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Abstract - In this work, we are choosing the distinguished dominant function ( which satisfy the general subordination
theorem’s conditions. As an impact we will get some fascinating specification about starlikeness of an analytic function.
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I. INTRODUCTION
The general subordination theorem’s conditions is defined as follows:

f(2)

z

Let @, A4 and ( be a complex number with Re a>0. If f e A, # 0 be a function in U satisfies the

following,
¢, 2;p(2)) < ¢(a, 4;0(2)), 2.
'( )

for

zf'(z
( )< q(z),vzeU.
f(2)
where U is an unit disc.
The unit disc is defined by the function U :{z:|z|<1} and these functions are normalized by the conditions f (0)=0 and

£(0)=1.

Setting P (Z) in above first order differential subordination equation, we get

J<¢(a./1;Q(Z)),ZeU,

SO

1+az
1-z

Let us take q(z) = ,—1<a<1.obviously, q is convex univalentin U.

I1. APPLICATIONS

THEOREM 2.1
1
Let the positive real numbers be & and A . Assume that a, —1<a <1, is a real number such that a < — whenever
o
f(z) _ _ _
a>1 Let f e A——=#0 in U, which satisfy
yA
zf'(z zf'(z zf"(z
(2) 1-a+a(l-1) ( )+a/1 1+ ,( ) <h(z),zeU
f(z) f(z) f'(z)
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where
1+az 1+az ) a+1)z
h(2)=(1-a) S i o 22 4[( )2}
(1-2)
then,
—Zf (Z)<—1+az,V2eU.
f(z) 1-z
PROOF

Let h be defined by,
h(z)= a(a(a+1)—1)+(a+l)(

we put h (0) =1 in the above equation, we get

1—aa+(2aa+a/1+a—1)(z)]

(1-2)

h(z):a(a(a+1)—1)+(a+l) (1_2)2

1-aa+(2aa+al+a-1)(0)
-0y |

l1-aa+0

1 )
h(0)=a(ca+a-1)+(a+1)(1-ax),
h(0)=a’a+ca-a+a-a’a+1-aa,
(

1—aa+(2aa+a/1+a—1)(z)]

h(0)=a(a(a+1)-1)+(a+1)

h(0)=a(a(a+1)-1)+(a+1)

a(a+1)(a-1-1)+2(1-a)
4
1-aa+(zaa+az+a_1)(_1)J
(1-(-0) |
l—aa—Zaa—a/’t—alej

h(—l):a(a(a+1)—1)+(a+1)( n

a—aza—2a2a—aa/I—aa+a+1—aa—2aa—0d—a+1j

Then we have to put h (—1) =

h(1)=a(a(a+1)1)+(a+1)(

h(—1)=a(aa+a—1)+(

4
— 2 — _ _ _ _
h(—1)=a2a+aa—a+(2a 3a’a —3aa a:z/i ao+2-ak a],
h(-1)= 4ad’ +4aa—4a+2a-3a’a—-3aa—acl-aa+2-adl—a
4 y
h(-1)= ad’®-2a-aal+2-al—-a
4 )
h(-1)= ad’ -2a-aal+2—-al—-a+aa—aa
4 i)
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a(a+l)(a-1-1)+2(1-a)
h(-1)= .
4
So it is clear that the function h is close-to-convex in U. The curve is symmetrical about the real axis and it intersects the real

axis at one point only.
The boundary of the curve is given by

h(e"’):u(9)+iv(0),¢9€(—7z,7r).

Already we have,

h(z):a(a(a+1)—l)+(a+1)(

1-aa+(2aa+al+a—-1)(2)
(1-2)° |
1-aa +(20a+ai+a-1)(e")
2 )
(1)
1-aa +(2aa+ald+a—1)(cosd +isin )
(1—(cos@+ising))’

h(e”)=a(a(a+1)-1)+(a+1)

h(e’)=a(a(a+1)-1)+(a+1)

1-aa +(2aa+al+a—1)(cosd+isin o)

h(e’)=a(a(a+1)-1)+(a+1) ((1—c059)+i5in9)2

1-aa +(2aa+al+a—1)(cosd +isin o)
(—2(1—cos@)(cosO+isin b))
(a+1) [1—aa+(2aa+a/1+a—1)(cose+isin 49)}( cos@—isin@
2(1-cosd) (cos@+isind) cos@—isin@
(a+1) ((1-aa)(cos@—isinf)+(2ca+ai+a-1)
2(1—cos¢9)£ 1 J

h(e”)=a(a(a+1)-1)+(a+1)

h(e’)=a(a(a+1)-1)-

h(e‘g):a(a(a+1)—1)—

h(e”)=a(a(a+1)-1)- (a+1) )((1—aa)(cose)+(2aa+a,1+a ~1))+

m (a+1) )((1—aa)isin9),

2(1-cos@
Taking the real and imaginary parts,we get

) (aa(a+1)—a)2(1—cos@)—(a+1)(1—aa)(cos¢9)—(a+1)(2aa+a/1+a—1)
u =

( 2(1-cos0)
2(a2a+aa—a)(l—cos@)—(a+1)(cos€—aac030+2aa+a/1+a—1)
2(1-cos0)
) Z(aza+aa—a—azacose—aacose+acose)—(a+1)cos€+(a+1)aacose—(a+1)(2aa+a/1+a—1)
u(0)= 2(1-cos0)
u(6)= (1—a)+cos@((a—l)—aa(a+1))—a(/1+1)(l+a).
2(1—cos0)

Then imaginary part is,

u(o)=

(a+1)

v(0)= m((l—aa)sin 0).

I JERTV8I S100041 www.ijert.org 49
(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)


www.ijert.org
www.ijert.org
www.ijert.org

Published by :
http://lwww.ijert.org

International Journal of Engineering Research & Technology (IJERT)

I SSN: 2278-0181
Vol. 8 Issue 10, October-2019

Eliminating €, we get the equation of the boundary curve as

V- =

a(A+1+a)

a
which is a parabola opening towards the left, with its vertex at the point[ (

negative real axis as the axis of parabola.

4

Hence, h (U ) is the exterior of this parabola and includes the right plane

uz

a(a’-A-ai-1)+2(1-a)

THEOREM 2.2

4

, _(l—aa)2(1+a) ua(az—i—ai—l)+2(l—a)}

a’-A-al-1)+2(1-a)

,0 [ and the

4

1 1
Let the real number be &, > 0, Assume the real number be 3,0 < <1, such that > =——— where o >1.

f(2)

Forall zeU, let f e A, —=2

zf'(2)

221" (2)

f(z) +a

where

then f ES*(ﬂ)

PROOF
We know that,

h(z):(l—a)(

f(2)

<h(z),

1-z2

2a

#0 in U , which satisfy the differential subordination

L+(1-2p)z), (1+(1-2p)z 2+ 2(1-4)z
==

l1+az

l1+az
+a
1-z ) (1

—Z

Jof

setting a=1—-24,0< <1 and A =1 in above equation, we get

h(z)

(1-a)

h(z)=(1-a)

h(z)=(1-a)

then f eS*(ﬁ).

1+(1-28)z

1+(1-28)z

1-z
1+(1-28)z

+a

1-z
1+(1-2p)z

1-z
1+(1-2p)z

+a

1-z

1+(1-28)zY

1-z
1+(1—2ﬂ)z

+a

1-z2

1+(1-28)zY

1-z

+a

1-z
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LEMMA 2.1
If h(Z) =Uu-+iv, then h (U ) is the exterior of the parabola given by

Vz:_<1—a<2—(§/j>3;<)z—zﬂ>(u_((w(ﬂ_gjw-gjj,
with its vertex at (a,b’(ﬂ —%j +ﬂ—%,0).

PROOF
By Theorem 2.1, we have the equation of the boundary curve as

> __(1—aa)2(1+a)[u_a(a2ﬂa&l)+2(1a)}
a(A+1+a) 4 '

a’-1-al-1)+2(1-a
ZEEN

a
which is a parabola opening towards the left, with its vertex at the point{ (

Here settinga =1—-24,0< f <1 and 4 =1,

o (1-(1-28)a) (1+(1-28)) [u i a((l—zﬁ)2 ~1-(1- 2,8)(1)—1)+ 2(1-(1-2p))
B a(l+1+(1-25)) 4 !

. (1-(1-28)a) (1+1-2p) a((l—Zﬂ)2—1—1+2,[5'—1)+2(1—1+2ﬂ)
YT a(2+1-2p) i 4 !

2

/2 ~ (1-(1-2p)a) (2-2p) u_a(1—4ﬂ+4ﬂ2 —1—1+2ﬂ—1)+2—2+4ﬂ}

a(3-2p 4
. (1-(1-2p)a) (2-2p) u_oz(4ﬁ2 2ﬂ2)+4ﬂ]

e a(3-2p) 4
V2:_(1—(1—2,B)a)2(2—2ﬂ) u_(4aﬂ2—2aﬁ—2a)+4ﬂ]
a(3-2p) 4 ’
sz_(l—(l—jé)_az)ﬂ()z—w) (e -L-%5))
Vz:_<1—<1—5g>3>ﬁ<)2—2ﬂ>(u_(aﬂ(ﬂ_gj_gwj}
with its vertex at (aﬂ(ﬂ—%j+ﬂ—%,0j.
LEMMA 2.2

f(2)

z

Let the real numberbe ¢, O<ax < 2,.If f € A, # 0 in U, which satisfies the differential subordination

#®'(z)  2*f"(z)

(9 “ T2

<h(z),zeU,
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* a
then f €S | —|.
2

PROOF
Putting @ =1—« and A =1 in Theorem 2.1, we get the following one:

we know that,
2
1+azj+a(1+az) ol (a+1)zz |
1-z 1-z (1_2)

Substituting the corresponding values in above equation, we get

h(2)=(1-a) Mjm(wjzma)(w},

1-2 1-z (1_2)2

and h (U ) is the exterior of the parabola given by the equation,

. (1—aa)2(1+a)[u_a(a2iaﬂl)+2(la)}

 a(A+1+a) 4

h(z)=(1-a

N—"

h(z)=(1-«

N—"

Substituting @ =1—¢ and A =1 in above equation, we get
. (1-(-a)a) (1+1-a)

Y s S 4

a((1-a) -1-(1-a)1-1)+ 2(11+a)]

. (1-(1-a)a) (1+1-0a)

u_

a(l+1l+1l-a) 4
V2 :_(1—a+a2)2(2—a) u_a(l—ZOH-OlZ 11+a1)+2a}
a(3-a) 4
V2=_(1—a+a2)2(2_a) ua(az_a_2)+2aJ'
a(3-a) 4

: @—a+aﬂ%z—a)u_(aaaﬂf_za+2aj}

e a(3-a) 4
o (raradf(2-a)( (a*(a-1)
a(3-a) 4 ’
2
with its vertex at the point [—%(1— a) , Oj.
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LEMMA 2.3

f(z
For O<a<lif f e A,Lio in U , which satisfies

z
zf’(z)+a 22£"(z2) <(1_05)(1+ Z]+a(1+zj2+a 2z _ h(z). (say)

f(z) =~ f(2) 1-2) \1-z) T (1-2)

then f €S" (gj.
2

PROOF
The differential subordination equation is

#'(z)  2°1"(z)

f(z) T f(z)
o-eeal2 o8] - (2]
hVF@-O!)(%)w{%T +a(1)((1+1)2}

h(z)= (1—a)(i—§]+a(t—§jz +0{(£ZZ)2J,

h (U ) is the exterior of the parabola given by the equation,

: (1—aa)2(1+a)[u_a(a2ﬂa/il)+2(1a)}

e a(A+1+a) 4

<h(z),zeU,

where

Taking a= A1 =1,

. (1-@a) @+ [u Ca(1-1-1-1)+ 2(1—1)}

T ) 4
o (e (@), _a(2)+0
- 3a 4 ’
2
o Bl (20,
3o 4
2
V2 :_2(1—0:) (u+—j,
3a 2
with its vertex at (_ﬂ , 0).
2
[JERTV8IS100041 www.ijert.org 53

(Thiswork islicensed under a Creative Commons Attribution 4.0 International License.)


www.ijert.org
www.ijert.org
www.ijert.org

Published by : International Journal of Engineering Research & Technology (IJERT)

http://lwww.ijert.org I SSN: 2278-0181
Vol. 8 Issue 10, October-2019

LEMMA 2.4

f(z
Let the real number be 4,4 >0. For —1<a <1l if f e A,L;tO in U, which satisfies the differential
VA

e T )

subordination

in U, then

PROOF
The equation,

Zf,(z){l—a+a(l—/1) zt'(2) +a;{1+ 2f "(Z)J]< h(z),

f(z)
ol 222 2]

1. .
put @ = 2 in above equation, we get

zf'(z) 1_%+%(1_/1) zf’(2)+1/{1+ zf "(Z)J}h(z),

where

h(z)

) (2) (
%Zf’(z)[lﬁ(l—ﬂ,) Zf'(z)+/1[1+ Z:jj((;))}]< h(Z), 1)
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)
substituting the value of h ( Z) from “(2)” in “(1)” equation, we get
' ' " 2
112f'(2) 1+(1—/1)Zf (Z)+ﬂ s f"(z) L1 (1+az)+(1+azj 2 (a+1)zz |
2 f(2) f(z) f'(z) 2\ 1~z 1-z (1-2)
' ' " 2
zf'(2) 1+(1_/1)zf (Z)+;t s zf"(z) - (1+azj+[1+azJ 2 (a+1)zz |
f(z) f(z) f'(z) 1-z 1-z (1-2)
in U, then
Zf,(z)<(1+azj,VZeU.
f(z) 1-z
Here, the image of the unit disc U under the function h(Z):u+iV is the exterior of the parabola,
Vz__(l_aa)2(1+a) u_a(az—ﬂ—al—1)+2(1—a)
~ a(2+1l+a) 4 '
Put o = % in above equation, we get
1-al 1 2(1+a) 1
. > u_z(a ~A-ai-1)+2(1-a)
;(ﬂ,+1+a) 4
2-aY 2
VZ:_( ) J(1+a) u_z(az—ﬂ—aﬂ—l)+2(2)(1—a)
;(/1+1+a) 4
sz_gxi(Z—a)2(1+a) u_(az—l—aﬂ—1)+4(1—a) |
1 2 (A+1+a) 4
VZZ_(z_a)2(1+a) u_(az—ﬁ—aﬂ—1)+4(l—a)
(A+1+a) 4 ’
{(az—ﬁ—a/"t—l)+4(1—a) }
which has its vertex at the point 2 ,0 1.
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LEMMA 2.5

f(z
Let the given real number be 4,4 >0.For —1<a<1if f € A, ( ) # 0 in U, which satisfies the differential
YA

Zf'(z)i(l—/l)L(z)+/1[1+L(z)D<(“ijz M{(aﬂ)z} h(z).(say)

subordination

f(z) f(z) f'(z) 1-z (1—2)2
in U, then

#'(z) (1+az

f(z) <[1—z j,VZEU.
PROOF

The differential subordination equation is,

L(Z) —a+a(l- L(Z)+oz +zf”(z) <h(z
f(z) (l (1 /1) f(z) ﬂ,[l D h( ),

where

h(2) (1_a)(11+azj+a(1l+_azz
f

2f'(z) Carall zf’(z)+a +z”(z)
f<z>(1 AT ﬂ(l f'<z>J

Put a =1 in above equation, we get

4 '(Z)(1—1+1(1—,1) #(z) +(1),1[1+ al ”(Z)D< (1—1)(11jz)+1(1tazz +(1)/1£((?j))f}
)

f(2) f(2)

in U, then

zf’(z)<(1+azj VzeU

f(z) 1-z
Then we can verified that the image of the open unit disc U under the function h (i.e) h(U ) is the exterior of the parabola
given by

2 _

(1-aa)’(1+ a)[u a(a —/I—a/1—1)+2(1—a)J
a(A+1+a) 4 '

Put & =1 in above equation, we get
2
. (1-a() (1+a)[u (e’ —z—az—1)+2(1—a)}

~ 1(A+l+a) 4

,  (1-ay(t+a)[ (a*-2-ai-1+2-2a)
T etea) | 4 '

s (-a)(sa)f (a®—2(1+ a)+1—2a)J
(A+1+a) 4 '
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, (1—a)2(1+a) ((1—2a+a2)—/1(1+a))
T Gra) | 4 !

/2 (1- a)2 (1+a)

T (a+lva) | 4 ’
(1-a)-2(1+a))
which has its vertex at the point 2 ,0
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