The white noise used in this work is a random
noise block of the Matlab Simulink. In order to perform
simulations in Matlab/Simulink environment, the kinematic
equations in discrete time form were represented by their
equivalent simulink blocks. This was integrated with the
designed extended Kalman filter in which the Matlab code
for the algorithm is embedded. The simulated results at a
fixed error variance of the system noise covariance matrix
obtained by optimally varying the observation error standard
deviation which shows that the designed filter takes some
time to converge to an acceptable estimate and track the
actual states to a reasonable accuracy. Hence, a system that
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be used to estimate object position such as an aircraft
position (or trajectory), has been implemented.
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