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Abstract

In this paper a theorem on degree of approximation of a function
f € W(Lp,&(t)) by product summability (E,q)(N,py,) of conjugate
series of fourier series associated with f has been proved.
Keywords: Degree of approximation; W.(Lp,&(t)) class (F,q) mean
(N, p,) mean, conjugate of Fourier series and Lebesgue integral.

1 Introduction

Let )" a, be a given infinite series with the sequence of partial sums {s,}. Let
{pn} be a sequence of positive real numbers such that

PnIZZ%HOO&SnHOO(p—z':p—i:(),z'zo) (1.1)

v=0

The sequence to sequence transformation

1 n
t, = — Do So (1.2)

defines the sequence {t,} of the (N, p,)-mean of the sequence {s,} generated
by the sequence of coefficient {p,} if

t, — sasn — oo (1.3)

_ Then the series ) a, is said to be (N, p,) summable to s. It is clear that
(N, p,) method is regular (Hardy [1]).
The sequence to sequence transformation, (Hardy [1])

n

T, = ﬁ 3 (Z) 7" 5, (1.4)

v=0
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defines the sequences {T,,} of the (F, q) means of the sequence {s,} if
T,— s as n— o0 (1.5)

Then the series ) a, is said to be (E,q) summable to s. Clearly (F,q)
method is regular (Hardy [1]). )
Further, the (F,q) transformation of the (N, p,) transform of {s,} is de-

fined by
_ 1 i <TL) qnfkT
n — n k
(1+q)m = \k
n k
1 (n) ; { 1 }
= ~ q" —va-sv (1.6)
L+a" = K Pe i3
If
Tp, — S as n/— 00 (1.7)

then Y a, is said to be (E, q) (N, p,)-summable to s.

Let f(t) be a periodic function with period 27 and L-integrable over (—m, ).

The Fourier series associated with-f at any point x is defined by

f(z) ~ %—l—z (@, cosnz + b, sinnz) = ZAn(x) (1.8)
n=1 n=0

And the conjugate series of the Fourier series (1.8) is

Z(bn COSNT — Gy, SInNT) = Z By (x) (1.9)
n=1 n=0

let s,(f : x) be the n-th partial sum of (1.9)L.-norm of a function f :
R — R is defined by

IfI] = sup{|f(z)| : = € R} (1.10)
and the L,-norm is defined by
27
.= OERE S| 1.11
17l = ([ 1@ o (1.11)

The degree of approximation of a function f : R — R by a trigonometric
polynomial P,(x) of degree n under norm || - || is defined by (Zygmund [4]).

1P = flloo = sup{|pn(z) — f(z)| : = € R} (1.12)
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and the degree of approximation F,(f) a function f € L, is given by
En(f) = min [Py — fll.. (1.13)
A function f € Lip(«) if
lf(x+1)= f(z)|=0(t]*), 0<a<1,t>0 (1.14)

A function f(x) € Lip(a,r) if
1/r

(/0 ) — f(x)rdx) Oy, O<a<1,r>1.  (L15)

A function f(x) € Li(|t],r) if

21 1/r
(/0 |f(x+1t)— f(x)]rdx) =0([t]), r>1,t>0 (1.16)

But f € W(Lp,&(t)) if
1/p

(Aﬂvm+w—fwmm%wm) _oE), 620 (117)

we use following Notation through out this paper

W(t) = S+ 1)~ fz 1)
and .
8(1) = 3L+ 1) = Fla—1) —2f(2)}

and

n

= 1 n\ k) 1 "L ocosd —cos(f+ L)t
kn(t)_w(l—{—q)nz(l{;)q k{?,{;pv : sint/2 2 }

k=0

Further, the method (E, ¢)(N, p,) is assumed to be regular.
Here we generalize the theorem of Mishra [2].

2 Main Theorem

If f: R— R is 2m-periodic, Lebesgue integrable [—m, 7] and belonging to the
class W(Lp,&(t)), p > 1 by 7,(z) on its conjugate Fourier series (1.9) is given

by
I = sl =0 (04 073 () 2.1)
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Provided £(t) satisfies the following conditions

{Aﬁlcggqpmwnﬁym0<niﬂ (22)

e\ )
{/0 (T) dt} — O{(n+ 1Y} (2.3)

where § is an arbitrary number such that ¢(1 — ) — 1 > 0, (2.2), (2.3) hold
uniformly in x and where }—17 + % =1 such that 1 < p < 0.

and

3 Lemma

In order to prove it, we shall required the following lemma (Misra [2]).

|/;?n(t)|_{ O(n )for()<t<

(%) for <t<7r

4 Proof the Theorem

Using Riemann-Lebesgue theorem, we have for the n-th partial sum §,(f : x)
of the Conjugate Fourier series (1.9) of f(z) following (Titchmarch [3])

2 (7 -
salf20) = fla) = = [ o)kt
T Jo
the (N, p,) transform of 5,(f : ) using 1.2 is given by
— sin(n + 3)t
bn = 7TP Zpk 251n (t/2) dat

denoting the (E,q)(N,p,) transform of 5,,(f : z) by 7,, where

I~ fll = 1+1 /‘¢ Dk

Now
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Applying Holder inequality

/o {W?J—:)mﬁt}pdt] " [/0 {%}thl /g

1] <

n+1
=0(¢ (%ﬂ) (n+1)75
:0((n+1)5+i-g<nil>) (4.2)
And .
L= o(t) kn(t)dt

Using Holder inequality.

o< [ [ {0y L gy )
Rl PSS Q) My
[ q 1/q
:O<n+1)6 /1{1%—52#} dt]
: n+1 1/q
= [ E(L/y) " dy
=O0(n+1)° _/1/7r {W} ?]

= {(n +1)% (%H) [(y7or] l/q}j:

~0 {(n 1% (%ﬂ) (n+ 1)““3}
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-ofs(st)uen)

-0 {(n +1)5 e (%ﬂ) } (4.3)
Now combining (4.1), (4.2), (4.3)

I = 11 = 0{<”“)ﬁ+‘1’5 (nil)}

This completes the proof of main theorem.

5 Corollary

Following corollaries can be derived from our main results.

Corollary 5.1. If 5 = 0 then the function f € W(Lp,&(t)) becomes f €
Lip(&(t), p) and degree of approximation is given by

17~ =0 (236 ( 1)) w0

Corollary 5.2. If 3 = 0 and £(¢) = t* then f € W(Lp,£&(t)) becomes f €
Lip(&(t), p) and degree of approximation is given by

T — f|| =0 % , p>0
(0 + 17

Corollary 5.3. If 5 =0, &(t) = t* and p — oo then f € W (Lp,£(t)) becomes
Lipa and degree of approximation is given by

17~ 111 =0 () 0 < <1
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