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Abstract—In this article, the notions of Cubic Z-Ideals in
Z-algebras is introduced and some of their properties are
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cartesian product of cubic Z-ldeals in Z-algebras are also
discussed.
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l. INTRODUCTION

Imai and Iseki [2, 3] introduced two new classes of algebras
that arise from the propositional logic. In 2017,
Chandramouleeswaran et al. [1] introduced the concept of
Z-algebra as a new structure of algebra based on propositional
logic. Zadeh [19] introduced the notion of fuzzy sets in 1965.
In 1975, Zadeh [20] made an extension of the concept of fuzzy
set by an interval-valued fuzzy set whose membership
function is many-valued and form an interval in the
membership scale. In our earlier paper [7-18] we have
introduced the concept of cubic set to Z-Subalgebras in
Z-algebras and the concepts of fuzzy set, interval-valued fuzzy
set, intuitionistic fuzzy set, intuitionistic L-fuzzy set, interval-
valued intuitionistic fuzzy set to Z-Subalgebras and Z-ideals in
Z-algebras. In 2012, using a fuzzy set and an interval-valued
fuzzy set, Jun et al. [6] introduced a new notion called a cubic
set and investigated several properties. Meanwhile, in 2010,
Jun et al. [5] introduced the notion of cubic subalgebras/cubic
ideals in BCK/BClalgebras and they investigated several
properties.In 2011, Jun et al. [4] applied the notion called a
cubic sets to a group and introduced the notion of cubic
subgroup. In this paper, we have introduced the concept of
cubic Z-ldeals of Z-algebras and investigated some of their
properties.

Il.  PRELIMINARIES

In this section, we recall some basic definitions that are
required for our work

Definition 2.1[1] A Z-algebra (X,%0) is a nonempty set X
with a constant 0 and a binary operation * satisfying the
following conditions:

(Z) x*0=0

(Z2) 0xx=x
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(Z3) x*x=X
(Z4) xxy=y=xx when x#0 and y#0 V x,y € X.

Definition 2.2[1] Let (X,%0) and (Y,+',0") be two
Z-algebras. A mapping h: (X,*0) — (Y,+',0") issaidto bea
Z-homomorphism of Z-algebras if h(x *y) = h(x) * h(y) for
allx,ye X.

Definition 2.3:[6] Let X be a nonempty set . A cubic set A in

Xis astructure A ={(X, 15 (X), w4 (X))|x € X} briefly
denoted by A = (lia,m,) Where

Ha(X):[nk,nal: X — D[0]] is an interval-valued fuzzy set
in X and o, : X —[0]] isafuzzy setin X.

For two cubic sets A = (i, m,) and B=(ug,mg) in X, we

define

1. AcB iff py<pg and o, >og

2.A=Biff AcBand Bc A.

3. A° = {{x, 04 (%), ia () | x € X]

4. ANB={(X,Lpg (X), 0p g (X)X € X}

= {{x, rmin(fi5 (%), fig (), max( @ (), 05 (D)X € X}

5. AUB = {{X, s (). 0005 () £ X}

— (%, rmax(fip (), fi (), min(@ (), 05 (D) < X3
Definition 2.4:[4] Let A= (fi,,®,) be a cubic set of X. For
[s;,5,] € D[0] and t € [0], the set

UGiails.551) ={x € X | fia () = [51,5,]} s called an
interval-valued upper [s,,s,] -level subset of A and

L(wa:t) ={x e X|wa(X) <t} iscalled lower t-level subset

of A.
Definition 2.5:[4] A cubic set A= (s, ) inanonempty

set X is said to have the rsup-inf property if for any subset T
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of X there exists t, e T suchthat pa(tg) =rsuppa(t) and
teT

op(ty) = in$ ®p (t) respectively.
te

Definition 2.6:[6] Consider a collection of cubic sets
A :{<x, Ha (X), 04 (x)>|x e X} where i€ Q,

(i) P-union and P-intersection denoted by P[UAi] and
ieQ

ieQ

P[ﬂ Ai] are defined as follows.

P(LJAi J = {<x ﬁi?QAi (%), O, A (x)>|x € X}

- {<x rsuppia (X),Supwp, (x)>|x € X},
ieQ ieQ

P[Q)AJ = {<X ﬁQ)Ai (X),mingi (x)>|x c X}

} {<X Finf i, (0.inf o, () x < x}

(if) Union and intersection denoted by UAi and ﬂAi are
ieQ) ieQ
defined as follows.

UAi = {<x Hoa (0.0 (x)>|x e X}

ieQ
ieQ

A ={ (% K00 4 00 x]

ieQ

- {<x rsuppia, (X), i_ngf2 Op, (x)>|x € X} :

= {<x r !r€1£f2 Ha, (X)’?iﬁ"”*\i (x)>|x € X}
Definition 2.7:[4] Let h be a mapping from a set X into a set
Y.
(i) Let A=(na,®a) beacubicsetin X. Then the image of

A under h, denoted by

h(A) =4{Y. Fingay (), Ona) ()Y € Y} , is defined by:

- rsup fa(2) if h7(y) ={x|h(x)=y}=¢
Hha) (Y) = 12070
[0,0] otherwise

and

inf wa(z) if hH(y)={x|h(x)=y}=¢
Op(a) (Y) =12
1 otherwise

is acubicsetin.

(i) Let B=(ug,mg) be a cubic set in Y. Then the inverse

image (or pre-image) of B under h, denoted by
h(B) :{<X,ﬁh,1(B) (X), 015, (X)>|X e X} is a cubic set in X

defined by By gy (9 =g (h(X)) and

@) (X) = 0g(h(x)) forallxeX.
Definition 2.8:[4] Let A=(us,m,) and B=(ug,mg) be

any two cubic sets in X . Then, the Cartesian product of cubic

sets A and B is given by AxB=(lpag,0ap) Where
PBaxg - Xx X —D[0]] and wa,g : XxX —[01] are defined
by g (6 Y) = rmin{iia (X), ig ()} and

O (X, Y) = Max{w, (X), 05 ()} for all (x,y) e XxX.
I11. CUBIC Z-IDEALS IN Z-ALGEBRAS

In this section, the notion of Cubic Z-ideals in
Z-algebras is defined and corresponding results are proved.
Definition 3.1: Let (X,%0) be a Z-algebra. A cubic set
A=(np,ma)in Xis called a cubic Z-ideal of X if it satisfies
the following conditions:

() BA(0) 2 Ha(X) and @A (0) < 4 (X)
(i) pa () = rmin{ia (X *y), na (Y)}
(iii) @a(X) <max{wa (X*Y),0a(Y)} , forall x,y e X.

Example 3.2: Consider a Z-algebra X= {0,1,2,3} with the
following Cayley table :

* 0 1 2 3
0 0 1 2 3
1 0 1 3 1
2 0 3 2 1
3 0 1 1 3

Define a cubic set A in X by p,(x)=[0.6,0.8] and
wp(X)=0.2 , for all X e X. Then, A is a cubic Z-ideal of a

Z-algebra X.
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Theorem 3.3: The intersection of any set of cubic Z-ideals of

a Z-algebra X is also a cubic Z-ideal of X.
Proof: Let A; ={<x,ﬁAi (X), 0p, (x)>|x e X} where ieQ an

index set, be a set of cubic Z-ideals of a Z-algebra X . Then

forany x,y e X,

o, Q) = inf fis (0)2 rinf fi (0) =i a, (¥)

un, (0) =SUp®,, (0) 2 SUPA (X) = @, (X)

i, (X) = Finf i (x) > Finf{rmingii, (<+Y),fia, ()3}

= rmin{rinf i, (x*y),rinf fis (v)}

= rmingji , (x* ). i, (1)}

and o_p, (X) =SUpo, (x) < sup{max{o,, (X*y),0a (1)1}
= max{sup w,, (X*Y),sup w,, (¥)}
= max{o_p, (X*Y), 0, (¥)}

Hence ﬂAi =(Hna, ®up, ) 18 acubic Z-ideal of a Z-
ieQ)
algebra X.

Theorem 3.4: Let A; = (iis,, ®4,) be a set of cubic Z-ideals

of a Z-algebra X, where i € Q an index set. If

rsup{rmin{p, (x*y),1ia, ()3}

= rmin{rsupfis (X*y),rsupiis (y)} and

inf{max{®a, (X*Y), 04 (Y)}}=mainf wa (x*y),inf o, ()}

, for all x,y e X, then the union of A, is again a cubic
Z-ideal of X.

Theorem 3.5: Let A;=(np .04 ) be a set of cubic
Z-ideals of a Z-algebra X, where i€ Q an index set. If
inf{max{o, (X *y), wa, (Y)}}=max{inf o, (X *Yy),inf wa (Y)}
for all X,y e X, then the P-intersection of A; is again a
cubic Z-ideal of X.

Theorem 3.6: Let A, :(ﬁAi,wAi) be a set of cubic
Z-ideals of a Z-algebra X, where i€Q an index set. If
rsup{rmin{u,, (X *y), fia, ()3}

=rmin{rsuppi, (X *y),rsuppp (y)}, for all x,y e X, then

the P-union of A; is again a cubic Z-Subalgebra of X.

Theorem 3.7: Cubic set A = (i, m,) Of a Z-algebra X isa
cubic Z-ideal of X where i, =[uk,nx] if and only if

ph,nY and (w,)° are fuzzy Z-ideals of X.

Analogously, the following theorems can be proved.
Theorem 3.8: Let A=(un,ma) be a cubic set in a

Z-algebra X. Then A is a cubic Z-ideal of X if and only if for
all [s;,5,]eD[0]] and te[0,1], the sets U(ua;[s;,S,21)
and L(wa;t) of A are either empty or Z-ideals of X.
Theorem 3.9: Let h be a Z-homomorphism from a
Z-algebra (X,%,0) onto a Z-algebra (Y,*',0) and A be a
cubic Z-ideal of X with rsup-inf property. Then image of A
denoted by h(A) is a cubic Z-ideal of Y.

Theorem 3.10: Let h:(Xx0)—>(Y,*0) be a
Z-homomorphism of Z-algebras. If B is a cubic Z-ideal of Y,
then h™(B) is a cubic Z-ideal of X.

Theorem 3.11: Let h:(X;x0)—>(Y,*,0) be an
Z-epimorphism of Z-algebras. Let B be a cubic set of Y. If
h~1(B) is a cubic Z-ideal of X then B is a cubic Z-ideal of Y.

Theorem 3.12: If A and B be cubic Z-ideals of Z-algebra X
then AxB isa cubic Z-ideal in XxX.
Theorem 3.13: Let A and B be two cubic sets of a Z-algebra
X. If AxB is a cubic Z-ideal of XxX, the following are
true.
() Fa(0) = fig(y) and [ig(0)2fia(x) forall x,yeX.
(il) ®a(0) <wg(y) and wg(0) <wa(x) forall x,yeX.
Proof: Assume that pg(y) >pa(0) and  pa(X) > pg(0)
for some x,y e X.
Then
Hae (%, y) =rmin{i, (X), g (¥)} > rmin{iig (0), fia (0}
=lae(00)

which is a contradiction.
Similarly, assume that wa (X) <@g (0) and g (y) <w®a (0)
for some x,y e X.
Then
0axg (X, Y) = max{ma (X), 0g (¥)} < max{wg (0), oA (0)}

= 0p.g(0,0)
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which is also a contradiction. Thus proving the result.
Theorem 3.14: Let A and B be two cubic sets of a Z-algebra
X such that AxB is a cubic Z-ideal of Xx X .Then either A
or B is a cubic Z-ideal of X.

IV CONCLUSION

In this article, we have introduced cubic Z-ideals in Z-algebras
and discussed their properties. We extend this concept in our
research work.
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