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Abstract: when an associative algebra is defined over another associative algebra, there is every chance of the associative property
holding. Keeping this in view, if the set of Quaternions taking coefficients from real numbers in the form

Q:{ao +ai+a,j+ak/aya,a,,a € R}which makes a Skew Field under the addition of quaternions defined by
(8, +aji+a,j+ak)+(b, +bji+b,j+bk)
:(ao +b0)+(a1 +bl)i +(a2 +b2)j +(a3 +b3)k and the multiplication defined by
(8, +aji+a,j+ak)x (b, +bi+b,j+bk)=
=(agh, —ab —ab, —ab,) +(ah +ab, +ab, —ap,)i+(ab, +ab, +ab —ab,)j
+(agh; +a;b, +ab, —a)b; )k
Also, Zp = {[O],[l],[Z],...,[p—l]} is the set of residue classes modulo p forms a field under the addition modulo p defined by

[a]+p [b] = [a+ b] mod p and multiplication modulo p is defined by[a]xp [b] = [ab] mod p . Since the elements of Z arepa
finite number, the formed field is a finite field. When the Quaternions are defined over this finite field, then a chaotic situation except
the closed property can be observed.
The present discussion is, showing that it is not necessary always that the composite algebra formed by the quaternion skew field
defined over the field of residue classes modulo p is not associative.

CHAPTER 1:

Definition1.1: Q, =q, taji+a,j+akl a0 ,a,,a,€Z i, ]k are unit Vectors}

= {qaoaﬂlzas
then «; can take any value between 0 and p — 1 integers. 0 <i <3 . This allows the cardinality of Qp is|Qp| =p*

Definition 1.2: @is defined on Q_ by 0, ... @555

=(a0 +, ,30)+(061 +, ﬂl)i +(a2 +, ﬁz)j+(a3 +, ﬁ3)k
See that o +, 3 € Q,VO<i<3which verifies that (Qp,@) is a closed set.
Definition 1.3: ®is defined on Q_ by q

[(0{0 p ﬂO

ooz, @ Vi

) (alxp ,Bl)+p (—)(azxp ﬁ2)+p (—)(053><p ,33)]
[(“OX ﬂ1)+ (alx :Bo) ( Gy % ﬁs)+p(_)(asxp ﬂz)]i
(e xy Bo) 4y (%, o)+, (%, B) 4, (), o) i
[(O‘OX ﬁ3) (an ﬁo) (alxpﬂz)+P(_)(a2Xpﬂl)]k

Note that (—)(ozi X, ﬂj)z p—(aiﬂj)mod p

Since Os(aiﬂj)mod p<p-1itfollows0< p—(aiﬂj)mod p<p-1.

While ¢; x, B, € Q, V0 <Ii, j<3and (ai X, ,Bj)+p (a,xB,)€Q,¥0<i, j,s,t <3which verifies that (Qp,®)is a closed

set.
CHAPTER 2:
To substantiate the idea of non — associativity in this closed set, here is an example.
Example 2.1: suppose p = 5 while p stands for the prime number, and write the residue classes modulo 5.
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:{[0][1][2][3][4]} is the set of residue classes modulo 5 upon which the addition modulo 5 is defined by

X+ Y= (x+y)m0d5 which means, the remainder obtained when x +y is divided by 5 while x and y are integers.

Also, the multiplication modulo 5 is defined by X, y =(xxy)mod5. With these two operations, (Zg,+s,%; ) forms a ring
without divisors of zero.
Q.= {q%alazas =a,+ait+ao,j+aklaya,a,,a,€Z,i, K are unit vectors}

By the rule of permutation, each component of q can take 5 choices 0 through 4.

et
So, the total number of members of Q, possible is 5* =625

See that O <can be represented byOx5’+0x5°+0x5" +0x5°=0000, 27 can be represented by
0x5% +1x5% +0x5" +2x5° =0102 and 624 can be represented by = 4444 while

4x5° +4x5% +4x5" +4x5° =624.

So, the members of Q. can be the base 5 number system or the Penta- base system.

Definition 2.1:0,, .., ® s, ,, =(8 +sby)+(a +sb)i+(a, +sb,)j+(a+s by )k, and use i-i=j-j=k-k=-1
i j=k, j-i=—K,i-k=—jk-i=j, j-k=ik-j=—iforal
0<i, j £624 indices.
Definition 2.2: 0, .. o ® 0o, = (8 + i +a,j+a,K) ®(b, +bji+b,j+bk)
= {(3 s ) +s (=) (8% 1) 5 (=) (2 %6 B,) +5 () (3 % )}
+{(a0 xg 1))+ (8, %5 by ) +5 (8, %6 by ) +5 (=) (85 % bz)}i +
+{(29 x5 b,) +5 (8, %5 By ) +5 (8535 By )+ (=) (2, %5 1y i+
Jr{(a0 x5 By) 5 (8% by ) + (@, %5 0, ) +5 (=) (@, X bl)}k
Observe that (—)(a3 Xg bz) is the inverse addition modulo 5 and not the inverse multiplication modulo 5.
Qe =[3]+[2]i +[0]i+[L]k Qo =[2] +[2]i +[2]i+[3]K and g, =[0] +[1]i+[2]i+[2]k
Cos ® Ghes = (3] + [2]i +[0]j+[1] y@{[1]+[2]i+[2]i+[3]k|
=([3]+s (- )[0]+ (- )[3]) ([ ] [2] +5[0]+5 (-)[2])i
]+ 0]+[2]+ )[al)i+([4] 4]+ (-)[0])k

=[1]+[2fi+[2]i+[4]«

= Oye4
{ios ®Chos } @ gy = Chs © 0,
= {1+ [2]i+ [2]i+[ 4]k} ®{[0]+ [Li + [1]i+[2]K]
= ([0]+s (el +s ()[2]+s () +([L+5 [0]+5 [4]+5 (-2)[4]);
+([2] +5 [0]+5 [4]+5 ()[2])i+ ([2] +5 [0] +5 [1]+s (-)[2] )k
See that (—)[2]=(5-2)mod5=[3]

=([0]+5 [4] +5 [3] +5 [2]) + ([1] +5 [0] +5 [4] +5 [1])i +([2] +5 [0] +5 [4] +s [3])3

+([2]+5[0] +s [1] +5 [3])k

{ Qs ® Ohge } ® O, =[4]+[1]i +[3]5+[1]k

O e 21)
Take the other side of the equation.
s © T, ={[1] + [2]'+[2]J+[3] } {[0]+[ai [1]J+[2]k}
=([0]+s ()[2]+s (2] () +([2+ [0]+ [4]+s (-D[3])i
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+([1]+5 [0] + [3]+s (-1)[4])i+([2]+s [0] +s [2]+5 (-)[0] K
—[0]+[2]ii +[0]+[4]k
=0,
Oyps ® {Chss ® %2} = o6 © G,
{[3]+[2]i+[0]i+[1]k} ®{[0]+[2]i +[0]j +[4]K}
=([0]+5 (=)[4]+5 ()[0]+s (-)[4]) + ([2]+5 [0] +s [0] + (-)[0] i
+([0] +5 [0]+5 [2] +5 (_)[3])1 + ([2] +5 [0]+5 [0] +5 (_)[0])k
=[2]+[1]i+[4]i+[2]k
e - (2.2)
(2.1) and (2.2) confirm that associative law does not hold in the Quaternion set under the said operations.

Theorem: 3.1. (Q o ®) is not an associative algebra.

Proof: consider (q“o%azas ® qﬂo/”lﬂzﬁa )® q70717273 -

={(aoﬂo mod p)y,mod p+>"" [ p—(p—a,4 mod p)y, mod p}}+ Ghi + 0, + Gk

# {ao (8,7, mod p)mod p + Z;[ p—a;(p— 3y, mod p)mod p]} +1i+1,j+r,k where
q.1; €Q, for 1<i, j<3
Observe that a—(b — c) * (a — b) —ceither in a finite field or in an infinite field where — x stands for the additive inverse of x.

= qa0a1a2a3 ® (qﬁoﬁ1ﬂ2ﬁ3 ® q70717’273 )
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