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Abstract: when an associative algebra is defined over another associative algebra, there is every chance of the associative property 

holding. Keeping this in view, if the set of Quaternions taking coefficients from real numbers in the form 

 0 1 2 3 0 1 2 3/ , , ,a a a a a a a a= + + + Q i j k R which makes a Skew Field under the addition of quaternions defined by 

( ) ( )0 1 2 3 0 1 2 3a a a a b b b b+ + + + + + +i j k i j k
 

( ) ( ) ( ) ( )0 0 1 1 2 2 3 3a b a b a b a b= + + + + + + +i j k  and the multiplication defined by  

( ) ( )0 1 2 3 0 1 2 3a a a a b b b b+ + +  + + + =i j k i j k  

( ) ( ) ( )0 0 1 1 2 2 3 3 0 1 1 0 2 3 3 2 0 2 2 0 3 1 1 3a b a b a b a b a b a b a b a b a b a b a b a b= − − − + + + − + + + −i j     

 ( )0 3 3 0 1 2 2 1a b a b a b a b+ + + − k . 

Also,         0 , 1 , 2 ,..., 1p p= −Z is the set of residue classes modulo p forms a field under
 
the addition modulo p defined by 

     modpa b a b p+ = +  and multiplication modulo p is defined by     modpa b ab p = . Since the elements of 
pZ are p a 

finite number, the formed field is a finite field. When the Quaternions are defined over this finite field, then a chaotic situation except 

the closed property can be observed.  

The present discussion is, showing that it is not necessary always that the composite algebra formed by the quaternion skew field 

defined over the field of residue classes modulo p is not associative.  

 
CHAPTER 1: 

Definition1.1:
 

 
0 1 2 3 0 1 2 3 0 1 2 3/ , , , , , ,  are unit vectorsp pq           = = + + + Q i j k Z i j k

 

then i can take any value between 0 and p – 1 integers. 0 3i 
 
. This allows the cardinality of 

pQ  is
4

p p=Q .  

Definition 1.2:  is defined on 
pQ by 

0 1 2 3 0 1 2 3
q q         

( ) ( ) ( ) ( )0 0 1 1 2 2 3 3p p p p       = + + + + + + +i j k   

See that 0 3i p i p i +    Q which verifies that ( ),p Q is a closed set.  

Definition 1.3:  is defined on 
pQ by 

0 1 2 3 0 1 2 3
q q         

( ) ( )( ) ( )( ) ( )( )0 0 1 1 2 2 3 3p p p p p p p        =  + −  + −  + − 
   

( ) ( ) ( ) ( )( )0 1 1 0 2 3 3 2p p p p p p p        +  +  +  + − 
 

i  

( ) ( ) ( ) ( )( )0 2 2 0 3 1 1 3p p p p p p p        +  +  +  + − 
 

j  

( ) ( ) ( ) ( )( )0 3 3 0 1 2 2 1p p p p p p p        +  +  +  + − 
 

k   

Note that ( )( ) ( )modi p j i jp p   −  = −  

Since ( )0 mod 1,i j p p   − it follows ( )0 mod 1i jp p p  −  − .  

While 0 , 3i p j p i j     Q and ( ) ( ) 0 , , , 3i p j p s t p i j s t    +     Q which verifies that ( ),p Q is a closed 

set.  

CHAPTER 2: 

To substantiate the idea of non – associativity in this closed set, here is an example.  

Example 2.1: suppose p = 5 while p stands for the prime number, and write the residue classes modulo 5.  
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          5 0 , 1 , 2 , 3 , 4=Z is the set of residue classes modulo 5 upon which the addition modulo 5 is defined by 

( )5 mod5+ = +x y x y which means, the remainder obtained when
x + y is divided by 5 while x and y are integers. 

( )5 mod5 = x y x y . With these two operations, ( )5 5 5, ,+ Z forms a ring Also, the multiplication modulo 5 is defined by 
without divisors of zero.   

 
0 1 2 35 0 1 2 3 0 1 2 3 5/ , , , , , ,  are unit vectorsq           = = + + + Q i j k Z i j k

By the rule of permutation, each component of 
0 1 2 3

q    can take 5 choices 0 through 4. 

So, the total number of members of 5Q possible is 
45 625=

See that 0 can be represented by
3 2 1 00 5 0 5 0 5 0 5 0000 +  +  +  = , 27 can be represented by 

3 2 1 00 5 1 5 0 5 2 5 0102 +  +  +  = and 624 can be represented by 4444=  while  
3 2 1 04 5 4 5 4 5 4 5 624 +  +  +  = . 

So, the members of 5Q  can be the base 5 number system or the Penta- base system. 

Definition 2.1: ( ) ( ) ( ) ( )
1 2 3 4 1 2 3 4 0 5 0 1 5 1 2 5 2 3 5 3q q a b a b a b a b        = + + + + + + +i j k , and use 1, =  =  = −i i j j k k

, =i j k  = −j i k , , , = −  =i k j k i j , =  = −j k i k j i for all  

0 , 624i j  indices.  

Definition 2.2: ( ) ( )
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3a a a a b b b bq q a a a a b b b b = + + +  + + +i j k i j k

( ) ( )( ) ( )( ) ( )( ) 0 5 0 5 1 5 1 5 2 5 2 5 3 5 3a b a b a b a b=  + −  + −  + − 

( ) ( ) ( ) ( )( ) 0 5 1 5 1 5 0 5 2 5 3 5 3 5 2a b a b a b a b+  +  +  + −  +i

( ) ( ) ( ) ( )( ) 0 5 2 5 2 5 0 5 3 5 1 5 1 5 3a b a b a b a b+  +  +  + −  +j

( ) ( ) ( ) ( )( ) 0 5 3 5 3 5 0 1 5 2 5 2 5 1a b a b a b a b+  +  +  + −  k

Observe that ( )( )3 5 2a b−  is the inverse addition modulo 5 and not the inverse multiplication modulo 5. 

       426 3 2 0 1q = + + +i j k ,        188 1 2 2 3q = + + +i j k and        32 0 1 1 2q = + + +i j k

                 426 188 3 2 0 1 1 2 2 3q q = + + +  + + +i j k i j k

  ( )  ( )  ( ) ( )       ( ) ( )5 5 5 5 5 53 4 0 3 1 2 0 2= + − + − + − + + + + − i

      ( ) ( )       ( ) ( )5 5 5 5 5 51 0 2 1 4 1 4 0+ + + + − + + + + −j k

       1 1 2 4= + + +i j k

164q=

 426 188 32 164 32q q q q q  = 

                 1 1 2 4 0 1 1 2= + + +  + + +i j k i j k

  ( )  ( )  ( ) ( )       ( ) ( )5 5 5 5 5 50 1 2 3 1 0 4 1 4= + − + − + − + + + + − i

      ( ) ( )       ( ) ( )5 5 5 5 5 51 0 4 2 2 0 1 2+ + + + − + + + + −j k

See that ( )  ( )  2 5 2 mod5 3− = − =

       ( )        ( )        ( )5 5 5 5 5 5 5 5 50 4 3 2 1 0 4 1 1 0 4 3= + + + + + + + + + + +i j

       ( )5 5 52 0 1 3+ + + + k

         426 188 32 4 1 3 1q q q  = + + +i j k

501q= ...... (2.1) 

Take the other side of the equation. 

                 188 32 1 2 2 3 0 1 1 2q q = + + +  + + +i j k i j k

  ( )  ( )  ( ) ( )       ( ) ( )5 5 5 5 5 50 2 2 1 1 0 4 1 3= + − + − + − + + + + − i
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      ( ) ( )       ( ) ( )5 5 5 5 5 51 0 3 1 4 2 0 2 0+ + + + − + + + + −j k  

       0 2 0 4= + + +i j k
 

 54q=  

 426 188 32 426 54q q q q q  = 
 

                  3 2 0 1 0 2 0 4= + + +  + + +i j k i j k  

 
  ( )  ( )  ( ) ( )       ( ) ( )5 5 5 5 5 50 4 0 4 1 0 0 0= + − + − + − + + + + − i  

             
      ( ) ( )       ( ) ( )5 5 5 5 5 50 0 2 3 2 0 0 0+ + + + − + + + + −j k

 

 
       2 1 4 2= + + +i j k

  

297q=          ...... (2.2) 

(2.1) and (2.2) confirm that associative law does not hold in the Quaternion set under the said operations.  

Theorem: 3.1. ( ),p Q  is not an associative algebra.  

Proof:  consider  ( )
0 1 2 3 0 1 2 3 0 1 2 3

q q q             =
 

( ) ( ) 3

0 0 0 1
mod mod mod modi i ii

p p p p p p     
=

= +  − −  +  1 2 3q q q+ +i j k  

( ) ( ) 3

0 0 0 1 2 31
mod mod mod modi i ii

p p p p p p r r r     
=

 +  − −  + + +  i j k where  

,i j pq r Q  for 1 , 3i j 
 

Observe that ( ) ( )a b c a b c− −  − − either in a finite field or in an infinite field where – x stands for the additive inverse of x. 

( )
0 1 2 3 0 1 2 3 0 1 2 3

q q q           =    
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