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Abstract:- In this paper, we analysed the problem of plane elasticity for a doubly connected body with outer and inner boundaries in
the form of a regular polygon with a common centre and parallel sides. The sides of the polygon are exposed to external gravitational
force and the biharmonic solution of the forcing term is determined. This is achieved by defining the forcing term in a non-
homogeneous equation of statics, using complex variable theory. The forces are analysed under two-dimensional stress function, from
which the equilibrium and compatibility equations were derived. Using the compatibility equation and the stress-strain relations, we
derived our biharmonic equation. Our results show that the theoretical frame work of the forcing term is consistent with the
previously existing results.
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1 INTRODUCTION

The application of the methods of conformal mappings and boundary value problems of analytic functions has proved to be
the most effective way of solving boundary value problems of elasticity and plate bending. However, for a simply-connected
domain, these methods yield effective results (especially for domains mapped onto the circle by rational functions). However,
these methods still remain poorly [1]. Nevertheless, for some practically important classes of doubly connected domains
bounded by polygons including the polygonal domain with a curvilinear 2-gonal holes, we may succeed in constructing
effectively (in the analytical form) functions conformally mapping this domain onto the circular ring [2]. In addition to this, the
Kolosov-Muskhelishvili methods make it possible to decompose these problems, into two Riemann-Hilbert problems, for the
circular ring and by solving the latter problem, we can construct the sought complex potentials in analytic form.

Theories of mixtures in the frame-work of rational continuum thermodynamics have been developed throughout the sixties
and seventies, and subsequent development in various constitutive theories and thermodynamic analysis are too numerous to
document [3]. Boundary-value problems for a finite domain with part of its boundary being unknown and the other a polygonal
line were solved in [4]. A similar boundary-value problems of plane elasticity for infinite plates weakened by unknown full-
strength holes with normal stresses on their boundaries and forces applied at infinity were analysed in [5, 6, 7].

A mixed problem of elasticity was solved in [8, 9] for a convex polygon and for a doubly connected domain with a
polygonal boundary. Also, linear and non-linear static boundary-value problems for doubly or multiply connected isotropic and
anisotropic elastic bodies ( plates and shell) were solved by Maksimyuk and Chernyshenko [10], Liu,I-shih [7] discussed the
entropy flux of transversely isotropic elastic bodies of homogeneous type [11], while [12, 13, 14] gave a solution of a non-
classical problem of oscillation of two component mixtures. A fundamental solution of the system of differential equations of
stationary oscillations of two-temperature elastic mixtures theory was provided by [15].

The problem of plane elasticity for a doubly connected body with outer and inner boundaries in the form of a regular
polygon with a common centre and parallel sides had been reported in literature; thereby motivating this research.

2 MATHEMATICAL FORMULATION
We consider a homogenous isotropic elastic body occupying a doubly connected domain on the complex plane

Z=X+ |y . It’s outer and inner boundaries are Lo and L; respectively. The body is a rectangle whose centre is at

z =0. The neighborhood of the vertices of the inner rectangle symmetric angles of equidistance from the centre is shown in Fig
1.
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Figure 1: isotropic Elastic Body

We assumed that the edges of the isotropic elastic body is exposed to an external force in the form of load. Our aim is to
determine the biharmonic solution for the force (F), and the stress state.

3. METHOD OF SOLUTION
We use non-homogeneous equation in the theory of elastic mixtures as our governing equation to define the forcing term (F)
[16-18]. It is shown that the displacement vector components are represented in this theory by means of four arbitrary analytic
functions. In the two-dimensional case, the basic non-homogenous governing equation [16] of the theory of elastic mixture has
the form:

aAu’+ bgraddivu’ + cAu’’ + dgraddivu’” = (F (1)

Where A is the two-dimensional laplacian, grad and div are the principal operators of the field theory, € is the partial density
(positive constant of the mixture), F is the mass force, u’ = w’ and u”’> = w’’ are the displacement vectors, a, b, ¢, and d are
combination of constitutive constants, characterizing the physical properties of the mixture[19].

3.1 Theory of Complex Variables
We solve equation (1), using complex variable as follows:
z = x + iy with its conjugate given as z =x — iy 2
which in addition results to
2x =z+ Z ©))
Expressing equation (3) in partial differential equation

a i}
2—= —
dx 6z+

(4)

Sle

and by subtraction, equation (2) becomes,

2y =z— 2 ()
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Expressing equation (5) in partial differential equation

(6)

Sle

, 0 d
2is = 2
ay 0z

Adding equation (4) and (6); we have,

2(% +i:—y) :2;—2

)

Subtracting equation (6) from (4); we have,

(®)

2~ %)= 25

Multiplying equation (7) and (8); we obtain,
92 92 a2 [ 92 92
Aoz = 4(@ + 6_3/2) '(% B axay) ©)

Equating the two right terms of equation (9) to the real and imaginary parts of equation (4) and (6) respectively; to have,
a2 a2 7] 17} .

oz ~ ) =45~ )

0xdy oxdy
Replacing the two right hand terms of equation (9) by the two right hand terms of equation (10i) and (10ii); to have,

tom = 4Gt ) - 4G - 7 a

Let the displacement vectors u” and u’’ in their complex form be represented by

(10ii)

w=u’+ iu’and @ =u’+ i’ (12)
Introducing the displacement vectors into equation (11); we have,
3%wr dwr dwr . (dwr dwr
4oz = 4 (E + E) - M (E B E) (13)
Note: The displacement vector (w) depends on the elastic (z) and plastic (Z) regions respectively.

In order make equation (1) solvable, we adopt the method used in [1] and let
2% wr "_ 2w
and Au" = 4 9207 (14)

0z0z

Au' =

and
dw! 0w Jur our oy ’
Py E = 2 (E + E) = 2divu’ = 26 (15)

Substituting equation (14) and (16) for Au’and divu’ in equation (1) ; we have,

2 ! 2 n
2 4 40% + 2bgradf' + 2dgrad6” = ' (16)

4a 0z0z

Note: Our laplacian here is define as

0 0

A= VV= a_Za_Z_

where

1430
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V= grad =

Thus, substituting for

grad with % in equation (16); we have,

a%s € ozoz o Zda:Z” =¥ 17)
(4a6“” + 4cZl +2b0" + 2d9”) =y (18)
fd(4a%2 + 4c®Z + 2b0'+ 260") = [ydz (19)
4022 + 4c 420"+ 240" = [yldZ (20)
From Pompeiu formula, the integral [11] of (19); gives,
4022 + 4c%” 4 2p6' + 240" = @1
where Z—f is the analytic non-homogeneous terms, define as,

=
3.2 Non-homogeneous Part

Equating the non-homogeneous parts of equations (21) and (1)

u + iv is the displacement vector component at the transformed state, as a result of the contact with external force.

That is,

W~ 0P = oF: + iF) (21%)
So that

Lo D) — R + iR

which gives

ZZ Z; Z—; Z—Z = (F1 + ilF, 22)
Equating coefficient in equation (22); to have,

Z—Z — ;—; = (F; (23)
g—;+ Z—z = (F2 (24)

Introducing new variables ¢ and 1 [15]; such that,

_ O0p 0y
w= dx  0dy
__Op 0y
B 6y 0x

Substituting for u and

2(my ) _ 2
dx \ox ay ay

v in equation (22) and (23) gives

(-5 + 2) =
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which implies

(e + 7)o = W

Vip = (F (25)
a similar procedure gives:

Vi = (F; (26)
hence, from equation (25) and (26); we have,

V2 + iV%y =(F; + ifF, (27)
V(g +in) = ((F1+iF)

V2p = (F (28)

Note: The classical field theory describing gravity is the Newtonian gravitation, which describes the gravitational force F, as a
mutual interaction between two masses M, and m. That is,

GMm
r2

F =

(29)

where G is the earth gravitational constant, and r is the radius of the earth.

The massive body M has a gravitational field g. Since the gravitational force is conservative, the field g, can be written as a
gradient of gravitational scalar potential @; that is,

G = -Vo (30)

Also, in the case of gravitational field due to an attracting massive object of density £, Gauss’ law for gravity in differential
form can be used to obtain the corresponding Poisson equation for gravity[14] as,

V.g = —4nGL (31)
Substituting for g in equation (31) using equation ((30)

V.(=Vo) = —4nGL (32)
V2 = 4mGL (33)

Equation (33) is called Poisson equation for gravity[2]. Hence, equation (28) is equivalent to equation (33); because, they both
involve the mutual interaction between two masses (M and m). That is

VZp = (F = V¢ = 4nGU

(F = 4nGe

F = 4nG (34)

Thus, our forcing term (F) is the gravitational force, which is Poisson in nature; as such, it is restricted to a plane.

3.3 Biharmonic Solution for the Forcing Term (F)

We determine the stress state of the forcing term, by considering Euler Cauchy Stress Principle [20], which states that “upon
any surface (real or imaginary) that divides a body, the action of one part of the body on another is equivalent to the system of

distributed forces, and is represented by a field T,, called stress vector, defined on the surface A, assumed to depend
continuously on the unit vector n [21].
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This is mathematically as:

F = §, TodA (35)
Thus,

dF = T.dA

dF

L=, (36)

where T, is the resultant stress vector, components o, and t, are the normal and shear stresses respectively. Hence, the stress

distribution diagram becomes

Oy Txy

yx

Figure 2: Stress distribution on a plane
where, gy and oy are the normal stresses in the x and y directions.
Txy = Tyx, IS the symmetric shear stress in the x and y directions

Hence, we deduce the equilibrium equation from figure 2, as:

99 | Oty _ -
ox T ay =0 (37i)

doy O0Txy 0
ay ax

equations (37) is called the equilibrium equation.

(37ii)

Equation (37), involves two equations with three unknown,( o, o, and t,,). For compatibility, we introduce an extra equation

from the strain-displacement relation of the deformation process [22].

_
€x = ox
€ ow (38ii)
Y= oy

ou v
Yoy = 5, + o (38iii)

where u = u(x, y) and v = v(x, y) are the displacement vectors in the transformed state.

Differentiating equation (38) twice with respect to y, x, and xy respectively, result to

(38i)

82 du _ 0%ex .

ma = ay2 (39|)

02 o _ % (39ii)

ax2' 9y  ox2

Py _ 9% du | ey v _ 3%ey | gy (39iii)

axdy  9y2 ox ax2 "9y dy?2 ox2
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Hence, adding equations (39i), (39ii) and (39iii); we have,

8%ey 0%ey,  0%yxy

dy? dx2 dxdy

equation (40) is called compatibility equation.

To solve equation (40), we use stress-strain relationship [22] for stress:
€1 (oc —voy)

1
€y = E(oy — vay)

2 T
yxy = E(l + 1])":xy: - %

where:

v = Poisson ratio

E = Young modulus

G = Modulus of rigidity

Substituting for €, €, and y,, into equation (40); we have,

92 92 2 Xy
ay2 (o, — vay) + — Iz (o) — voy) —(1 +v) Frrm

2
6x2 (ax — voy,) + ;7(03, - vo,) = 2(1+ V) s Txy

(40)

(41i)

(41ii)

(41iii)

(42)

To eliminate the shearing term (z,,,) in equation (42), we differentiate the equilibrium equation (37i) and (37ii) w.r.t. x and y

respectively. That is,

R 2%t
=+ —=2=0
ax dxdy

0%0y | 0%Tyy
ay? dxdy

adding equation (43i) and (43ii); we have,

8%0, | 020y %1yy
dx2 ay? axdy
0%1yy _ _ l(azax azay)
dx0y dx2 ay?

Substituting for "y il equation (42); give,

92 92 1/ 8%, d%,
a—yZ(O'x— UO'y)+ ﬁ(ﬁy— UUX)=2(1+U)E<— - )

(43i)

(43i

(44)

(45)

i)

0x? dy?
02 02 d%c, 0%,
a—yz(ax - vay) + ﬁ(ay - vax) =(1+v) <— a2 3y >
Expanding and simplifying the equation above; we have,
d%a, N 0%a, _ %o, d%a,
dy? 0x? dx? dy?
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2
0“0y

%0, 620y 020y _
dy? ox? ax2 + ayz 0 (46)
The solution to equation (46), can be obtained by introducing a new function @, called Airy’s stress function [22].
For the case under consideration, we can define @; so that,

0% 0% %@
O'xzayz, g, = andeyZM

YT gx2’
Substituting for oy, and o,, in equation (46); that is,

0% 0%® 0% 0%® 0% 9*® 0% 9%d

3y20y2 " oxax? T 9x20yr T oyt ox?

64d>+ 64<D+ ) 0t “o
dy*  ox* dx2dy?

64¢+2 *d N 64<1>_0
dx* ax2dy? = dy*

92 92 92 92
— | —+ — || =
[(W ’ 6y2> <3x2 ’ ay2>] °

ViV = 0

Vi =0 (47)
equation (47) is called biharmonic equation. Hence, our forcing term in equation (34) is,

F = 4nG = Vi@ = 0.

3.4 Stress State of the Forcing Term on the Plane

Stress is force per unit area; that is,

F
Stress = —<< Hence,
Area

Force = Area X Stress
With the above definition, figures 3-6 illustrate the stress distribution on the plane.

Ox

v

Figure 3
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v

Figure4 g°

Deducing from figure 4, the force impact on the plane in x-direction is,

A.o,sin6
E,
AT,y cos B A F, Ao y cosd
Figure 5: Stress distribution in the x-direction. Figure 6: Stress distribution in y-direction.
F, = A(tyy cos 0 + o, Sin 0) (48)
= Tyy C0sO + 0, sinf (49)

Also, deducing from figure 6, the force impact on the plane in the y-direction is,

E, = A1y, sin6 + o, cos6 (50)
F, .
Iy = (Txysin6 + o, cos ) (51)

Thus, total stress impact on the plane is,

E F F _(rxycose axsin6>
A A A

Txy sin 6 Gy cos 6
Recall from our main result,

F=4nG = V% =0
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0 d t(rxycose oxsine)
=de

Txy sin 6 Gy cos 6
0 = 0T,y c0s*(0) — 0T,y sin®(0)

0Tyy €0S%(0) = 0Ty,sin?(6)

sl = T 12(p) (52)

cos26  oTyy

Recall that T;, is our resultant stress vector earlier mentioned in equation (36)

Tan?6 = 1 = T2(6) (53)
So that for
Tan?6 = 1

o

0= tan™'1 = 45
20 = 90°
For
Tan?0 = T2(6)
The = tanf (54)

With the result of equation (54), we can generate the following table to ascertain the stress state of the following angles 6

Table 1: Relationship between 6 and T, g

6° 0 30 60 90 120 150

The) 0.00 0.58 1.73 0.00 -0.58 -1.73

Tn

Figure 7: Graph of Stress(T,) against Angle(6).
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3.5 Discussion of Result

The graph in Fig.7, show the relationship between the angle (8) and the stress state of the isotropic elastic body. It is shown that
the body attain stability at angle 90°; where, the resultant stresses resolved to zero. At angle 30° t0 60, the body undergoes an
elastic motion; while, at angle 120" to 150°, the body suffers a plastic deformation.

3.6 Conclusion

In this paper, we considered the biharmonic solution for the forcing term (F) in a non-homogeneous equation of statics in the
theory of elastic mixture. It was found that our theoretical solution for the forcing term of the isotropic elastic body (Fig.1) is
consistent with the existing result of [23].  In this paper, we analysed the problem of plane elasticity for a doubly connected
body with outer and inner boundaries in the form of a regular polygon with a common centre and parallel sides. The sides of the
polygon are exposed to external gravitational force and the biharmonic solution of the forcing term is determined. This is
achieved by defining the forcing term in a non-homogeneous equation of statics, using complex variable theory. The forces are
analysed under two-dimensional stress function, from which the equilibrium and compatibility equations were derived. Using
the compatibility equation and the stress-strain relations, we derived our biharmonic equation. Our results show that the
theoretical frame work of the forcing term is consistent with the previously existing results.
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