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Abstract

In this paper authors introduced subclasses Dy (a, )
of meromorphic univalent functions in the punctured
unit disk D* = {z: 0 < |z| < 1}=D\{0}. By using the
method of differential subordinations, we derive some
certain properties of meromorphically univalent func-
tions.
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1. Introduction

Let S denote the class of functions of the form:

1) f@=-+Zya,z",

Which are analytic and univalent in the punctured unit
disc D.

D* ={z:0 < |z| < 1}=D\{0} .
Let f(z) and g(z) be analytic in D, then,
we say that f(z) issubordinate to g(z) in D.
Where f(z) < g(z), if there exists an analytic
function h(z) in D, such that |h(2)]|<|z|
and f(z) = glh(2)], (z € D). If g(z) is univalent
in D then the subordination
f(2) < g(2)(D) = £(0) = g(0)

and f(D) c g(D).

Letq(z) =1+ qiz+qz+ - be analytic in D,
(—% <pf<a<s %) such that

@ a@<rT 2;‘ (z € D) Ifand only if

aB| _2@p) (1 1
©) |q()_1 4 <1452'(_5 ﬁ<a£5).

@) , (28 =—-1, z€ D).

Several authors recently proved some interesting
properties of meromorphically univalent functions. In
the present topic, we are going to prove some
subordination properties for the class S.

When g(z) = f(2) =§+ Y _ob,z", We define the
Hadamard product (convolution) of f(z) and g(z) by
(f*x9)(2) = f(2) ——+Zn 0 @n by
Where (mENO—NU{O}ZED)
We define a linear
21" (0,n,§,€6,v)f(2)

1 w [e@E+m)(1+n) m
=+ T [ 1] e

= (lpggnz *f)(z)

Where

¢6,§,n,£,6,v(z) + Zﬁzo[’&(l + Tl) + 1]mzn

a>0meN0=NU{0},zeD,€20,n20,

< 0<0S%,0<£S%,5>0,020,6>v )

For simplicity throughout the paper we are using

0" (0,n,§,6,6,v)f(2) = Qf (2)

and 4 = % * 0.

It is easy to verify that

() a(§ +mzlof (0,n,§, Df ()] = Of (2)

—[o(€ +m) +1]Of (2).
We note that

09(0,1,§,&68,v)f(2) = f(2) and
ot (2 111,01) r@) = 2L f(z)l
=2f(2) + zf (2).

operator by
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The above operators are analytic in D and satisfy the
following condition
Re{q(2)} >0, (ze€D).

for k€N, ¢ = expi?i@%),

(6) flr,rlllc[a, &n,e, 8'.0; z]

= 1S e 0f @)(€l2)

= §+ f €S
giklo, & m, ¢ 6,v;7]

= [0 (2] + Of @

= §+ (g €S).
hiylo,&,n,¢6,v;2]
@) + BB L

for k =1 we have,

fl‘rﬁ [U' f! née, 6,v; Z] = .Qf(Z)

We now introduce and investigate the following
subclasses of the class S of meromorphically univalent
functions.

(h€s).

1.1. Definitions

Definition 1.1.1 A function f € S is said to be in the
class Fl(x;0,¢,1m,66,v;2z) if it satisfies the
following subordination condition:
2[(1+9(0f @) @+ 2] o £ e5.0)f) @)
- p[(l +o<)f1'f‘k (U,{,n,s,é,v;z)+o<f{fll+l(cr,{,n,s,&,v;z)]
[x>0,z€eD,f €
Fli (e 0,8,m,6,8,v;2), fl1"[0,€,1,6,6,v; 2] % 0].
For simplicity we can write
F.(0;0,&,m,¢,8,v;9) = F{.(0,§,1,8,6,v; @).
Where
( meN,=Nu{0},zeD,§=0,n=0, )

1 1
0<0’SE,0<£SE,5>0,’U20,6>’U

< ¢(2).

Definition 1.1.2 A function f € S is said to be in the
class Gi*(x;0,&,1n,¢668,v;2) if it satisfies the
following subordination condition: ’
—2[(1409(f (1)) (D) +<(2T 1 (0.1, £,8,0)f) (2)]
[(1+o<)g§'1(0,{,?1,8,6,1r;2)+o(g§”+1(U,§,n,£,5,4r;z)] < (p(Z)
Where (z € D, x> 0),9g € G*(%; 0,¢&,1,¢,6,v; 2),
and g7**1[0,&,1,¢,8,v; 2] # 0.
G{n (Or g, 5' n e, 6! v, <P) = Gim (O', fl née 6: v, (P)

Definition 1.1.3 A function f € S is said to be in the
class Hi*(ec;0,&,1m,¢66,v;z) if it satisfies the
following subordination condition: ’
2[4+ ©f @) @Hx(2] T ot e80)f) ()]
- [(1+o()h'1" (o,{,n,5,6,0;Z)+0<h§"+1(a,{’,n,e,&,v;z)]
z€D,x=0,h € H"(x;0,¢,n,8,6,v;2)
and hP*[o,&, 1,6, 68,v;2] # 0.
~ H'(0;0,&,n,¢66,v;9) = H"(0,&,1,¢,8,v; Q).

< ¢(2).
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Where
(a> 0omeN,=NU{0},zeD,E=0,n 20,)

0<0S%,0<5S%,6>0,020,5>v

Definition 1.1.4 A function f € S is said to be in the
class J7%(x;0,8,n,¢,6,v;2z) if it satisfies the
following subordination condition ,
2|1+ @f (2)) @ +<(2]  (0n.8.2,8.0)f) ()]
- [(1+o<)l§'?k(J,E,n,e,&,v;z)+o<l{’fl+1(d,f,n,e,(?,v;z)] =
z€D,x=0,l € 3% (x;0,¢,1m,¢0,v;2)
and (7'{'[0,&,1,¢,8,v; 2] # 0.
For simplicity we can write
STk (0: g, 'S! née, 6’ v, (P) = ST}{ (0-1 f! n, ¢, 5: v, (P)
Where
a>0meN,=NuU{0},zeD,E=0,n=0,
( 0<O’S§,0<€S§,5>0,/D’ZO,5>/IJ’ >
Definition 1.1.5 A function f € S is said to be in the
class Uy (o5;0,8,m,6,6,v,2z) if it satisfies the
following subordination condition:
2|1+ (O (2)) @D +<(2T T (0 0,8.6.,6.) ) @)
- [(1+o()ufk(a,{,n,e,ﬁ,v;z)+o(u£’l‘1“(o,{,r],e,ém;z)]
z€D,x=0,u € Uy (x;0,8,1,¢6,v;2)
and ul}'[0,&,m,¢,6,v;2] # 0.
< U (0;0,¢8,1m,66,v;0) = Uy (0,&,1,86,v; ¢).
Where
(a >0,meN,=NuU{0},zeD, & =0,n= 0,)

1 1
0<0S5,0<£S5,6>0,020,6>4r

@ (2).

< ¢(2).

Definition 1.1.6 A function f € S is said to be in the

class X7 (x;0,¢,1m,¢,6,v; z) if it satisfies following

|00 @) (0] o e80f) @)
[(1+o<)x{"1k (6,{,n,£,6,4r;z)+o<x{’,’1+1(U,S,r],s,ﬁ,v;z)]

z€D,x=0,x € X1} (;0,¢&,1,¢,0,v;2)

and x\[0,¢,m,€,6,v; 2] # 0.

~ X% (0;0,&,n,¢,6,v;90) = X1y (0,§,1,¢,6,v; ).

Where
a>0meN,=NU{0},zeD,&=>0,n=0,

< 0<O’S%,O<SS%,5>O,UZO,5>U >

1.2. Remarks

< 9(2).

Remark 1.2.1 Puttingé =n=1=1,0= %,m =0,
k=2, and ¢(z) = g
In definition 1.1.1, we have the class

Re {_ z[(1+3o<)f'(z)+o<(zf’(z))]"} 0
(143e)Tsf (2)+xz[Tsf (2)]

where T,f (z) = 5 [f(2) — f(-2)].

Remark 1.2.2
have the class

For oc:0,§=n=1,a=% we
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1
m Pl .
Fl’k (Ol 2’ 1’11 g, 8: v, (,0)
Where the class
functions

= Fgfk (¢,6,v; Q).
F{',.(&,6,v;¢) consisting of
f(z) €S, this satisfies the following

z[ﬂi”(e,&,v)f]’(z)

subordination condition — < @(2).
pfi (e.8,v:2) 49

Where ¢ € P,
fikle, 8,v; 2]
o .
= ;Z]’-‘:(} e[0T (0,1, &,66,v)f(elz) # 0,
and
(a >0meN,=NU{0},zeD,é§=0,n = 0,)

0<JS%,O<ES%,5>O,UZO,5>’I!

Remark 12.3 For «=0, {=n=1=10=7 we
have the class
Flt (0:3,1,1,1/2,1,1;0) = F} (). Where the class

F.(¢) consisting of functions f(z) €S which
satisfies the following subordination condition

—Z—[?Tnf(] ;Z) < (p(z), where @ € P
1,k

1
el z] = = 2j=0 ek[l f] (ekz) # 0,
and

a>0meN,=Nu{0},zeD,§=0,n=0,
( 0<a§%,0<£§%,6>0,v20,6>0>

Remark 1.2.4 Putting m =0,k =2,¢ =
1+Z

n=1=1,
o= % and ¢(z) =
In definition 1.1.3, we have the class

Re {_ Z[(1+30<)f’(z)+o((zf,(z))]'} >0

(1430 Ty f (2)+ocz[Ts f (2)]

where T, f (2) = 5 [f(2) - f(~2)] and

a>0meN,=NuU{0},zeD,é§=0,n=0,
( 0<0’S%,0<£S%,5>0,U20,6>0>

1.3. Preliminary Lemmas

Lemma 1.3.1 Let #(z) be analytic and starlike
univalentin D

with h(0) = 0. If g(z) is analytic in D and
29'(2) < £(2),

then g(z) < g(0) + foz@dt.

Lemma 1.3.2 Let q(z) be analytic and other than
constant in D with q(0) = 1.0 < |zy] < 1and
Re q(z,) = miny, 4, Re q(2),

I1-q(z0)I?

then ' < —-——
209 (20) = =~ 3yl
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Lemma 1.3.3 Let d,r € C; and @(z) is convex and
univalent in D with
@(0) =1 and Rel[d®(z) + 1] > 0.

If g(z) is analytic in D with q(0) =1, then the
following subordination:
1@+ 229 20 > q(2) <0(z)  (z€D).

dq(z)+r

Lemma 1.3.4 Let d,r € C; and @(z) is convex and
univalent in D with @(0) = 1,Re[d®(z) + r] > 0.
Also let (z) < @(2) (z € D).

If g(z) is analytic in D with q(0) =1, then the
following subordination
4@ + 22D 20> q(2) <0z (z€D).

dq (z)+r

Lemma 1.3.5 Let f € F[ (a;0,¢,1,¢,6,v; @) then
2|+ (A o1.8.2.80)) (0 m..25,00F) )]
—[(1+o<)f{f‘k(U,E,n,e,ﬁ,v;z)+o<f{”'1+1(o,{,r],e,ém;z)]

< 9(2) (z € D).
(a> 0O0meN,=NuU{0},zeD,E=0,n 20,)

0<O’S§,0<€S§,5>0,/D’ZO,5>/IJ’

Proof For (j € {0, 1, 2, —1}) we have obtained
fl,k[o- E 7711 Z]
1 b4 i m i
EZ?:(% E[{: [*Ql (O', n, f: H 61 ”)f] (EiZ).
Hence
(7) flk[afn,sdv ekz]

Zn ser[0r(o,m,¢,¢,6, ”)f](fnﬂ z)

& Ik h e 00 (0,n,6,,6,0)f1(e; 7V 2)
- Ek fl,k [O', El ne 6,’0’; Z]
And
®  |[filognes vz

_Zn OEk] [fi"(o,n,§,&6,v)f] (ekz)

Replacmg m by m+ 1 in (A) we get
9 firt [a, &n,e 6,1 eiz]
= ek_jf{_’}(“[a, &n, e 68,v;2].
Replacingm by m + 1 in (B) we get
(10 [0, 6.m, 6,6, 2]

Zn ofk} [f1m+1(0 n,§,&6,v)f] (sz)
From (7) and (10) we obtained

2| A+ (o &20.00) D+ 0.6 28.0)F) @)
[(1+o<)f1 k(J,{,n,e,&,v,z)+ocf1mk+l((f,{,n,e,é,v,z)]

Zk { et 2|1+ (IT" (0.1.8.£.8 0)f) (ek )]

A+ [T (0,8.1,6,8 v52) +o< {7 (0,6 m ,6,32)

€ z[oc([{”"'l (g_n,g’,e,5,4f)f) (ekz)]
(1+°<)f1%(U.E,n,s,é,v;z)+o<f1"';<+l(cf,{’,n,e,&,v;z) -
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——Zk 6,; [(1+c<)(11 (U,n,{,s,d,v)f)’(eiz)] .
1+ f] k(a,{,n,s,é,v Ekz)+o<f1"}(+1(J,{,n,s,ém;e{{z)
€ z[o((l H(Jn{e&v)f)( )]

(14 f] k(" En,e b€ z)+o<f1";(+1(U,E,n,e,d,v;e{(z)
It is clear that
e{{ [(1+o()(1{”(J,n,é,s,c?,v)f)'( )+o<(1 H(a,n,{,e,&,v)f) (e z)]
[(1+o()f1 k(o,f,n,e,c?,v € z)+o<f1";(+1(U,E,n,eﬁ,v;ekz)]

< 0(2).

Noting that @(z) is convex and univalent in D we

conclude that Lemma 1.3.5 holds true. Using

equations (5) and (6) we get

z(f(0,n,§,€ 8,0)f)

+ (1 + ) fik(0,,m,2,6,032)

=Lyl e (07 (o,n, € 6,8,0)f1(e)2)

U(§+71)k
= =M es v (fES).

Let f € F{(a;0,7,¢,1;@) and suppose
z[f{ (on.€,e,8,v;2) '
W(z) = — Wiklonsedvin]

pfl(ongedn;z)
Then y(z) is analytic in D and y(0) = 1.

1 1 flrr;c+1(0.71.§,£,§,4r; z)
H n 1 - - e -
ence 1+ —9(z) = RCI

~ 2z o, &L 2)] =
~6{z9' (@) + 1+ 2 - p@} (00,666, v; 2)
(z € D).
From above relations we obtained
[(1+o<)(f1 r(@né.ed v)f) (z)+o<(f1mk+1(o n,€,e,6 v)f) (z)]
[(1 +00)f] k(a,{,n,e,é,v,z)+o<f1”}(+1(a,g’,n,s,ﬁm,z)]
A+e)Y @ (0. £ m .8 .vi2) +a 1&[1 +Z—zp (z)]w(z) " (0.,6,.6,0)
¢! +o<)f1 L (0&medriz)+a {ZV[1+1 —p (z)]f{f’k (on.8,661)
_ (rey@)+as{sy (z)+[1+——w @] @)}
(1+e)+ab |1 +——¢ @)
B azyzw'(z)+{(1+«)+aﬁ[1+z—¢ @|}v@
a 1+ +ab|1+5—1 (2)] '

Y(2) + ﬁ% < ¢(2).(z € D).Since
ba T

Re<ﬁ+21}+1—1/)(z)) >0
and by Lemma 3 we get

z(ffflk(o,n,f,e,ﬁ,v;z))’
7)) = — e TP T
v pfik(ong.edviz)

©(2) (z € D).

Lemma 1.3.6: Let f € G{”k(oc 0,&,1n,¢6,v; @) then
[(1+o<)(g1 (om.&e80)f) (z)+o<(g +1(cr,77,§,£,5,4r)f) (z)]

[+ g7 (0.6 m.6.8,0521+ocgT 1 [0,8m 2,8 w371

< 9(2) (z€D).
Therefore,if @ € P with

Re[ (2+ )+(1— (z))]>o
Where
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a>0meN,=NuU{0},zeD,E=0,n=0,
( 0<0S%,0<5S%,6>0,020,6>v,)

_z(of (U.n.f.a.t?.v.;Z)) <0

97 (0.6 .6,0:2) (z € D).

Lemma 1.3.7: Let f € F{',(x;0,¢,1,¢,6,v; @) then
[(1+o<)(h1 (o.n.€,6,80)f) (z)+o<(hm+1(U,n,§,s,§,v)f) (z)]
[(1+o<)h71" [0, m.6,6v;2]+«hT Hligen ,s,6,v;z]]

< ¢(2) (z€D).

Therefore, if @ € P with
Re[(2+2)+ (1 - p@)]>0.
Where

a>0meN,=NuU{0},zeD,E=0,n=0,
( 0<US§,0<8S§,5>0,UZO,5>4)’>

z(hT (o 250'2,
_ (1(.77.5...,))

YT - < @(2) (z € D).

2. Main Results

Section 1

Some properties of meromorphically univalent
functions

Theorem 2.1:
Let 0<a<1land 0<b<1.If f(z) €S satisfies
f(z)#0z€D"and

1 (7@
W e (_f_(z) )+1] <9 (z €D).
Where ¢ is the minimum positive root of the equation

a . b\ 2 a\ . b\ _

(12) Esm(ng)x —x+(1—5)sm(ﬂ5)—0.
Then
(13) |arg (zf(z) - %)| < T[g (z € D).
The bound b is the best possible foreach 0 <a <1

Proof: Let
_ a . b 2
(14) gx) = Zsin (n;) xX°—x

(12 sin (i)

It is clear that the Equation

%sin (ﬂg)xz —x+ (1 ——) sin (nz) =0
have two positive roots.
Since

g(0) = %Sin (ng) - (0)% —

=(1—%)Sin( 2)>0
g(1) =Zsi
=§sin(n§)+;sm(n§)

= ngin(ﬂg) <0.
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Hence we get
(15) 0<ﬁ5§5<1
Put

(1)  zf(@ =2+(1-%)q.

Then from the assumption of the theorem, we see that
q(z) is analytic in D

with q(0)=1 and 5+ (1 —%)q(z) #0 for all
(z € D). Taking the logarithmic differentiations on
both sides of

7f(2) =5+(1-5)q(@),

we obtained
zf () _ @-a)z29' @)
@ Sor 1,_ a+(2-a)q(z) ,
zf (2) _ (2-a)zq (2)

(18)  zf() [f(Z) + 1] = [t @@
Thus the

1 (2f'(
— = 1 eD
2@ (_f(Z) ) + | <9 fz )_ _

is equivalent to next equation as given in (19).

(2-a)zq'(2)

19 Teaer < %%
By using Lemma 1, above inequality leads to

z  (2-a)q'(t)
(20) fo BT OF dt < 6z.
Orto

(z € D).
inequality

2
- a+(2—-a)q(z) < 0z
In view of above results it can be written as

1+-2 62
()  q@) <=
8 §

Za— Now by taking o= ﬁ
and f = — 7 in (1.2), we have
oo (a1 -)

larg q(z)| < arc sin(

—N

2 b
2—a+a62) =y (z € D).
Because of g(&6) = 0. This proves statement.
Next, we consider the function f(z) defined by

-1

f@ =15 (z € D).

It is easy to see that

|Zf(z) [Z;(EZ)) + p” =6z| <& (z € D).
1+ﬁ52

Since zf(2) —% =—Z
It follows from (3) that
supsep |arg (2 (2) - 2|

= arc sin (

b
2—a+a52) - T[E'
Hence, we conclude that the bound b is the best
possible for each a € (0,1].

Next, we derive the following.
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Theorem 2.2: If f(z) € S satisfiesf(z) # o, (z € D)
and

zf (2)

(22)  Re|zf(2) [W +1][<e (z € D).
1

(23) 0<e< Tog

then

(24) ReTI(Z) >1—2¢-log2 (z€D)

The above inequality holds good.

Proof: Let
(25)  q(2) =zf(2)
Then q(2) is analytic in D with g(0) = 1 and
q(z) # 0 for z € D. In accordance with (17) and (20),
we obtained
_ Zq’(z) 1+z

02 (2) < E Let
(26) z [$ < 12%22 Now by Lemma 1, we obtain
LI 1—2¢e-log(1—2).

q(z)

Since the function 1 —2e-log(1—2z) is convex
univalent in D and

Re[1 —2e-log(1—2)] >1—2¢c-log2 (z€D).
From z ﬁ] < 12% we obtained the inequality

1
Re% >1—2e-log2.
To show that the bound

1
Re%>-1—28 log2 - (z € D).
Cannot be increased, we consider
1 *
fl2) = (zeD).

z[1-2¢'log (1-2)]
We can verify that the function f(z) satisfies the
inequality

Re [zf(z) [Zf{(z) + 1]] <e (z € D).

f(@)
On the other hand we have
Re zf(z) » 1 —2¢-log2 as z - —1.
Hence the Theorem holds good.

Theorem 2.3: Let f(z) € S satisfies f(z) # o,
27) (zeD.If |Im {fo(—iz)) [zf (z) — T]}| <V2 1t
(zeD,t>0).Then
(28) Re zf(z) > 0 (z € D).
Proof: Let q(z) in D be defined as
Re zf(z) = q(z) then q(0) =1,q9(2) # 0,
And

2f'(2) N g @
@) Z2@-9=l@ -1 [L2-1]
(30) Req(z) >0, |z| <l|z,] and q(zy) =ib
where b isreal and b # 0. Then by Lemma 1.2.2 we
have

www.ijert.org 5



_(1_h2
(B)  z-q(z) s =22

Thus it follows from above obtained results that

_ z0f (20) _
(2 Jo=m[LC(f(@) - )
= —b+32°q'(2)
In accordance with 7> 0 and from the statements
(2.2.1) and (2.2.2) we obtained

@3)  Jo= TS mEEn (6> 0)
@4  Jo<BC o mETD >0

But both The mequalities obtained above contradict
the assumption given below.

|Im {Z;(EZ)) [zf (z) — T]}| <+v2t (z€D)and

T > 0. Therefore we have, Re gq(z) > 0 for all
(z € D). Thisshowsthat Re zf(z) >0 (z € D).
Theorem Holds true.

Section 2

Subclasses of meromorphically univalent Fun-
tions associated with Generalized multiplier
transformations

2.1. Inclusion relationships

Theorem 2.1.1: Let ¢ € P with
1 1
e[Z(Z +;)+(1—<p(z))] > 0.

Where
a>0meN,=NuU{0},zeD,é§=0,n=0,
( 0<0’S%,0<£S%,5>0,U20,6>0>

Then
Fm((cx; alflnl g, 51/0,; (P) c F]"le(o-l g;rl, g, 6;”; (p)

Proof: Let f € F{(x;0,¢,1,¢6,6,v;¢) and

_ _ A ongesf)
Q(Z) = pI* (o.n,€,6,8,1:2) (Z € D)

Then q(z) isanalyticin D and q(0) =1 hence
q(z)flr,rllc (0', f' T], g 6! v, Z)
1
= - lem+1 (O', E' ne 61 ’lf)f(Z)
+ Gy + 1) I"(0,&,1n,¢6,v)f(2).
Differentiating both sides we get

. " (o1.6,0,0:2))
zq (z) + <%+ 1 +—Z(f1'k(”§£ vz”)q(z)

fk (@ .e8v:2)

_ o (P endesnf @)
% fik(oni.edviz)
z[(1+o<)([{" (om,8,68 v)f),(z)+o<(11"+1((r,n,E,e,ﬁ,v)f)’(z)]
(Aol ine st it 0.k me b win)]
A+ q @ f K (0.6n,806v;2)
(1+f><)f1 i (@€med v, z)+a{7[1+ - (z)]f1 i (@mé.e60)
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ab [zq '(z)+1+%—plll (z)]‘I(Z)flr,';c @nge8v)
A+ f]), (0.8.m,6,6,v z)+ozl?[1+1 ¢(Z)]f1 k(o.8.8.8,0)
(1+o<)q(z)+a4'{zq (Z)+[1+——1P(Z)]Q(z)]
(1+x)+a0[1 +——1IJ (Z)]
B et s e e

- A+ +ab[1+3-9 )]

_ 2q'(z)
=q(2)+ Tolaao <9(2)

. 1 1
Since Re <E +22+1- pl/)(Z)) >0
And by Lemma 3 we get

z(ff"k(o.n,{,s,a,v;z))’
= —_ I '
V@ p 1) (om.é.e8,v:2) p(z) (z€D)

By Lemma 1.2.2 we find that q(z) < ¢(2)

(z € D).

~ f € (0,8,m,60,v;9)

= Fi(0,8,m,9) C Fi(0,é,n,€6,v;9).

(z € D).

Corollary 2.1.1: Let ¢ € P with

Re[ (2+ )+(1— (z))]>0

Where
a>0meN,=NuU{0},zeD,E=0,n=0,
( 0<O’S§,0<8S§,5>0/D’20,5>4)’>
Then

Gi* (e 0,8,m,¢,6,v;9) € G*(0,¢,1m,6,8,v; ).

Corollary 2.1.2: Let ¢ € P with

Re[;(2+2)+ 1 —p@)]>0.

Where
a>0meN,=NuU{0},zeD,é§=0,n=0,
( 0<0S%,0<£S%,6>0,020,6>v>
Then

H'(<;0,¢6,m,¢6,8,v;9) € H' (0,&,1,¢€,6,1; @).

Theorem 2.1.2: Let ¢ € P with

[((‘;:; (2+2)+ 1 -0@)]>0.

Where
<a> 00meN,=NU{0},zeD,E=0,n 20,)

0<O’S%,0<SS%,5>O,'D’ZO,5>U
Then
Itk (e 0,8,m,868,v;0) € 3% (0,§,1n,8,6,v; 9).

Proof Let f € 37 (x;0,¢,1,¢,6,v;@)and suppose

Z(”l" (U.W.f,s.&v;z))/
that q(z) = - (ZED).

Thus g(z) isanalyticin D and q(0) = 1.
- q(lz)ka (O-! n, E) g, 8) v, Z)
= 21" (0,6,6,8,0)f(2)

+ (% + 1) L*(0,¢,1m,¢6,v)f(2).

www.ijert.org 6



Differentiating both sides we get
, 1y (on.8.88v;
zq (Z) + ({%4_ 1 +M> q(z)

e (omée8v:2)
1z e £e80)f (2)
b % (0.n.8,8,6,0:2)
( ) Z(ﬂlrfk (o ,5,8,5,0;2))
7)) = — kI )
¢ % (o.n.8,8,6,0;2)

~q(z)<¢@p(z) (zeD).
This implies that f € JT (;0,¢,1, ¢, 8, v ).

(z € D).

Corollary 2.1.3: Let ¢ € P with
Re[ (2+ )+(1—<p(z))] > 0.

Where
a>0meN,=NuU{0},zeD,é§=0,n=>0,
( 0<a§%,0<£§%,6>0,v20,6>0>

Then
Ut (s 0,¢,m,¢,6,v;9) c UT (0,&,1,¢,6,v; 9).

Corollary 2.1.4: Let ¢ € P with

Re[ (2+ )+p(1— (z))]>0
Where
<a>0,mEN0=NU{0},Z€D,§20,1720,)

1 1
0<O‘SE,0<€SE,5>O,UZO,5>U

Then
X (<;0,¢6,m,68,v;9) c X' (0,¢,1,¢,6,v; ).

Corollary 2.1.5: Let ¢ € P with
1 1
Re[z(2+2)+ (1 - p@@)] > 0.

Where
a>0meN,=NuU{0},zeD,é§=0,n=0,
( 0<0‘S%,0<£S%,5>0,’U20,5>’U )

Then
F'(0,é,m,6,8,v;9) € F%(0,&,1,€,6,v; 9).

Corollary 2.1.6: Let ¢ € P with

Re[;(2+2)+ (- p@)]>0.
Where
(a >0meN,=NU{0},ze D,é§=0,n = 0,)

1 1
0<USE,0<8SE,5>O,/U’ZO,(S>U

Then
G (0,¢,m,¢,8,v;9) € G"(0,€,1,5,68,v; 9).

Corollary 2.1.7: Let ¢ € P with

Re[(2+2)+ - p@)]>0.

Where
a>0meN,=NuU{0},zeD,é=0,n=0,
( 0<GS%,0<8S%,5>0,’U’20,5>U>
Then

H"*Y(0,&,m,¢,8,v;9) C H*(0,¢,1,€,6,v; ¢).
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Corollary 2.1.8: Let ¢ € P with

Re[2(2+2) + (1 — ()] > 0. Where
a>0meN,=NuU{0},zeD,&E=0,n=0,
(0<as§,o<sg§,5>o,vzo,5>v>
Then

S0, &, 8,15 9) € J1'(0,¢,1, 66,15 ).

Corollary 2.1.9: Let ¢ € P with

Re[+(2+2)+ (1 - 9@)] > 0.

Where
a>0meN,=NuU{0},zeD,&E=0,n=0,
( 0<os§,o<5g§,5>o,vzo,5>v>
Then

Urtl(e,é,n,6,6,v;9) c U (0,€,1n,668,v; 9).

Corollary 2.1.10: Let ¢ € P with

Re [‘;((if; (2 + ) +(1- (z))] > 0.

Where
(a> 00meN,=NuU{0},zeD,E=0,n 20,)

0<O’S§,0<€S§,5>0,/D’ZO,5>/IJ’
Then Xt (6,&m, 88,75 ¢) € ¥P (6,51, 8 8, v; ).

2.2. Integral Representation

In this section we are going to prove integral
representations associated with the function classes

Fi(0,§,n,6,8,v;9), G} (0,§,1,£,6,v; 9)
and H (0,¢,1,€,6,v; ).

Theorem 2.2.1: Let f € F[,(0,¢,1,&,6,v;¢) then
F.(0,é,n,6,6,v;2) =

7= exp <__Zk -1 Z(p[w(ek )] d()
Where fi%[0,¢,n,¢,6,v; z]
—Zk 0 Ek[ﬂm(ff n.& e 6,v)f(ehz)

= ; +- (f € S),
w(z) isanalyticin D with w(0) =0
and |w(z)|<1. (z€D).

Proof. Suppose that f € F{',(0,¢,n,¢,6,v; ).

z(If (J,n,g‘,e,&v)f)’(e{(z) _
fﬁ(o_'nf’&fj’v:z) - ¢(W(z)) (Z € D)'
Where w(z) is analyticin D with w(0)=0

and [w(z)| <1 (z € D).

Replacing zby €,z (=012 above
equation holds true.

That is
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J(m ",
ekz(11 (oné,e80)f) (ekz) _ j
i ongedwin) p(w(e2)) (z € D).

We note that

fi(on, & e,8,v;€)2) = € flh(0,1,& € 8,13 2)
Letting (j = 0,1,2,+--), successively and summing
the resultant equations we obtained
(M ongeswn) 1
pfonEedviz)  k
And
(A @k edwn) Ll
fk(@n8.e8,v:2) +
Upon integration which ylelds,

log (zﬂ,’}((a,n, £,66,v; z))
ZzQ|w ejz -1
_ —%Z;‘;& : ‘P[ (é« )] dq.

Taking exponential theorem holds true.

‘io(w(eln)  (zeD).

Zk 19 (W (ekz))

Theorem 2.2.2: Let f € F{,(0,¢,1,¢,6,v; ¢) then
Iin (o, $in €6, ’U’)f(Z) =

) ¢ 2p(w(9)

o |xem (- tppe gy U )| %
Where w(z) isanalyticin D with w(0) =0
and |w(z)| <1 (z € D).

Proof: Suppose that f € F{",(d,&,1,¢,6,v;¢) then
m ' F" (0,8 n,1;2)
(I (0,§,m,5,8,0)f) (2) = = 2272 (w(2))

=—z"2pw(2)" ew(--zk S ZMCK)-

Integrating above equation, theorem holds true.

Theorem 2.2.3: Let f € F{,(0,¢,1,¢,6,v; @) then
' (0,§,n,¢6,v)f(2)

-h [c‘zqo(Wz ©))

exp (——Z z w[wléol 1d{)]

Where w;(z) is analytic in D with
and |w;(2) | <1 (z€D,j=12).

w;(0) =0

Proof: Suppose that f € F{'y(0,¢,1,¢,6,v; @) then

(fongeswrn)
TN pwi(2)). (z€D)
Where w;(z) is analytic in D with  w;(0) =0
and |wy(2) | < 1. (z€ D)
Thus by applying method of the proof of theorem
2.2.3 we find that

ff’?}( (U’ nl E’ g, 6, T, Z)
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- exp( 7 et m(z) d()
From above equations we get

(11"(0 0,6,66,0)f) (2) = L1 | (2)

=~ p(wy(2)) - exp (- [y L dc),

Where Wj(z) is analytic in D with w;(0) =0 and
lwi(2)| <1 (z€D,j=12). Integrating both
sides of above integral, we readily approach to the
assertion of above theorem.

Corollary 2.2.1: Let f € G*(0,&,1,¢,8,v; @) then
91" (0,0, 8¢,6,v;2) =

7 exp( foz <p[w(o]+?[w(<)] zd(>

Where gi*[0,¢,1,¢,6,v; 2]
=307 (0,n.€,6,6,0)f (2)]
+07(0,1,¢,6,8,0)f(2) =~ (z € D).

Where w(z) is analyticin D with w(0) =0
and lw(z) | <1 (z€D)

Corollary 2.2.2: Let f € G*(0,é,1n,¢,8,v; @) then
11’”(3, n,§,68,v)f(2) =

= ls72pw(s))

X exP( 1foz —w[w(()H?[w( )] dz.

Where w(z) isanalyticin D with w(0) =0

and lw(z) | <1 (zeD)

Corollary 2.2.3: Let f € H*(0,¢,1,¢,8,v; @) then
hi*(o,n,€&,¢,6,v; 2)

1fz olw@Ol-¢[w(@)]- ZdZ)

=2z~ exp( 0 .

Where

R o, 6 ,8,052] =5 [0F (0,1,4,£,6,0)f (2)]
+07' (0,1, §,6,6,v)f(-2) =- (heS)
Where w(z) is analyticin D with w(0) =0

and lw(z)| <1. (z€D)

Corollary 2.2.4: Let f € H*(0,¢&,1,¢,6,v; @) then
I*(o,n.§,66,v)f(2) =

—J s 2 pw(o). exp( Jy Md() dg
Where w(z) is analyticin D with w(0) =0

and lw(z) | <1. (z€D)

2.3. Convolution Properties

In this section we are going to derive several
convolution properties for the function classes
Fln_q]'( (O-) fr n) g, 6; v, (p)r G{’?k (0-! f! 77, g, 6! v, <p)

and H{, (0,¢,1m,¢€,0,v; ).

Theorem 2.3.1: Let f € F"(0,¢,1,¢,8,v; @) then

www.ijert.org 8



f@=[-f ¢ o(w(®)
xexp( IZ <p[ ( )] d() dC]
o N [5(5—‘”)]"‘ -1

o(&+n)+e(5+v)
Where w(z) is analyticin D with w(0) =0

and |w(z)| <1 (z € D).

Proof: Since we know that linear operator given by
in (0' 77! fi g, 6' ’U’)f(Z)
= l+ Yo ot +n)+ 1]ma,z"
= (wog‘nedv f)(Z)
Where L7, 5 (2) =+ Tao[6(1+n) + 1]" 2"
and I7*(o,é,m,6,8,v)f(2) =
- foz[c‘2<p(W(c))
e (~ i gy I ) ag

¢
—Jy s <p(w(c))exp< N L( ) d{)
(Zoo [ " ) p .

a(E+n)+e(6+v)
Thus from above equation, we can easily get

f@={=I s e(w)
X exp ( f( <p[ ( )] d{) dc}
£ Y [ o) ]"‘ 1

g (E+n)+e(§+v)
Theorem 2.3.2: Let f € F["(0,¢&,n,¢,6,v; @) then
f@) ={=J; s o(w:(s))

—1 k-1 (¢ elwi(@]-1
o (L3154 [ 22005 0g)

oo 5(5_”) m n—1
* Xn=0 [a(§+n)+£(6+1r)] z
Where w;(z) is analytic in D with  w;(0) =0

and |W]-(Z) | <1(z€eD,j=1.2).

Proof: Since we know that linear operator given by,
21 (0,n,8,6,6,v)f(2)
=4 N0 [6(1+n) + 1]7a, 2"
= (lpofngﬁv *f)(Z)
Where yL7 o (2) ==+ Z2o[6(1 +n) + 1]"2"
and I*(0,&,n,¢,6,v)f (2)
c <p(Wz ()
_fo [X exp k 1 z ¢[wi(9]-1 W1(Z) d()]
We obtained
—Jy s o(w2(9))
X exp (— picg ff tlealedll dc) ds

¢
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_ ) U(f""l) -1
- [ano L(s —v) + 1] z"" ] *f(@).
Thus from above result, we can easily prove the

Theorem.

Theorem 233 Let f€S and ¢@€P. Then
f € Fl.(0,¢,m,¢6,v;¢) ifand only if

f (@) |
(—z7'+ 326+ 1M (n— 1)z ) + p(e?) x

-1 o m_ n—1 l 0o _1
(Z + Zn:l[’{" + 1] z ) * (k Zn:ozl(l—e"z))
*0
(zeD*0<06 < 2m).

Proof: Suppose that f € F{} (d,¢,1,¢,6,v; @). since
the following subordination condition:
_ 2" omgesnf) @
Pfyik@ms.edwiz) < @(2). (z € D).
_ 2" omg.e8:0)f) (@)
Pfi)(@né.edviz)
(zeD;0<6 < 2m).
It is easy to verify that the above condition can be
written as follows:
35  z( (o, 8,0)f) (2
+f (0,0, & 668,v;2)p(e") # 0.
On the other hand we find from (10) that
@36) z(U"(o.n.¢,66,v)f) (2) =
(—z' + Zeolb + 1" (= D)2 ) * f(2)
Moreover, from the definition of
f]’:r]l( (O-I n; {; S, 6: /U’; Z)I
we obtained

(37) flr,rllc(o-! 77! f! g, 5!” Z)
= I{"(a,n,f,s,é‘,v)f(z) ( Zn Oz(l eV Z))

= G+l + 0D+ (i)

* f(2). Substituting (36) and (37) in (35) we can easily
arrive at the convolution property asserted by given
theorem. In view of Corollaries 2.2.2 and 2.2.4 and by
applying the method similar to method of Theorem
2.2.1 we can easily obtain the following result for the
function classes Gi* (a,1,¢,1) and H" (0,1,§, €, 6, 1).

It is equivalent to # @(e'?)

Corollary 2.3.1: Let f € G{(0,1,¢,¢,8,v,¢), then
— I s o(w2(9))
f(2) = -1 wQl+e[w(@)]-2
<7f0c olw()]+e[w(?)] d() dg

X ex
p ¢

© e(6+v) m n—1
* (Zn:O [6(n+$)+s(6+v)] z )
Where w(z) is analytic in D with w(0)=0
and lw(z) | <1. (ze€D).

Corollary 2.3.2: Let f € H%(a,1,&,¢,8,v,9), Then
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—Jy st o(w2(9))

fl2) = _ T
exp (%fog ¢[W(€)]+?[W(€)] ng) de
o @) 1™ a-1
* (Zn=0 [0(n+§)+£(5+4r) z )

Where w(z) is analytic in D with w(0)=0
and |w(2)| < 1. (z€D).

Corollary 2.3.3: Let f€S and ¢ €P. Then

f €Gi(0,§m,68,v;0)
if and only if

£ [(—z—l YO 6+ 1™ (0= 1)z ) +
1)

+2 T hE “0<

> @Z)#0 (ze€D;0<06<2m).
Where [(2) is given by

1(z) =21+ X0, (6 +1]mz" L.

Corollary 2.3.4: Let f€S and ¢ € P. Then
f€H"(0,§,n,¢8,v;0)
if and only if
(—z7 '+ ERal6 + 1] (n - Dz
f =

+28%0(5)

i0) ———————
TN #0  (z€D50<06<2n).
where f(z)is given by above equation.

Remark Specializing the parameters
0,&,n,¢6,v,m, AandB in our results, we obtain
corresponding results due to various researchers.
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