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Abstract - In this paper we study different modes of
convergence and introduce some aspects of connectedness
like, locally path connected u; - a.e., interconnected u; - a.e.,
maximal connected y; - a.e. on a complete measure manifold
of dimension n. We show that these two intrinsic topological
properties remain invariant under a measurable
homeomorphism and measure invariant map.
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1. INTRODUCTION

In this paper to investigate the intrinsic properties of
complete measure manifold, we have introduced the role of
convergent measurable functions on measure manifold.
Any point p € Uc(M,T,%,1) will be a limit point of the
measure manifold. The point p € U of (M,T,X,u) carries
additional information in terms of the ordered pair ({f.}, )
which induces a measurable set A, such that the measure
of such set is always positive on measure manifold. If the
measure of A, is zero and any subset B c A, also has
measure zero then the measure manifold is complete. On
such complete measure manifold, we have introduced
different aspects of connectedness, like, locally path
connected, interconnected, maximally connected and
proved some important results that will generate a class of
connected measure manifolds.

2. PRELIMINARIES
Some of the basic definitions referred are as follows
Definition 2.1: Measurable chart [7][8][9]

Let (U, Tl/U,El/U) c (M, T, %) be a non-empty
measurable subspace of (M, Ty, X,). If there exists a map,
o: (U, TI/U,El/U) — (R", T, X), satisfying the following
conditions,

(i) ¢ is homeomorphism,
(if) ¢ is measurable,

then the structure ((U, ‘Tl/U,Zl/U), ¢) is called as a
measurable chart.

Definition 2.2: Measure Chart [7][8][9]
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A measure Hl/U on measurable chart ((U, Tl/U,Zl/U), 0)
is called as measure chart, denoted by ((U, Tl/U, 21/U

“1/U), ¢) satisfying following conditions:

(i) ¢ is homeomorphism,

(ii) ¢ is measurable,

(iii) ¢ is measure invariant

then, the structure ((U, Tl/U,zl/U, Hl/U),¢) is called as a
measure chart.

Definition 2.3: Measurable Atlas [7][8][9]
By an R" measurable atlas of class C* on M we mean a

countable collection (A,Tl/A,El/A) of n-dimensional

measurable charts (( Ui, Tl/U. ,Zl/U. ), ;) foralli € 1 on
1 1
(M, T4, ;) subject to the following conditions:

w 7 >
(1) UiZ1((Us, I/Ui' 1/Ui ), di) =M
that is, the countable union of the measurable charts in
>
(A, Tl/A, 1/ ) cover (M, T, %)
(az)For any pair of measurable charts

(Ui g, F g0 and (3T Ay F A 0 in

(A, Tl/A, El/A), the transition maps die ¢ ;™" and djod; ™ are
(1) differentiable maps of class C¥ (K > 1) that is,

die i 1 by (UinU) — ¢ (UinU) € (R", T, %)

de di 1 b (UinU) — ¢; (UinU) € (R", 7, %)
are differentiable maps of class C* (K > 1)
(2) Measurable that is, these two transition maps ¢; o ¢j'l
and ¢; o i+ are measurable functions if,
(i) any Borel subset K S ¢; (UinU;) is measurable in (R",
T, %), then (djo ;)" (K) € d; (UinU;) is also measurable,
(ii) any Borel subset S < ¢; (UinU;) is measurable in (R",
T, %), then, (djo i)™ (S) € dbi (UiNU)) is also measurable.

Definition 2.4: Measure Atlas [7][8][9][10]
By an R" measure atlas of class C* on M, we mean a

countable  collection (A,ﬂ/A,Zl/A,ul/A) of n-
dimensional measure charts (Ui,Tl/U_,Zl/U. ,“1/U.), o)

for all i € 1 on (M, Ty, X;, uy) satisfying the following
conditions:

(@) UzZa((U Ty 2y M/ b =M
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that is, the countable union of the measure charts in (A,

T )
1/Ay 1/Ay H1/A\) cover (M, Ty, Xy, py).
(@) for any pair of measure charts

(U Ty, F Mg )b and
(( UJ"Tl/Uj 'Zl/U]- ’ ul/U]-)' q’i) in (A’ﬂ/A\"El/A' ul/AQ

the transition maps djod; " and djodi™ are
(1) differentiable maps of class C* (k > 1) that i,

dio &t GyUiNU) — di(UinU)) € (R, T, %, 1) ,

dpe bt 1 pi(UinU) — ¢y(UinU)S (R", T, =, p) are
differentiable maps of class C* (k > 1),
(2) measurable and measure invariant. That is,
(i) any Borel subset K & ¢; (UinU;) is measurable and
measure invariant in (R", T, =, u) then (¢; o ;)™ (K) €
d;(UinU;) is also measurable and measure invariant, that is,
u((dio i)™ (K)) = n(K).
(i) for any Borel subset S € ¢;(UinU;) is measurable and
measure invariant in (R", T, Z, p)
then (dbjo di)(S)€  $i(UinU;) is measurable and
measure invariant, that is p(K) = u (djo di)™ (S).

(a3) For any two measure atlases (A\.l,Tl/Al,zl/Al , ul/Axl)
and

T 2 y ) :
(82,7, " /a, /) T A — Ay is measurable and

measure invariant, that is,
(i) if E is measurable in A ,then T*(E) is measurable in A

1

(ii) w,/As (THE)) = p,/A; (E), if Ay ~A; .

(a)) For any atlas A, T, T A—A are invertible measure
preserving transformations.

An R", measure atlas is said to be of class C* if it is of
class C* for every integer k.

Let A(M) denotes the set of all R” measure atlases of class
Ck on (M, :Tl,Zl,/,Ll).

Definition 2.5: Equivalence Relations in AX(M)[7]

(i) Two measure atlases A; and A, in A(M) are said to be
equivalent if A;UA, in Ak(M). In order that A;UA, be a
member of A¥(M) we require that for every measure chart

((Ui.Tl/Vi,Zl/Ui,“l/Ui), ¢) € A; and for every measure

chart

L E L B0 W) €A, the set of gi(Uin V)
Sy - € n

and ¥; (UinV;) be open and measurable in (R",7, £, u) and
maps do ¥; * and W o ¢ be of class C* and are
measurable. The relation introduced is an equivalence
relation in A“(M) and hence partitions A(M) into disjoint
equivalence classes. Each of these equivalence classes
induces a differentiable structure of class C¥on (M, T, 2,
). Any two atlases are compatible, that is, A;~A, if
(A,UA,) in A(M).

(if) Also any two atlases are compatible, that is, A;~A, if
pi(Ar) = pua(Ay).

Definition 2.6:
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A topological measure space (M, Ty, X;, uy) that is
measurable homeomorphism and measure invariant to a
measure space (R", T, X, u) endowed with two structural
relations between any two atlases A; and A, € A(M):

i) Ai~A,, if A,UA, € AY(M)

i) Ag~Ay if py(Ag) = ua(Ay)

then, (M, T4, Z4, ) is called as a measure manifold.

Definition 2.7: Complete measure space (R", T, %, )
[41[5][12]

Let (R", 7, X, u) be a measure space of dimension n.
Suppose that for every Borel subset U € (R", T, Z, ), u(U)
= 0 and every VC U, u(V)=0 then (R", T, %, ) is a
complete measure space.

3. CONVERGENCE ON MEASURE SPACE (R",.Z, u)
Let us consider a measure space (R", 7, =, u) and now we
shall discuss some modes of convergence that arise from
measure theory.

Let f,, f: (R", T, X, u) — R, be measurable functions on
measure space (R", T, =, ).

The following modes of convergence on measure space are
discussed in [1], [4], [5], [12]:

(1) We say that f,, converges to f point wise if, for every x
€ X, f,(x) converges to f(x). In other words, for every € > 0
and x € X, there exists N (that depends both € and x) such
that |f,(X) — f(X)| < € whenever n > N.

(2) We say that f,, converges to f uniformly, for every € > 0,
there exists N such that, for every n = N, |f,(X) — f(X)| < e,
for every x € X. The difference between uniform
convergence and point wise convergence is that with the
former, the time N at which f,(x) must be permanently € —
close to f(x) is not permitted to depend on X, but must
instead be chosen uniformly in x.

Now, we discuss some of the modes of convergence on
measure space (R", T, Z, p):

(1) We say that f, converges to f point wise almost
everywhere if, for (u-a.e.) almost everywhere x €(R", T2,
w), T.(x) converges to f(x).

(2) We say that f, converges to f point wise almost
uniformly if, for every e > 0, there exists an exceptional set
E €X for measure p(E)< e such that, f, converges
uniformly to f on the complement of E.

(3) We say that f, converges to f in measure if, for every €
> 0, the measures ({x € (R", T, Z, w) : [fa(X) - f(X)| = € })
converge to zero as n — oo,

According to Christos Papachristodoulous [1], each pair
({f.}, f) induces a double sequence of measurable sets
A, ({f.}.f) or simply A, n €N where A,={x € (R", T, %,
w) © [fa(x) — f(X)| = € }, determining the behavior of the pair
({f.}, ) with respect to convergence. More precisely, some
results are as follows:

(1) f, > f < for each j € N, lim, o, n( A, ) = 0.

@ {xe @ T,Z,pu):f,(x) » f(x) } = UjZ1(N71 En),
where

E,=Up A, ={xeR", T, %, u):3k=n:|fi(x) - f(X)]
>¢€}

(3) f, = f < for each j € N, lim,, o, p( N“_, E, ) = 0.
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If {f.} is a sequence of measurable functions on (R", T,
¥, ) converging to f point wise almost everywhere on (R",
T, %, ), then the ordered pair ({f.}, ) induces a Borel
subset A, satisfying the following conditions:
A, =fxe R, T,Z u:|f(x)-fX) |[<e}VYneEN,
where,
(D) pu(Ay)>0,if[fi(X) -f(x) [<e ,VneEN,
(ii)u( A)=0,if [ f,(X)-f(X) | = €,Vn=N,
thatis, u (A,) = 0 as n—oo.

Definition 3.1: Dark point of (R", T, =, 1)
The point f(x) € A, is called as a dark point, if f,(xX) » f(x)
in Ayand u (A,) =0.

If (R", T, =, u) be a measure space and {f,} be a sequence

of measurable functions and we say that f, converges to f

a.e. in measure on (R", T, X, u), and the ordered pair

({f.},f) induces a Borel subsets A,, satisfying the

following conditions:

Foranyn, A, ={x € (R", T, %, w): | f(X) - f(x) | < €}, ¥ n

€ N}, such that,

M u(A)>0,if | fu(x)-f(X) |[<e ,VvNnEN,

(i) u (Ay) =0,if | f,(X) -f(X) | = €,v n = N, that is u

(A,) =0 as n—oo.

Suppose ( A,) = 0, then f,(x) » f(x) on (R", T, =, u) then 3

k> n =N such that fi(x) » f(x), v k. This implies, the

measure of E =U;_, Ay is zero, V k> n, and the region E

in (R", T, %, u) is designated as a dark region. To study this

dark region where u (E,) = 0, we consider the intersection

of E, whose measure can also be zero.

That is, we undertake the study of u (E,) and u (N1 Ep).

IfE, = Ui, Ax ={xe®R", T, %, u) : 3 k=n=N:|

) - f(x) | = €} with u(E,) = 0 and N%_,E, =
2o (Uiza A (N Ey) = 0.

Definition 3.2:

The Borel set N7°_, E,, is called as the dark region of (R",
T, %, u)if,

n(Ny=1 En) =0.

Now, we shall extend the study of above modes of
convergence of (R",7",Z,u) to a measure manifold (M, T,
¥1, 41) which is measurable homeomorphic to (R",7,Z,u)
that is (R", T, Z, ) is a complete measure space.

Definition 3.3: Convergence point wise almost everywhere
on (M,7"1,%4,u1)

Let f, » f point wise almost everywhere in (R", T, %, u)
and if any measure manifold (M, T4, ¥4, u;) is measurable
homeomorphic to (R", T, %, u) then for every x € A, €
(R", 7,2, 1) 37 1(x) =pe d1(A,) denoted by,

S =¢"'(Ay) €(U, ¢) € (MT1,Zy, ) such that (f, o )
— fo ¢ pointwise a.e.inS € (U, ¢) € (M, T, X4, uy) such
that

S=¢7(Ay) = {7 () = pEMTLE1m): | (Fa o d)(p) - (F
o d)(p)l<e,vn e N} on the chart (U, ¢) satisfying the
following conditions:

) n(S)>0,if [ (fa o 9)(p) - (Fod)(p)[<e,Vne
N,
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i) ) =0,if[(fro¢)(p) -(Fod)(p) |z €,vn=
N,
that is, p,(S) =0asn - .

Note: Now onwards we denote the Borel subset ¢~1(A,)
of (U, ¢) by S.

Definition 3.4:
The point (f o d)(p) € S € (U, ¢) is called as a dark point
in the chart (U, ¢) if

(fr e $)(p) + (fo d)(p) inSand p,(S) =0.

Definition 3.5: Convergence y;-a.e. on (M, Ty, X4, (1)

Let fnul—a'e» finA, € R", T, %, u and if any measure
manifold (M,T1,Z1,1,) is measurable homeomorphic to (R",
T, X, p) then for every A€ (R", T, Z, u) 3 ¢~ 1(A,) =S
E(U,(I)) E(M,Tl,Zl,ul) such that,

(f& 0 ) 25 (fo ), VXonS e (Uo) € (M, Ty, 5, )
an

S={pe (M Tu 3y m): | (frod)(p) - (Fod)(p)|<e,vn
€ N}with

@ w(S)>0,if| (f,o d)p) - (Fod)p)|<e,vne
N,

() w,(S)=0,if| (fo d)p) - (Fod)p)| =€, vn>
N,that is, p, (S) =0.

Definition 3.6: Complete Measure Manifold

If (M,T,24,u) is a measure manifold of dimension n and
suppose that for every measure chart (U,d) S (M,T1,%1,111),
u1(U)=0 and every Vc (U,), if (V) = 0, then
(M, T,%,,14) is called as a complete measure manifold.

4. DIFFERENT ASPECTS OF CONNECTEDNESS u;-
a.e. PROPERTY ON COMPLETE MEASURE
MANIFOLD

In this section, we study the concept of connectedness u;-
a.e. like locally path connectedness p;-a.e., interconnected
us-a.e. and maximally path connected pj-a.e. on complete
measure manifold introduced by S. C. P. Halakatti
([71.[8].[9].[10],[11]).

Let (M, T4, X1, u1) be a complete measure manifold of
dimension n which is measurable homeomorphic to a
measure space (R", T, Z, u). Let {f,}, {g.} be measurable
real valued functions converging to f and g respectively in
(R", T.2.1).

Since ¢ is measurable homeomorphism from (M, T, X,
w) to (R", 7, =, u) for every {f.} and {g.} on (R", T, =, )
there exist corresponding measurable real valued functions
{fred} and {gno0} converging to f o ¢ and g o ¢ on (M, Ty,
I, ).

The ordered pair ({f, o ¢}, f o @) induces a Borel
subset S € (U, ¢) € (M, T, %4, 1) satisfying the following
condition:

S={peM, T, %y, w): [ (faod) (p) -(Fed) ()| <€,Vn
€ N} on the chart (U, ¢) for which p, (S) > 0.
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Definition 4.1: Locally path connected p; _a.e. on complete
measure manifold

The Borel subset S is locally path connected p; —a.e. if 3 a
C*-mapy:[0,1] = S € (U, ¢) such that

v(0)=p€S,

y(1) = q € S, such that p; (S) > 0.

That is, p is locally path connected y; —a.e.toqinS c (U,
) € A € A{M).

That is, locally path connectedness w; —a.e. is between two
points in the same chart (U,¢) € A € A(M).

If i (S) =0, then there does not exist a path y between p
and g.

Definition 4.2:
If wy (S) =0 where (fie ¢) » fo b, then S < (U, ¢) c (M,
T4, X4, Wg) is called as a dark region in the chart (U, ¢).

Let (M, T1,X,u;) be a complete measure manifold on
which {f,c ¢} and {g,° ¢} are sequence of real valued
measurable functions converging to fo ¢ and go
¢ pointwise y; _a.e. on (U, ¢) and (V, y) belonging to the
atlas A respectively. The ordered pairs ({f,e ¢}, fo ¢ ) and
({gne $}, go ) induce two Borel subsets S € (U, ¢) € A €
A¥M) and R € (V, y) €A € AXM) satisfying the
following condition:

S={peM Ty, Zy, ) [ (faed) (p) -(Fed) (p)|<e
, V n € N} on the chart (U, ¢) for which p, (S) > 0.

R={g €M, Ty, %, ) [ (Gnod) (@ -(@9) (@) <€
, ¥V n € N} on the chart (V, y) for which py (R) > 0.

Note: We denote the Borel subsets ¢~1(A,) = S €(U,d)€
(M,Tl,El,ul) and ¢_1 (Bn) =Re€ (V, \l/) € (M, Tl, 21, ‘u]_)

Definition 4.3: Interconnected p; _a.e on complete measure
manifold

The Borel subset S € (U, ¢) € A € (M, T1, Xy, uy) is
interconnected to the Borel subset R € (V, y) € A € (M,
T, X1, ) py —ae. if 3aC*-map

v :[0,1] » SUR € A € AX(M) such that

y(0)=p€eSEA,

v(1)=q €S € A, such that p; (S) >0 and p;(R) > 0.

That is, p is interconnected u; _a.e.to qin SUR € A €
AX(M).

That is, interconnectedness u; _a.e. is between two charts in
the same atlas € A¥(M).

If uy(S) =0 and py(R) =0 then A a path between p and g.

Definition 4.4:

If uy(S)=0 where {fyo b} » fod in (U,p) and py(R)=0
where {gne ¢} » go ¢ in (V,y), then S is called as dark
region in the chart (U, ¢) and R is called as dark region in
the chart (V, y) belonging to the same atlas A in A(M).

Let (R", 7, X, u) be a measure space and {f.}, {g.}and
{h.}are sequences of measurable functions on (R", T, =, 1)
converging to f, g and h point wise almost everywhere on
(R", T, ¥, u). The ordered pairs ({f,}.f), ({g.}, 9) and
({h,}, h) induce the following Borel subsets A,,, B, and C,.
We define Borel subsets
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Ay ={xe®",T,Z u:|fx)-fX) |<e},¥vneN,
where
() u(Ay) >0, if[fy(x) - f(X) [<e ,VneEN,
(i) u(A)=0,if[f,(xX)-f(x) | = €,¥n=N,
that is, u (A,) = 0 as n—oo.
Similarly,
(B, ={y€e R, T,Z, 1) :|gn(y)-9(y) [<e}VNEN,
where
©(Bn)>0,if|gn(y) -9(y) [<eVNEN,
(i) (By) =0, if[gn(y) -9(¥) | = VN =N,
that is, i (B,) = 0 as n—oo and
Ch={ze®", T, 2 u:|h@-h@|<elvneN,
where
() u(C)>0,if|hy(2)-h(@)|<e,¥vneEN,
(i) u (Cy) =0,if | hy(2) -h(@) | = €,¥n=N,
that is, u (C,) = 0 as n—oo.

If (M, Ty, X1, uy) is a complete measure manifold that is
measurable homeomorphic and measure invariant to (R",
T, %, w). Then 3 a measurable homeomorphism and
measure invariant transformation

$: (M, Ty, 4, )~ (R, T, Z, ), such that, {fae ¢}, {gno
¢} and {h,o ¢} are sequences of real valued measurable
functions converging to fo ¢, ge ¢ and he ¢ point wise p; -
a.e. on (U,0), (V, y) and (W, x) belonging to the atlases A;,
A;, A, respectively. Also, for every induced Borel subsets
A,, B, and C, in (R", 7, X, p), 3 the corresponding
induced Borel subsets namely

S€E (U, ) €A; € AXM), R€E (V, y) EA; € AM) and
Qe (W, x) €A € AM)on (M, Ty, %4, ).

Now, we define S, R and Q as follows:

S={p €M, Ty, Zy, ) [ (fr o d) (p) -(Fod)(p) [<€e,Vn
€ N} on the chart (U, ¢) € A; € A(M), for which i, (S) >
0,

R={de M, Ty, %, ) [ (Gnod) (@ -(99)(@]<e
,¥'n € N} on the chart (V, y) €A; € AM), for which
1 (R) >0and

Q={reM, T, %y, )i [ (hhed) (1) -(hed)(r)[<e,Vn
€ N} on the chart (W, ) € A, € A(M), for which i, (Q) >
0.

Note: We denote the Borel subsets ¢p1(A,) = SE(U, ¢)€ A,
e A*M), ¢7'(By)= ReE(V, yEAEAM) and
$7(C,)=QE(W, X)€ A € A(M).

Definition 4.5: Maximal connected uj-a.e on complete
measure manifold

Let (M, T, X, 1y) be a complete measure manifold and let
A, Ajand A, € AX(M) be atlases on (M, T4, %4, uy). Let S, R
and Q be Borel subsets of A;, A;and A, Then, we say that
AXM) € (M, T4, %, py) is maximally connected if 3 a map
y:[0,1]->SU RU QEA;U A; UA, € AM) such that,
¥(0)=p € S € (U, ¢) € A; € A{M) for which p(S) > 0,
¥() =q € R € (V, y) € Aj € A(M) for which p,(R) > 0 and
y(1)=r € Q € (W, X) € A, € AM) for which p(Q) > 0.
That is, for each p € (U, ¢) € A, is path connected to each q
€ (V, y) € A for A; U Aj € A“(M), wy(A; U A)) > 0 for each
q € (V, y) € Ajis path connected to each r € (W, x) € A €
A(M) and for A; U A; € A"(M), y(A; U Ay) > 0. Then, if
for each p € (U, ¢) € A, is path connected to each r € (W,
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x) € A; € A¥M) and for A; U A, € AM), w(AUA) >0
then (AU AjU A)) € AXM) € (M, Ty, =y, ) is maximally
path connected if p;(A; U AU Aj) > 0 on complete measure
manifold.

If wy(S) = 0 and py(R) = 0 then there does not exist a path y
between p € Sand g € R.

Definition 4.6:

If wy(S) = 0 where {fe ¢} » fod in (U, ¢) and py(R)=0
where {gne ¢} » ge ¢ in (V, y) and py (Q) = 0 where {hpe
¢} » ho ¢ in (W, x), then S is called as dark region in the
chart (U, ¢) € A;, Ris called as dark region in the chart (V,
y) € Aj and Q is called as dark region in the chart (W, x)
€ A, in A(M).

Now, we show that locally path connectedness is invariant
with respect to measurable homeomorphism and measure
invariant on a complete measure manifold if p,(S) > 0.

Theorem 4.7: Let (M, T4, X4, wy) and (My, T, 5, Wo) be
complete measure manifolds of dimension n and m
respectively. If My is locally path connected pj-a.e in S c
My, py (S) > 0, then 3 a measurable homeomorphism and
measure invariant map F: M;— M, such that M, is also

M,

M,
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locally path connected u,-a.e in F(S) € M, with p, (F(S)) >
0.

Proof: Let (My, Ty, 24, u1) be a complete measure manifold
and it is locally path connected. Let (U;, ¢,) be a measure
chartin (My, T, X4, uy) thatis, S € Mjand p; (S) > 0.
Consider a measurable homeomorphism and measure
invariant map

F: (Ml, T, 24, ‘ll.l) — (Mz, T5, 2o, ,le) defined for S c My,
F(S) c M..

To prove that (M,, T, Z,, u,) is locally path connected, let
us consider

S={pe My, Ty, Zy, p): | (faed) (p) -(Fod) (p) <€
, ¥ 'n € N} on the chart (U, ¢) for which p;(S) > 0.

Now, for every S € (My,T1,%1,111), F(S) € (M2, T2,%5,u0): |
F(fo o @) (p) - F(f ¢)(p)I<e, ¥ n € N} for which i, (F(S))
> 0.

Let (U, ¢), (V, y) be charts in M; and M, respectively and
F(p1), F(p2) EF(S)E (M, T2, %5, 142).

Since F is measurable homeomorphism and measure
invariant map, there exists F~! such that for every measure
chart (V, y) € (M,, T», X, to) such that u,(F(S)) > 0.

©=<

Fig. 1

That is, for every F(p1), F(p2) € (V, v) € (My, T2, o, 1) ,
there exists,

F'(F(p1) =p1 € (U, §) € (My, Ty, Ty, y).

F'(F(p2)) =p2 € (U, §) € (My, T, Ty, y).

But (My, Ty, X4, ug) is locally path connected

Therefore, 3 a C* map v : [0,1] — (My, T4, X4, u) such
that

¥(0)=p1€S€ (U, ), u(S)>0

v(1) =p2 €S € (U, $), m(S) > 0.

If uy(S) =0 then p; is not locally path connected to p,.
Now, since F is homeomorphism 3 a map Fey : [0, 1] —
(Mg, T3, 2, o)

guch that, Fey(0) = F(p1) =01 € F(S) €(V, ), wo(F(S)) >

Foy(1) =F(p2) =02 € F(S) € (V, y), no(F(S)) > 0.

If pp (F(S)) = 0 then gy is not maximally path connected to
Q2

Therefore, q; is locally path connected w;-a.e to g, by Foy
in F(S) €(V, v) € (M, T,, Z,, up). If q; is locally path
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. F(po)=a:

. F(p,)=a»

connected uj-a.e. to g, by Foy in F(S) €(V,y)
E(Mz,Tz,ZZ,Hz) then (Mz,Tz,Zz,[Jz) iS |Oca||y path
connected.

Therefore, if (My, Ty, X1, ) is locally path connected ;-
a.e. then (M,, T, X, uy) is also locally path connected p,-
a.e.

Hence, local path connectedness is invariant with respect to
measurable homeomorphism and measure invariant map, if
11(S) > 0, pa(F(S)) > 0. u

Now, we show that inter connectedness is invariant with
respect to measurable homeomorphism and measure
invariant on a complete measure manifold if p,(S) > 0 and
w(R) > 0.

Theorem 4.8:

Let (My, Ty, X1, wy) and (M,, T, X, u,) be complete
measure manifolds of dimension n and m respectively. If
(M,71,Z1,u1) is interconnected py-ae. in SUREAE
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AX(M) with  (SUR)>0 then a measurable
homeomorphism and measure invariant  map
F:(Ml,.‘Tl,El,ul)—> (Mz,Tz,zz,/.lz) such that M, is also
interconnected

p1-a.e. in F(S U R) € B € AY(M) with u, F(S U R) > 0.
Proof: Let (Ml, :Tl) 21, [.ll) and (Mz, Tz, 22, ‘U.z) be Complete
measure manifolds of dimension n and m respectively.
Suppose (My, T4, 24, uy) is interconnected ps-a.e. in A c
(My, Ty, 24, p) With p5(S) > 0, wa(R) > 0.

Consider a measurable homeomorphism and measure
invariant map

F: (er Tl: 21, ,Ll.l) i (Mz, Tz, 22, ‘Ll.z) defined as follows:
for any two Borel subsets

S={p1 € My, Ty, Z, pa): | (Fa 2 @) (p2) - (F e ¢) (po) |
<€,V n € N} on the chart (Uy, ¢,) for which p(S) >0

and R = {pz € (My, T, X, )t | (Fa 0 @) (p2) - (Fo ¢) (p2) |
<€,V n e N} on the chart (Uy, ¢,) for which u;(R) > 0.
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If u1(S) =0 and u;(R) = 0 then p; is not interconnected to
p». There exist

F(S) ={a1€ (My, T2, Zp, ) 1| F(fa o @) (A1) - F(F o ¢) (1) |
< €,V¥n € N} on the chart (Vy, y ;) for which p,(F(S)) >
0 and

F(R) = {02 € (Mp, T2, Z5, o) 1 | F(Fn © ¢) (42) - F(F 2 ¢) (02)
| < € ,vn € N} on the chart (V,, vy ,) for which
12(F(R)) > 0.

As (My, T4, 24, uy) is interconnected p,-a.e then 3 a C*-
map y: [0,1]— A such that, for every S, R €(My,T1, X1,u1)
3 F(S),F(R) as ascribed in (M,,7,,%,, u,) such that 3 Foy: [
0,1] - (Mz, Tz, 22, [,lz) such that

Foy(0) =01 € (Vi, w1) € B € (Mg, T2, Zp, 2) , p2(F(S))
>0,

Foy(1) =02 € (V2, y2) € B E (Mg, Ta, Zp, w2) , t2(F(R))
> 0.

This implies q; is interconnected to g, in (M, T, Xo, o).

Ml MZ
F |-
(Us,01) -
(Viy1)
Y (U2,02) (Va.y2)
Foy
0 1
Fig 2
If u(F(S)) = 0 and py(F(R)) = 0 then q; is not Proof: Let (My, T4, 24, u1) and (M,, T», X, 1o) be complete
interconnected to . measure manifolds of dimension n and m respectively.
Therefore, if (Mg, Ty, X4, uy) is interconnected p;-a.e. then Suppose (Mg, T4, 4, uq) is maximally path connected p-
(M, T5,%5, W) is interconnected pi;-a.e. a.e. in AU Aj U A eAY(My) with A;, A, Ay A (M,): 1y (S)
Hence, interconnectedness is invariant with respect to >0, w(R) >0 and wy(Q)> 0.
measurable homeomorphism and measure invariant Consider a measurable homeomorphism
transformation if Fi(M,T1,20,u)— (Mo, T, 20,u0).  Since (Myq, T1,%q,u1) s
ui(S) > 0, w(R) > 0 and py(F(S)) >0, u(F(R)) >0. maximally path connected uj-a.e. in AjU AU A, € AX(M),
[ then 3 three Borel subsets S, R and Q such that,
S={p1€ (My, T, Zy, p1): [ (fr e d) (pr) - (Feo §)(p) | <€
Now, we show that maximal path connectedness is , ¥V n € N} on the chart (Uy, ¢1) € A; € A(M), for which
invariant with respect to measurable homeomorphism and 1 (S) > 0and
measure invariant on complete measure manifold if p,(S) > R={p; € My, T4, 1, tt1): | (Gn o d) (p2) - (g ° d)(po) | < €
0and i (R) > 0. .V n € N} on the chart (U, ¢,) € A; € A¥(M), for which
Theorem 4.9: iy (R) > 0 and
Let (My, T, %y, i) and (My, T2, %, 1) be complete Q={ps € My, T4, Zy, p1): | (hn o ) (p3) - (N o §)(ps) | <€
measure manifolds of dim n and m respectively. If (M4, 77, ,¥n € N} on the chart (Us, ¢3) € A; € A“(M), for which
21, u) is maximally path connected yu; - a.e. in A; U A;U 1 (Q) > 0.
A of A“(My) such that py(S)> 0, py(Ry>0 and y11(Q)>0 and Then, there exist a path y:[0,1]->SURU Q € AU AU A,
if 3 a measurable homeomorphism and measure invariant € A(M)
map F: M;—M, then M is also maximally path connected in a complete measure manifold (M;, T3, X3, uy) such that
po-ae. in B;U B; U B, of A(M,) such that p,(F(S)) > 0, ¥(0)=p1 € S € (Uy, 1) € A; € AS(M) for which py(S) >0,
uz(F(R)) > 0and p(F(Q)) >0
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v2) = p2 € R € (U, §) € Aj € A(M) for which p(R) > 0
and

(1) =ps € Q € (Us, ¢) € A € A“(M) for which p13(Q) > 0.

where each p; €S € (Uy, ¢1) €A; is maximally path
connected to each p, € R € (Up, ¢,) € Aj and each p, ER €
(Uz, ¢,) € A; is maximally path connected to each p; € Q €
(Us, 05) EAin AjU AU A € AX(M).

If w(S) =0, w(R) = 0 and py(Q) = O then p; is not
maximally path connected to p, and p, is not maximally
path connected to pa.

Since F is measurable homeomorphism and measure
invariant, for

(U, 1)

(Uz, ¢2)

and similarly, for every p; € Q € (Us, ¢3) EAin (Mg, T,
¥, uy1) there exist g; € F(Q) € (Vs3, y3) € B € (M,, Ty,
¥, W) such that,

F(Q)={ F(pa)=0z€(Ma, T2, 2o, wo): [F(hy o $)(p3) - F(h
$)(p3) [<€,¥ n € N} on the chart (Vs, ¥5) € B, € AY(M), for
which u, (F(Q)) >0.

Since F is measurable homeomorphism and measure
invariant, for every y:[0,1] > SURU Q € A;U AjUA €
AX(M) in (My, Ty, %1, ;) which connects p;, p, and ps
maximally, there exist a corresponding path Foy: [0, 1]
—-F(S) U F(R) U F(Q) in (My, T», X5, us) which connects
maximally F(p1) = a; to F(p2) = g2 and F(p2) = g to F(ps) =
gsIn

Bi U B; U B, UEANM,) satisfying u,(F(S)) >0,
Uy (F(R)) >0 and uy(F(Q)) > 0 then q; is maximally path
connected to g, and g, is maximally path connected to qs.

IJERTV 415030186

v

International Journal of Engineering Research & Technology (1JERT)
ISSN: 2278-0181
Vol. 4 Issue 03, March-2015

p1 € S e (Ul, ¢1) € A€ (Ml, T, 24, #1) there exist o[
€ F(S) € (Vl, ‘Vl) € B (Mz, T5, 2, |,12) such that,

F(S) ={F(p1) = a1 € (Mg, T2,2p, po): | F(fo o §) (p1) - F(f o
0)(pa) | <e,

v n € N} on the chart (Vy, ¥,) € B; € AXM), for which
12 (F(S)) > 0.

Similarly, for every p, € R € (U,, ¢,) € Az in

(Ml, T, 24, ,Lll) there exist 02 € F(R) € (Vz, \j 2) € IBJ €
(Mz, T5, 2, ‘ll.g) such that,

F(R)={ F(p2) = g2 €(My, T2, Ty, ) | F(gn © &) (p2) - F(g ©
8)(p) | <.

vn € N} on the chart (V,, ¥,) € B; € A“M), for which
w2 (F(R)) >0

V1, y1)

(Va, y2)

Fig. 3

Therefore, we have shown that if (My, Ty, X, ui) is
maximally path connected then (M,, T, %, ) is also
maximally path connected.

Hence, maximal path connectedness u;-a.e. is
invariant with respect to measurable homeomorphism and
measure invariant function F. =

The above theorem shows that if p,(S) =0, u;(R) =0 and
U1 (@) =0 are dark regions in the respective charts (Uy,d,),
(Uz,d2) and (Us,ds) in (M, T,%,u1) then pp(F(S)) =
0, uo(F(R)) =0 and u,(F(Q)) = 0 are dark regions in the
corresponding charts (V,%,), (V2, ¥5) and (Vs, ¥s) in (M,,
Ty, Za, ).
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5 CONCLUSION
In this paper S.C.P. Halakatti has investigated two intrinsic
properties on complete measure manifold. We have shown
that locally path connected ;- a.e. property, interconnected
wi- a.e. property and maximally path connected p;- a.e. on
complete measure manifold are invariant under measurable
homeomorphism and measure invariant map.
The above study on different aspects of connectedness on
complete measure manifold vindicates that, the local path
connectedness, the inter connectedness and the maximally
path connectedness are invariant under measurable
homeomorphism and measure invariant function F.
One can show that if F: (Ml,.‘Tl,El,,ul) — (Mz,Tz,Zz,,uz),
G:(M,, T, Xy, ) — (M3, T3,X3,u3), then the composite
function G o F: (M, T1,%1, t1) — (M3, T5,X3,u3), satisfies
equivalence relation on a complete measure manifold
paving a way for a new manifold called network manifold.
We carry the study on such network manifolds in our future
work.
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