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Abstract 
 

 In this paper authors introduced subclasses 𝐷𝑝
∗(𝛼, 𝛽) 

of meromorphic univalent functions in the punctured 

unit disk 𝐷∗ =  𝑧: 0 <  𝑧 < 1 =D\ 0 . By using the 

method of differential subordinations, we derive some 

certain properties of meromorphically univalent func- 

tions. 
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1. Introduction  
 

Let S denote the class of functions of the form:  

(1)  𝑓 𝑧 =
1

𝑧
+  𝑎𝑛𝑧𝑛∞

𝑛=0 ,                                        

Which are analytic and univalent in the punctured unit  

disc  𝐷. 
 𝐷∗ =  𝑧: 0 <  𝑧 < 1 =𝐷\ 0  .                                           

Let 𝑓(𝑧) and 𝑔(𝑧) be analytic in 𝐷, then,                                   

we say that  𝑓(𝑧)  is subordinate  to  𝑔(𝑧) in 𝐷. 
Where 𝑓(𝑧) ≺ 𝑔(𝑧), if there exists an analytic 

function 𝑕 𝑧  in  𝐷, such that  𝑕(𝑧)  ≤  𝑧   
and  𝑓 𝑧 = 𝑔 𝑕 𝑧  ,     𝑧 ∈ 𝐷 . If 𝑔(𝑧) is univalent                                

in 𝐷 then the subordination                                                                          

𝑓(𝑧) ≺ 𝑔(𝑧)(𝐷) ⟺ 𝑓 0 = 𝑔(0)                              

and  𝑓(𝐷) ⊂ 𝑔(𝐷). 

Let 𝑞 𝑧 = 1 + 𝑞1𝑧 + 𝑞2𝑧 + ⋯ ⋯  be analytic in D,  

 −
1

2
≤ 𝛽 < 𝛼 ≤

1

2
   such that                                                                      

(2) 𝑞(𝑧) ≺
1+2𝛼𝑧

1+2𝛽𝑧
  (𝑧 ∈ 𝐷)  If and only if                        

(3)  𝑞 𝑧 −
1−4𝛼𝛽

1−4𝛽2  <
2(𝛼−𝛽)

1−4𝛽2 ,  −
1

2
≤ 𝛽 < 𝛼 ≤

1

2
 . 

(4) Re 𝑞 𝑧 >
1−2𝛼

2
,  2𝛽 = −1,   𝑧 ∈ 𝐷 .    

Several authors recently proved some interesting 

properties of meromorphically univalent functions. In 

the present topic, we are going to prove some 

subordination properties for the class S. 

When  𝑔 𝑧 = 𝑓 𝑧 =
1

𝑧
+  𝑏𝑛𝑧𝑛∞

𝑛=0 , We define the 

Hadamard product (convolution) of  f z  and g z  by  

 𝑓 ∗ 𝑔  𝑧 = 𝑓 𝑧 =
1

𝑧
+  𝑎𝑛𝑏𝑛𝑧𝑛 .∞

𝑛=0   

Where    𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷 .   
We define a linear operator by                  

𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧  

=
1

𝑧
+   

𝜎 𝜉+𝜂 (1+𝑛)

𝜀(𝛿−𝓋)
+ 1 

𝑚

𝑎𝑛𝑧𝑛∞
𝑛=0   

=  𝜓𝜎,𝜉 ,𝜂 ,𝑙
1,𝑚 ∗ 𝑓  𝑧 .   

 Where                                                                        

𝜓𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋
1,𝑚  𝑧 =

1

𝑧
+   𝒷(1 + 𝑛) + 1 𝑚𝑧𝑛∞

𝑛=0    

&  
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .                                                        

For simplicity throughout the paper we are using  

𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧 = Ω𝑓(𝑧)  

and  𝒷 =
𝜎 𝜉+𝜂 

𝜀(𝛿−𝓋)
≠ 0.  

It is easy to verify that 

(5) 𝜎 𝜉 + 𝜂 𝑧 𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝑙 𝑓 𝑧  ′  = Ω𝑓(𝑧) 

− 𝜎 𝜉 + 𝜂 + 𝑙 Ω𝑓(𝑧).              

We note that 

𝛺1
0 𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧 = 𝑓 𝑧  and  

 𝛺1
1  

1

2
, 1,1,1,

1

2
, 1 𝑓 𝑧 =

 𝑧2𝑓 𝑧  
′

𝑧
  

= 2𝑓 𝑧 + 𝑧𝑓 ′ 𝑧 .    
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The above operators are analytic in D and satisfy the 

following condition 

𝑅𝑒 𝑞(𝑧) > 0,        𝑧 ∈ 𝐷 .  

for  𝑘 ∈ 𝑁, 𝜖𝑘 = 𝑒𝑥𝑝⁡ 
2𝜋𝑖

𝑘
 , 

(6) 𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧    

=
1

𝑘
 𝜖𝑘

𝑗 ,1 Ω𝑓(𝑧)  𝜖𝑘
𝑗
𝑧  𝑘−1

𝑗 =0                                                           

=
1

𝑧
+∙∙∙∙              𝑓 ∈ 𝑆 .                            

𝑔1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

=
1

2
 Ω𝑓(𝑧) + Ω𝑓 𝑧            

=
1

𝑧
+∙∙∙∙              𝑔 ∈ 𝑆 .  

𝑕1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

=
1

2
 Ω𝑓(𝑧) + Ω𝑓 −𝑧             =

1

𝑧
+∙∙∙∙              𝑕 ∈ 𝑆 . 

𝑓𝑜𝑟  𝑘 = 1  we have,  
𝑓1,1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 = Ω𝑓(𝑧).  
We now introduce and investigate the following 

subclasses of the class 𝑆 of meromorphically univalent 

functions. 

                                                                                    

1.1. Definitions 
 

Definition 1.1.1 A function  𝑓 ∈ 𝑆  is said to be in the 

class 𝐹1,𝑘
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧) if it satisfies the 

following subordination condition: 

−
𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1

𝑚 +1 𝜎 ,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

𝑝  1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑓1,1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧 .           

 ∝≥ 0, 𝑧 ∈ 𝐷, 𝑓 ∈

𝐹1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 , 𝑓1,1

𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0 .  

For simplicity we can write                                                                                     

𝐹1,𝑘
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .  

Where                                                                                                                                      

 
𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

 

Definition 1.1.2 A function  𝑓 ∈ 𝑆  is said to be in the 

class 𝐺1
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧)  if it satisfies the 

following subordination condition: 

−𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1
𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 

′
 𝑧  

  1+∝ 𝑔1
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑔1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧  

Where  𝑧 ∈ 𝐷, ∝≥ 0 , 𝑔 ∈ 𝐺1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ,   

and 𝑔1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0. 

∴ 𝐺1
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝐺1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Definition 1.1.3 A function  𝑓 ∈ 𝑆  is said to be in the 

class 𝐻1
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧) if it satisfies the 

following subordination condition: 

−
𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1

𝑚 +1 𝜎 ,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑕1
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑕1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧 .            

𝑧 ∈ 𝐷, ∝≥ 0, 𝑕 ∈ 𝐻1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧  

and  𝑕1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0.  

 ∴ 𝐻1
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .   

Where  

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .    

 

Definition 1.1.4 A function 𝑓 ∈ 𝑆  is said to be in the 

class 𝔍1,𝑘
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧) if it satisfies the 

following subordination condition   

−
𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑙1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑙1,1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧 .             

𝑧 ∈ 𝐷, ∝≥ 0, 𝑙 ∈ 𝔍1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

and ℓ1,1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0.   

For simplicity we can write   

 𝔍1,𝑘
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝔍1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .                      
Where 

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .       

Definition 1.1.5 A function  𝑓 ∈ 𝑆  is said to be in the 

class 𝔘1,𝑘
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧)  if it satisfies the 

following subordination condition: 

−
𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑢1,𝑘
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑢1,1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧 .            

𝑧 ∈ 𝐷, ∝≥ 0, 𝑢 ∈ 𝔘1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

 and  𝑢1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0.  

∴ 𝔘1,𝑘
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝔘1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 

Where  

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .   

 

Definition 1.1.6 A function  𝑓 ∈ 𝑆  is said to be in the 

class 𝔛1,𝑘
𝑚 (∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧) if it satisfies following 

−
𝑧  1+∝  Ω𝑓(𝑧) ′  𝑧 +∝ 𝛺1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑥1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑥1,1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
≺ 𝜑 𝑧 .          

𝑧 ∈ 𝐷, ∝≥ 0, 𝑥 ∈ 𝔛1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧    

and 𝑥1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 ≠ 0.                                                                            

∴ 𝔛1,𝑘
𝑚  0; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 = 𝔛1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .       

 Where  

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

1.2. Remarks 

 

Remark 1.2.1 Putting 𝜉 = 𝜂 = 𝑙 = 1, 𝜎 =
1

2
, 𝑚 = 0,                                                      

𝑘 = 2,  and 𝜑 𝑧 =
1+𝑧

1−𝑧
.   

In definition 1.1.1, we have the class 

𝑅𝑒  −
𝑧  1+3∝ 𝑓 ′  𝑧 +∝ 𝑧𝑓 ′  𝑧   ′

 1+3∝ 𝑇𝑠𝑓 𝑧 +∝𝑧 𝑇𝑠𝑓 𝑧  ′
 > 0,    

where 𝑇𝑠𝑓 𝑧 =
1

2
 𝑓 𝑧 − 𝑓 −𝑧  .   

 

 Remark 1.2.2  For  ∝= 0, 𝜉 = 𝜂 = 1, 𝜎 =
1

2
  we 

have the class  
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𝐹1,𝑘
𝑚  0;

1

2
, 1,1, 𝜀, 𝛿, 𝓋; 𝜑 = 𝐹𝑝,𝑘

𝑚  𝜀, 𝛿, 𝓋; 𝜑 .    

Where the class  𝐹1,𝑘
𝑚 (𝜀, 𝛿, 𝓋; 𝜑) consisting of 

functions  𝑓 𝑧 ∈ 𝑆, this satisfies the following 

subordination condition −
𝑧 𝛺1

𝑚  𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝑧 

𝑝𝑓1,𝑘
𝑚 (𝜀,𝛿 ,𝓋;𝑧)

≺ 𝜑 𝑧 .  

Where  𝜑 ∈ 𝑃,   
𝑓1,𝑘

𝑚  𝜀, 𝛿, 𝓋; 𝑧   

=
1

𝑘
 𝜖𝑘

𝑗  𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘

𝑗
𝑧 ≠ 0,𝑘−1

𝑗 =0   

and   

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

 

 Remark 1.2.3  For  ∝= 0, 𝜉 = 𝜂 = 𝑙 = 1, 𝜎 =
1

2
  we 

have the class  

𝐹1,𝑘
𝑚  0;

1

2
, 1,1,1/2,1,1; 𝜑 = 𝐹1,𝑘

𝑚  𝜑 . Where the class 

𝐹1,𝑘
𝑚 (𝜑) consisting of functions  𝑓(𝑧) ∈ 𝑆  which 

satisfies the following subordination condition 

 −
𝑧 𝐼1

𝑚 𝑓 
′
 𝑧 

𝑓1,𝑘
𝑚  𝑧 

≺ 𝜑 𝑧 , where  𝜑 ∈ 𝑃  

 𝑓1,𝑘
𝑚  𝑙; 𝑧 =

1

𝑘
 𝜖𝑘

𝑗  𝐼1
𝑚 𝑓  𝜖𝑘

𝑗
𝑧 ≠ 0,𝑘−1

𝑗 =0                                                                                    

and 

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .    

 

 Remark 1.2.4 Putting 𝑚 = 0, 𝑘 = 2, 𝜉 = 𝜂 = 𝑙 = 1,                                       

𝜎 =
1

2
   and  𝜑 𝑧 =

1+𝑧

1−𝑧
.   

In definition 1.1.3, we have the class 

𝑅𝑒  −
𝑧  1+3∝ 𝑓 ′  𝑧 +∝ 𝑧𝑓 ′  𝑧   ′

 1+3∝ 𝑇𝑠𝑐𝑓 𝑧 +∝𝑧 𝑇𝑠𝑓 𝑧  ′
 > 0   

 where 𝑇𝑠𝑐𝑓 𝑧 =
1

2
[𝑓 𝑧 − 𝑓(−𝑧)        ] and   

 

 

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

 

1.3. Preliminary Lemmas 
 

 Lemma 1.3.1 Let ℓ 𝑧  be analytic and starlike 

univalent in 𝐷   
with   𝑕 0 = 0. If g z  is analytic in 𝐷  and   

𝑧𝑔′ 𝑧 ≺ ℓ 𝑧 ,                                                                                                        

 then  𝑔 𝑧 ≺ 𝑔 0 +  
𝑕(𝑡)

𝑡
𝑑𝑡

𝑧

0
. 

 

 Lemma 1.3.2 Let q z  be analytic and other than    

constant in  D with q 0 = 1. 0 <  z0 < 1and                                                                                           

𝑅𝑒 𝑞 𝑧0 = 𝑚𝑖𝑛 𝑧 ≤ 𝑧0 𝑅𝑒 𝑞 𝑧 ,                                 

then  𝑧0𝑞′ 𝑧0 ≤ −
 1−𝑞(𝑧0) 2

2 1−𝑅𝑒 𝑞(𝑧0) 
.  

 

 Lemma 1.3.3 Let  𝑑, 𝑟 ∈ 𝐶;  and  ∅(𝑧) is convex and 

univalent in  D  with 

∅ 0 = 1  and  𝑅𝑒 𝑑∅ 𝑧 + 𝑟 > 0.  

If 𝑞(𝑧)  is analytic in 𝐷  with 𝑞 0 = 1,  then the 

following subordination: 

𝑞 𝑧 +
𝑧𝑞 ′ (𝑧)

𝑑𝑞  𝑧 +𝑟
≺ ∅(𝑧) ⇒ 𝑞(𝑧) ≺ ∅(𝑧)       (𝑧 ∈ 𝐷). 

                                                                                              

Lemma 1.3.4 Let  𝑑, 𝑟 ∈ 𝐶;  and  ∅(𝑧)  is convex and 

univalent in  𝐷  with ∅ 0 = 1 , 𝑅𝑒 𝑑∅ 𝑧 + 𝑟 > 0. 
Also let  (𝑧) ≺ ∅(𝑧) (𝑧 ∈ 𝐷).                                                    

If 𝑞 𝑧  is analytic in D  with 𝑞 0 = 1,  then the 

following subordination 

𝑞 𝑧 +
𝑧𝑞 ′(𝑧)

𝑑𝑞  𝑧 +𝑟
≺ ∅(𝑧) ⇒ 𝑞(𝑧) ≺ ∅(𝑧)       (𝑧 ∈ 𝐷). 

 

 Lemma 1.3.5 Let 𝑓 ∈ 𝐹1,𝑘
𝑚  𝛼; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  then 

 
𝑧  1+∝  𝑓1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧 +∝ 𝑓1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

−  1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑓1,1

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
 

≺ 𝜑(𝑧)         (z ∈ D). 

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .      

 

 Proof For   𝑗 ∈  0, 1, 2,∙∙∙∙∙, 𝑘 − 1   we have obtained  

𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝑙; 𝑧 =

1

𝑘
 𝜖𝑘

𝑗  𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘

𝑗
𝑧 .𝑘−1

𝑗 =0   

Hence                                                                                       

(7) 𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜖𝑘

𝑗
𝑧  

=
1

𝑘
 𝜖𝑘

𝑛 𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘

𝑛+𝑗
𝑧  𝑘−1

𝑛=0                     

= 𝜖𝑘
−𝑗 1

𝑘
 𝜖𝑘

(𝑛+𝑗 ) 𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘

𝑛+𝑗
𝑧  𝑘−1

𝑛=0  

= 𝜖𝑘
−𝑗

𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧                                                                                       

And                                                                                      

(8)  𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧  

′

 

=
1

𝑘
 𝜖𝑘

2𝑗  𝑓1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 ′ 𝜖𝑘

𝑗
𝑧 .𝑘−1

𝑛=0                                                                 

Replacing 𝑚  𝑏𝑦  𝑚 + 1  in (A) we get 

(9) 𝑓1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜖𝑘

𝑗
𝑧  

= 𝜖𝑘
−𝑗

𝑓1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 .                                     

Replacing 𝑚  by  𝑚 + 1  in (B) we get 

(10)  𝑓1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧  

′

   

=
1

𝑘
 𝜖𝑘

2𝑗  𝑓1
𝑚+1 𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 ′ 𝜖𝑘

𝑗
𝑧 .𝑘−1

𝑛=0                                                 

From (7) and (10) we obtained 

−
𝑧  1+∝  𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝑧 +∝ 𝑓1,𝑘

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
  

=
−1

𝑘
  

𝜖𝑘
2𝑗

𝑧  1+∝  𝐼1
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 

′
 𝜖𝑘

𝑗
𝑧  

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 
 𝑘−1

𝑗 =0    

 +
𝜖𝑘

2𝑗
𝑧 ∝ 𝐼1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧  

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 
 =   
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−
1

𝑘
  

𝜖𝑘
𝑗
𝑧  1+∝  𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧  

 1+∝ 𝑓1,𝑘
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝜖𝑘

𝑗
𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝜖𝑘
𝑗
𝑧 

 𝑘−1
𝑗 =0    

 +
𝜖𝑘
𝑗
𝑧 ∝ 𝐼1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧  

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝜖𝑘

𝑗
𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝜖𝑘
𝑗
𝑧 

   

It is clear that 

𝜖𝑘
𝑗
𝑧  1+∝  𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧 +∝ 𝐼1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧  

−  1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝜖𝑘

𝑗
𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝜖𝑘
𝑗
𝑧  

  

≺ ∅ 𝑧 .  
Noting that ∅(z) is convex and univalent in D we 

conclude that Lemma 1.3.5 holds true. Using 

equations (5) and (6) we get 

𝑧 𝑓1,𝑘
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 

′
  

+  1 +
𝑙

𝜎(𝜉+𝜂)
 𝑓1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

=
𝑙

𝜎(𝜉+𝜂)𝑘
 𝜖𝑘

𝑗𝑘−1
𝑗 =0  𝛺1

𝑚 +1 𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘
𝑗
𝑧     

=
𝑙

𝜎(𝜉+𝜂)
𝑓1,𝑘

𝑚+1 𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧            𝑓 ∈ 𝑆 . 

Let  𝑓 ∈ 𝐹1,𝑘
𝑚  𝛼; 𝜎, 𝜂, 𝜉, 𝑙; ∅  and suppose 

 𝜓 𝑧 = −
𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋; 𝑧  
′

𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋; 𝑧 

.  

Then 𝜓 𝑧  is analytic in D and 𝜓 0 = 1. 

Hence  1 +
1

𝒷
− 𝜓 𝑧 =

1

𝒷

𝑓1,𝑘
𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋; 𝑧 

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝑙; 𝑧 

  

∴ 𝑧 𝑓1,𝑘
𝑚+1 𝜎, 𝜂, 𝜉, 𝑙;  𝑧  

′
=  

−𝒷  𝑧 𝜓′(𝑧) + 1 +
1

𝒷
− 𝜓 𝑧  𝑓1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋;  𝑧         

 𝑧 ∈ 𝐷∗ . 
From above relations we obtained 

𝑧  1+∝  𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 

′
 𝑧 +∝ 𝑓1,𝑘

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

−  1+∝ 𝑓1,𝑘
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
=  

 1+∝ 𝜓 𝑧 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +𝛼∙𝒷 1+

1

𝒷
−𝜓 𝑧  𝜓 𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 + 𝑎 𝒷 1+

1

𝒷
−𝑝𝜓  𝑧  𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 
  

=
 1+∝ 𝜓 𝑧 +𝛼𝒷 𝑧𝜓 ′(𝑧)+ 1+

1

𝒷
−𝜓 𝑧  𝜓 𝑧  

 1+∝ +𝛼𝒷 1+
1

𝒷
−𝜓 𝑧  

  

=
𝛼𝒷𝑧𝜓 ′ 𝑧 +  1+∝ +𝛼𝒷 1+

1

𝒷
−𝜓 𝑧   ∙𝜓 𝑧 

 1+∝ +𝛼𝒷 1+
1

𝒷
−𝜓 𝑧  

.  

𝜓 𝑧 +
𝑧𝜓 ′ 𝑧 

1

𝒷𝛼
+2

1

𝒷
+1−𝜓 𝑧 

≺ 𝜑 𝑧 .  𝑧 ∈ 𝐷 . Since 

  𝑅𝑒  
1

𝒷𝛼
+ 2𝒷 + 1 − 𝜓 𝑧  > 0      

and by Lemma 3 we get  

𝜓 𝑧 = −
𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

≺ 𝜑(𝑧)           (𝑧 ∈ 𝐷).  

 

Lemma 1.3.6: Let 𝑓 ∈ 𝐺1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  then 

 −
𝑧  1+∝  𝑔1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝑧 +∝ 𝑔1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑔1
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑔1

𝑚 +1 𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
  

≺ 𝜑(𝑧)         (𝑧 ∈ 𝐷). 

Therefore,if  ∅ ∈ P with                                                               

𝑅𝑒  
1

𝒷
 2 +

1

𝑎
 +  1 − 𝜑(𝑧)  > 0. 

Where  

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋,

 .                                                                                                                                      

−
𝑧 𝑔1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

𝑔1
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

≺ 𝜑(𝑧)          𝑧 ∈ 𝐷 . 

 

Lemma 1.3.7: Let 𝑓 ∈ 𝐹1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  then 

 −
𝑧  1+∝  𝑕1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧 +∝ 𝑕1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑕1
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧 +∝𝑕1

𝑚 +1 𝜎 ,𝜉 ,𝜂 ,𝜀 ,𝛿 ,𝓋;𝑧  
  

≺ 𝜑(𝑧)         (𝑧 ∈ 𝐷). 

Therefore, if  ∅ ∈ 𝑃  with                                                                    

𝑅𝑒  
1

𝒷
 2 +

1

𝑎
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                      

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 . 

−
𝑧 𝑕1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧  
′

𝑝𝑕1
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

≺ 𝜑(𝑧)         𝑧 ∈ 𝐷 .  

 

2. Main Results 

 
Section 1 

 

Some properties of meromorphically univalent 

functions 
 

Theorem 2.1:  

 Let  0 < 𝑎 ≤ 1  and  0 < 𝑏 < 1. If 𝑓(𝑧) ∈ 𝑆  satisfies 

𝑓(𝑧) ≠ 0 𝑧 ∈ 𝐷∗ and 

(11)    
1

𝑧𝑓(𝑧)
 

𝑧𝑓 ′(𝑧)

𝑓(𝑧)
 + 1 < 𝛿              z ∈ D . 

Where δ is the minimum positive root of the equation 

(12) 
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 𝑥2 − 𝑥 +  1 −

𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 = 0. 

Then 

(13)    𝑎𝑟𝑔  𝑧𝑓(𝑧) −
𝑎

2
  < 𝜋

𝑏

2
    𝑧 ∈ 𝐷 .                                                         

The bound b is the best possible for each  0 < 𝑎 ≤ 1    
 

Proof: Let   

(14) 𝑔 𝑥 =
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 𝑥2 − 𝑥  

+  1 −
𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 .                                    

It is clear that the Equation 

 
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 𝑥2 − 𝑥 +  1 −

𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 = 0  

have two positive roots.  

Since   

𝑔 0 =
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 ∙  0 2 − 0 +  1 −

𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 ⁡  

=  1 −
𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 > 0     

𝑔 1 =
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 ∙  1 2 − 1 +  1 −

𝑎

2
 𝑠𝑖𝑛  𝜋

𝑏

2
 ⁡  

=
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 +

𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
   

= 2
𝑎

2
𝑠𝑖𝑛  𝜋

𝑏

2
 < 0.  
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Hence we get 

(15) 0 <
𝑎

2−𝑎
𝛿 ≤ 𝛿 < 1                                    

Put   

(16)  𝑧𝑓 𝑧 =
𝑎

2
+  1 −

𝑎

2
 𝑞 𝑧 .   

                         

Then from the assumption of the theorem, we see that 

𝑞(𝑧) is analytic in 𝐷  

with 𝑞 0 = 1 and 
𝑎

2
+  1 −

𝑎

2
 𝑞(𝑧) ≠ 0 for all 

 𝑧 ∈ 𝐷 . Taking the logarithmic differentiations on 

both sides of 

  𝑧𝑓 𝑧 =
𝑎

2
+  1 −

𝑎

2
 𝑞 𝑧 ,                                                                                                         

we obtained 

(17) 
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
+ 1 =

 2−𝑎 𝑧𝑞 ′(𝑧)

𝑎+ 2−𝑎 𝑞(𝑧)
    

(18) 𝑧𝑓(𝑧)  
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
+ 1 =

 2−𝑎 𝑧𝑞 ′(𝑧)

 𝑎+ 2−𝑎 𝑞(𝑧) 2  𝑧 ∈ 𝐷 . 

Thus the inequality                                                                                                                   

 
1

𝑧𝑓(𝑧)
 

𝑧𝑓 ′(𝑧)

𝑓(𝑧)
 + 1 < 𝛿       𝑧 ∈ 𝐷    

 is equivalent to next equation as given in (19). 

(19) 
 2−𝑎 𝑧𝑞 ′(𝑧)

 𝑎+ 2−𝑎 𝑞(𝑧) 2 ≺ 𝛿𝑧.    

By using Lemma 1, above inequality leads to 

(20)  
 2−𝑎 𝑞 ′(𝑡)

 𝑎+ 2−𝑎 𝑞(𝑡) 2 𝑑𝑡 ≺ 𝛿𝑧.
𝑧

0
  

Or to 

1 −
2

𝑎+ 2−𝑎 𝑞(𝑧)
≺ 𝛿𝑧.     

In view of above results it can be written as 

(21) 𝑞 𝑧 ≺
1+

𝑎

2−𝑎
𝛿𝑧

1−𝛿𝑧
.  Now by taking ∝=

𝑎

2−𝑎
∙

𝛿

2
  and  𝛽 = − 

𝛿

2
 in  1.2 , we have 

 𝑎𝑟𝑔  𝑧𝑓 𝑧 −
𝑎

2
    

=  𝑎𝑟𝑔 𝑞(𝑧) < 𝑎𝑟𝑐 𝑠𝑖𝑛  
2𝛿

2−𝑎+𝑎𝛿2 = 𝜋
𝑏

2
.       𝑧 ∈ 𝐷 . 

Because of  𝑔 𝛿 = 0.  This proves statement. 

Next, we consider the function f(z) defined by 

𝑓 𝑧 =
𝑧−1

1−𝛿𝑧
                𝑧 ∈ 𝐷∗ . 

It is easy to see that 

 𝑧𝑓(𝑧)  
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
+ 𝑝  =  𝛿𝑧 < 𝛿   𝑧 ∈ 𝐷 . 

Since  𝑧𝑓 𝑧 −
𝑎

2
=

1+
𝑎

2−𝑎
𝛿𝑧

1−𝛿𝑧
.  

It follows from (3) that    

𝑠𝑢𝑝𝑧∈𝐷  𝑎𝑟𝑔  𝑧𝑓 𝑧 −
𝑎

2
                                                   

=  𝑎𝑟𝑐 𝑠𝑖𝑛  
2𝛿

2−𝑎+𝑎𝛿2 = 𝜋
𝑏

2
.  

Hence, we conclude that the bound b is the best 

possible for each  𝑎 ∈ (0,1].  
Next, we derive the following. 

 

Theorem 2.2: If 𝑓(𝑧) ∈ 𝑆 satisfies𝑓 𝑧 ≠ 𝑜, (𝑧 ∈ D∗) 

and                                                                                                        

(22)        Re 𝑧𝑓(𝑧)  
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
+ 1  < 𝜀            𝑧 ∈ 𝐷 .                                                              

(23) 0 < ε <
1

2log 2
      

then  

(24) Re
1

𝑧𝑓(𝑧)
> 1 − 2𝜀 ∙ 𝑙𝑜𝑔2     (𝑧 ∈ 𝐷)                                                                                           

The above inequality holds good. 

 

Proof:  Let 

(25)  𝑞 𝑧 = 𝑧𝑓(𝑧)                                                   

Then 𝑞 𝑧  is analytic in 𝐷 with 𝑞 0 = 1 and  
𝑞 𝑧 ≠ 0 for 𝑧 ∈ 𝐷. In accordance with (17) and (20), 

we obtained 

1 −
𝑧𝑞 ′(𝑧)

𝜀𝑞2(𝑧)
≺

1+𝑧

1−𝑧
.  Let  

(26)  𝑧  
1

𝑞(𝑧)
 

′

≺
2𝜀𝑧

1−𝑧
.  Now by Lemma 1, we obtain 

 
1

𝑞(𝑧)
≺ 1 − 2𝜀 ∙ 𝑙𝑜𝑔 1 − 𝑧 .    

Since the function 1 − 2𝜀 ∙ 𝑙𝑜𝑔 1 − 𝑧  is convex 

univalent in D and 

Re 1 − 2𝜀 ∙ 𝑙𝑜𝑔 1 − 𝑧  > 1 − 2𝜀 ∙ 𝑙𝑜𝑔 2       𝑧 ∈ 𝐷 .  

From 𝑧  
1

𝑞(𝑧)
 

′

≺
2𝜀𝑧

1−𝑧
  we obtained the inequality  

 𝑅𝑒
1

𝑧𝑓(𝑧)
> 1 − 2𝜀 ∙ 𝑙𝑜𝑔2. 

To show that the bound  

𝑅𝑒
1

𝑧𝑓(𝑧)
> 1 − 2𝜀 ∙ 𝑙𝑜𝑔2    𝑧 ∈ 𝐷 .   

Cannot be increased, we consider 

𝑓 𝑧 =
1

𝑧[1−2𝜀∙𝑙𝑜𝑔  1−𝑧 ]
      𝑧 ∈ 𝐷∗  .   

We can verify that the function 𝑓(𝑧) satisfies the 

inequality  

𝑅𝑒  𝑧𝑓(𝑧)  
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
+ 1  < 𝜀     (𝑧 ∈ 𝐷). 

On the other hand we have 

𝑅𝑒 𝑧𝑓 𝑧 → 1 − 2𝜀 ∙ 𝑙𝑜𝑔2  𝑎𝑠  𝑧 → −1.  

Hence the Theorem holds good. 

 

Theorem 2.3: Let  𝑓 𝑧 ∈ 𝑆 satisfies 𝑓 𝑧 ≠ 𝑜, 

 (27)  𝑧 ∈ 𝐷∗ .If   𝐼𝑚  
𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
 𝑧𝑓 𝑧 − 𝜏   <  2  𝜏  

 𝑧 ∈ 𝐷, 𝜏 > 0 . Then      

(28)  𝑅𝑒 𝑧𝑓(𝑧) > 0     𝑧 ∈ 𝐷 . 
                                               

Proof: Let q z  in  D be defined as  

𝑅𝑒 𝑧𝑓(𝑧)  = 𝑞 𝑧   then  𝑞 0 = 1, 𝑞 𝑧 ≠ 0,     

And  

(29) 
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
 𝑧𝑓(𝑧) − 𝜏 =  𝑞 𝑧 − 𝜏 ∙  

𝑧𝑞 ′(𝑧)

𝑞(𝑧)
− 1                                   

(30) 𝑅𝑒 𝑞(𝑧) > 0,  𝑧 <  𝑧0  and 𝑞 𝑧0 = 𝑖𝑏  

where 𝑏 is real and 𝑏 ≠ 0.  Then by Lemma 1.2.2 we 

have 
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(31)   𝑧0 ∙ 𝑞′ 𝑧0 ≤
−(1−𝑏2)

2
∙            

Thus it follows from above obtained results that 

(32) 𝐽𝑜 = 𝐼𝑚  
𝑧0𝑓 ′ 𝑧0 

𝑓 𝑧0 
 𝑧. 𝑓 𝑧 − 𝜏   

= −𝑏 +
𝜏

𝑏
𝑧0 ∙ 𝑞′(𝑧0)                       

In accordance with  𝜏 > 0 and from the statements 

(2.2.1) and (2.2.2)  we obtained 

(33) 𝐽0 ≥
− 𝜏+(𝜏+2)𝑏2 

2𝑏
≥  𝜏(𝜏 + 2)      (𝑏 > 0) 

(34) 𝐽0 ≤
 𝜏+(𝜏+2)𝑏2 

2𝑏
≤ − 𝜏(𝜏 + 2)      (𝑏 > 0)   

But both The inequalities obtained above contradict 

the assumption                                   given below. 

 𝐼𝑚  
𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
 𝑧𝑓 𝑧 − 𝜏   <  2 𝜏   𝑧 ∈ 𝐷  and  

 𝜏 > 0.  Therefore we have,  Re 𝑞 𝑧 > 0 for all  
 (𝑧 ∈ 𝐷).  This shows that  𝑅𝑒 𝑧𝑓(𝑧) > 0  𝑧 ∈ 𝐷 .  
Theorem Holds true. 

 

Section 2 

 

Subclasses of meromorphically univalent Fun-

tions associated with Generalized multiplier 

transformations                                                                              

                                                                 

2.1. Inclusion relationships  

         
Theorem 2.1.1:  Let 𝜑 ∈ 𝑃 with  

𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0.   

Where                                                                                                                                         

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 . 

Then 

𝐹1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Proof: Let  𝑓 ∈ 𝐹1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   and 

𝑞 𝑧 = −
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′

𝑝𝐼1
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

      𝑧 ∈ 𝐷 . 

Then  𝑞 𝑧   is analytic in  𝐷  and  𝑞 0 = 1  hence 

𝑞 𝑧 𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧   

= −
1

𝒷
𝐼1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧   

+  
1

𝒷
+ 1 𝐼1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧 .    

Differentiating both sides we get                                                                                                                                     

𝑧𝑞′ 𝑧 +  
1

𝒷
+ 1 +

𝑧 𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  

′

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

 𝑞 𝑧  

=
−1

𝒷
∙

𝑧 𝐼1
𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓(𝑧) 

′

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

     

∴ −
𝑧  1+∝  𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝑧 +∝ 𝐼1

𝑚 +1 𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓 
′
 𝑧  

  1+∝ 𝑓1,𝑘
𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +∝𝑓1,𝑘

𝑚 +1 𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧  
  

=
 1+∝ 𝑞 𝑧 𝑓1,𝑘

𝑚  𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +𝛼𝒷 1+

1

𝒷
−𝜓 𝑧  𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 
  

+
𝛼𝒷 𝑧𝑞 ′ 𝑧 +1+

1

𝒷
−𝑝𝜓  𝑧  𝑞 𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 

 1+∝ 𝑓1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋;𝑧 +𝛼𝒷 1+

1

𝒷
−𝜓 𝑧  𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 
   

=
 1+∝ 𝑞 𝑧 +𝛼𝒷 𝑧𝑞 ′(𝑧)+ 1+

1

𝒷
−𝜓 𝑧  𝑞 𝑧  

 1+∝ +𝛼𝒷 1+
1

𝒷
−𝜓 𝑧  

  

=

𝛼∙𝜎 𝜉+𝜂 

𝜀 𝛿−𝓋 
𝑧𝑞 ′ 𝑧 +  1+∝ +𝒷𝛼 1+

1

𝒷
−𝜓 𝑧   ∙𝑞 𝑧 

 1+∝ +𝛼𝒷 1+
1

𝒷
−𝜓 𝑧  

  

= 𝑞 𝑧 +
𝑧𝑞 ′ 𝑧 

1

𝒷𝛼
+2

1

𝒷
+1−𝜓 𝑧 

≺ 𝜑(𝑧)   𝑧 ∈ 𝐷 . 

Since  𝑅𝑒  
1

𝒷𝛼
+ 2

1

𝒷
+ 1 − 𝑝𝜓 𝑧  > 0   

And by Lemma 3 we get 

𝜓 𝑧 = −
𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

≺ 𝜑(𝑧)       𝑧 ∈ 𝐷 . 

By Lemma 1.2.2 we find that 𝑞 𝑧 ≺ 𝜑 𝑧     

 𝑧 ∈ 𝐷 .                                                                                                       
∴  𝑓 ∈ 𝐹1,𝑘

𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  

⇒ 𝐹1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝑙; 𝜑 ⊂ 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .  
 

Corollary 2.1.1:  Let φ ∈ P with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                      

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .   

Then 

𝐺1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐺1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.2:  Let 𝜑 ∈ 𝑃 with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                       

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝐻1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Theorem 2.1.2:  Let 𝜑 ∈ 𝑃 with 

𝑅𝑒  
𝜀 𝛿−𝓋 

𝜎(𝜉+𝜂)
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0.  

Where                                                                                                                                          

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 . 

Then 

𝔍1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝔍1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .   
 

Proof Let  𝑓 ∈ 𝔍1,𝑘
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 and suppose 

that  𝑞 𝑧 = −
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

𝑝ℓ1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

         𝑧 ∈ 𝐷 . 

Thus 𝑞 𝑧   is analytic in  𝐷  and  𝑞 0 = 1.  
∴ 𝑞 𝑧 ℓ1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧  

=
−1

𝒷
𝐼1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧   

+  
1

𝒷
+ 1 𝐼1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧 .    
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Differentiating both sides we get                                                                                                                                        

𝑧𝑞′ 𝑧 +  
1

𝒷
+ 1 +

𝑧 ℓ1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  

′

ℓ1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

 𝑞 𝑧   

= −
1

𝒷
∙

𝑧 𝐼1
𝑚 +1 𝜎 ,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋 𝑓(𝑧) 

′

ℓ1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

    

𝜑 𝑧 = −
𝑧 ℓ1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧  
′

ℓ1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

                 𝑧 ∈ 𝐷 . 

∴ 𝑞(𝑧) ≺ 𝜑 𝑧      𝑧 ∈ 𝐷 . 
This implies that  𝑓 ∈ 𝔍1,𝑘

𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.3:  Let φ ∈ P with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0.  

Where                                                                                                                                         

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝔘1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝔘1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .   
     
Corollary 2.1.4:  Let 𝜑 ∈ 𝑃 with 

𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 + 𝑝 1 − 𝜑(𝑧)  > 0.  

Where                                                                                                                                           

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝔛1
𝑚  ∝; 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝔛1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.5:  Let φ ∈ P with  

𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0.  

Where                                                                                                                                      

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝐹1,𝑘
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.6:  Let φ ∈ P with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                     

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

 𝐺1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐺1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.7:  Let φ ∈ P with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                        

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝐻1
𝑚 +1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 

 

Corollary 2.1.8:  Let φ ∈ P with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. Where                                                                                                                                        

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝔍1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝔍1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.9:  Let 𝜑 ∈ 𝑃 with 

 𝑅𝑒  
1

𝒷
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0. 

Where                                                                                                                                            

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 .  

Then 

𝔘1
𝑚+1 𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 ⊂ 𝔘1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 
 

Corollary 2.1.10:  Let φ ∈ P with  

 𝑅𝑒  
𝜀(𝛿−𝓋)

𝜎(𝜉+𝜂)
 2 +

1

𝛼
 +  1 − 𝜑(𝑧)  > 0.                                                                              

Where                                                                                                                                     

 
𝑎 > 0, 𝑚 ∈ 𝑁0 = 𝑁 ∪  0 , 𝑧 ∈ 𝐷, 𝜉 ≥ 0, 𝜂 ≥ 0,

 0 < 𝜎 ≤
1

2
, 0 < 𝜀 ≤

1

2
, 𝛿 > 0, 𝓋 ≥ 0, 𝛿 > 𝓋

 . 

Then 𝔛1
m+1 ζ, ξ, η, ε, δ, 𝓋; φ ⊂ 𝔛1

m ζ, ξ, η, ε, δ, 𝓋; φ . 
 

2.2. Integral Representation 
 

In this section we are going to prove integral 

representations associated with the function classes 

𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 , 𝐺1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   

 and 𝐻1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .  

 

Theorem 2.2.1:  Let  𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 =

𝑧−1𝑒𝑥𝑝  −
1

𝑘
  

𝜑 𝑤 𝜖𝑘
𝑗
𝑧  −1

𝜁
𝑑𝜁

𝑧

0
𝑘−1
𝑗 =0  .  

Where  𝑓1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧  

=
1

𝑘
 𝜖𝑘

𝑗  𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓  𝜖𝑘

𝑗
𝑧  𝑘−1

𝑗 =0   

=
1

𝑧
+∙∙∙∙            𝑓 ∈ 𝑆 ,  

 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0   

and     𝑤(𝑧)  < 1.    𝑧 ∈ 𝐷 . 
 

Proof:  Suppose that  𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . 

−
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧 

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

= 𝜑 𝑤(𝑧)     𝑧 ∈ 𝐷 . 

Where  𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0                                                                            

and   𝑤(𝑧)  < 1       𝑧 ∈ 𝐷 . 

Replacing  𝑧  by  𝜖𝑘
𝑗
𝑧     (𝑗 = 0,1,2,∙∙∙∙∙∙)  above 

equation holds true. 

That is   
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𝜖𝑘
𝑗
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
 𝜖𝑘

𝑗
𝑧 

−𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧 

= 𝜑 𝑤(𝜖𝑘
𝑗
𝑧)   𝑧 ∈ 𝐷 . 

We note that  

𝑓1,𝑘
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝜖𝑘

𝑗
𝑧 = 𝜖𝑘

−𝑗
𝑓1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧  

Letting   𝑗 = 0,1,2,∙∙∙∙∙∙ ,  successively and summing 

the resultant equations we obtained 

  
𝑧 𝑓1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

−𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧 

=
1

𝑘
 𝜑 𝑤(𝜖𝑘

𝑗
𝑧) 𝑘−1

𝑗 =0           𝑧 ∈ 𝐷 . 

And                                                                                                    

 𝑓1
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  

′

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

+
1

𝑧
=

−1

𝑘
 

𝜑 𝑤(𝜖𝑘
𝑗
𝑧) −1

𝑧
.𝑘−1

𝑗 =0                          

Upon integration which yields, 

𝑙𝑜𝑔  𝑧𝑓1,𝑘
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧    

= −
1

𝑘
  

𝜑 𝑤 𝜖𝑘
𝑗
𝑧  −1

𝜁
𝑑𝜁

𝑧

0
𝑘−1
𝑗 =0 .  

Taking exponential theorem holds true. 

 

Theorem 2.2.2:  Let  𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝐼1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧 =  

−   

𝜍−2𝜑 𝑤 𝜍  

× 𝑒𝑥𝑝  −
1

𝑘
   

𝜑 𝑤 𝜖𝑘
𝑗
𝑧  −1

𝜁
𝑑𝜁

𝜍

0
𝑘−1
𝑗 =0  

 𝑑𝜍
𝑧

0
,     

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0   

and   𝑤(𝑧)  < 1     𝑧 ∈ 𝐷 . 
 

Proof:  Suppose that    𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

 𝐼1
𝑚 (𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋)𝑓 ′ 𝑧 = −

 𝐹1,𝑘
𝑚  𝜎,𝜉 ,𝜂 ,𝑙;𝑧 

𝑧
∙ 𝜑 𝑤(𝑧)      

= −𝑧−2𝜑 𝑤(𝑧) ∙ 𝑒𝑥𝑝  −
1

𝑘
  

𝜑 𝑤 𝜖𝑘
𝑗
𝑧  −1

𝜁
𝑑𝜁

𝑧

0
𝑘−1
𝑗 =0  .     

Integrating above equation, theorem holds true. 

 

Theorem 2.2.3:  Let  𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝐼1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓(𝑧)  

=

−   𝜍−2𝜑 𝑤2(𝜍) ∙
𝑧

0

𝑒𝑥𝑝  −
1

𝑘
   

𝜑 𝑤1 𝜁  −1

𝜁
𝑑𝜁

𝑧

0
𝑘−1
𝑗 =0   𝑑𝜍,    

Where 𝑤𝑗 (𝑧)  is analytic in  𝐷  with   𝑤𝑗  0 = 0                                                                                

and   𝑤𝑗 (𝑧)  < 1           𝑧 ∈ 𝐷, 𝑗 = 1,2 .  

 

Proof:  Suppose that  𝑓 ∈ 𝐹1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  then  

−
𝑧 𝑓1,𝑘

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧  
′

𝑝𝑓1,𝑘
𝑚  𝜎 ,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧 

= 𝜑 𝑤1(𝑧) .       (𝑧 ∈ 𝐷) 

Where  𝑤1(𝑧)  is analytic in  𝐷  with   𝑤1 0 = 0                                                                            

and   w1(z)  < 1.         (z ∈ D) 

Thus by applying method of the proof of theorem 

2.2.3  we find that 

𝑓1,𝑘
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧  

= 𝑧−1. 𝑒𝑥𝑝  −   
𝜑 𝑤1 𝜁  −1

𝜁
𝑑𝜁

𝑧

0
 .                                                

From above  equations we get                                         

 𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 ′ 𝑧 = −

𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝑙;𝑧 

𝑧
∙ 𝜑 𝑤2(𝑧)    

= −𝑧−2 ∙ 𝜑 𝑤2(𝑧) ∙ 𝑒𝑥𝑝  −   
𝜑 𝑤1 𝜁  −1

𝜁
𝑑𝜁

𝑧

0
 .  

Where 𝑤𝑗 (𝑧)  is analytic in  𝐷  with   𝑤𝑗  0 = 0  and  

 𝑤𝑗 (𝑧)  < 1  (𝑧 ∈ 𝐷, 𝑗 = 1,2). Integrating both 

sides of above integral, we readily approach to the 

assertion of above theorem. 

 

Corollary 2.2.1:  Let  𝑓 ∈ 𝐺1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝑔1
𝑚  𝜎, 𝜂, 𝜉𝜀, 𝛿, 𝓋; 𝑧 =

𝑧−1. 𝑒𝑥𝑝  
−1

𝑧
  

𝜑 𝑤 𝜁  +𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝑧

0
   

Where 𝑔1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧  

=
1

2
 𝛺1

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧    

+𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧                                 =

1

𝑧
+∙∙∙∙             𝑧 ∈ 𝐷 . 

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0  
 and   𝑤(𝑧)  < 1       (𝑧 ∈ 𝐷) 

 
Corollary 2.2.2:  Let  𝑓 ∈ 𝐺1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 
𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧 =  

−   𝜍−2𝜑 𝑤(𝜍)  
𝑧

0
  

 × 𝑒𝑥𝑝  
−1

𝑧
  

𝜑 𝑤 𝜁  +𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝑧

0
  𝑑𝑧.  

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0  
and   𝑤(𝑧)  < 1         (𝑧 ∈ 𝐷) 

 
Corollary 2.2.3:  Let  𝑓 ∈ 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝑕1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧   

= 𝑧−1. 𝑒𝑥𝑝  
−1

𝑧
  

𝜑 𝑤 𝜁  −𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝑧

0
   

Where 

𝑕1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝑧 =

1

2
 𝛺1

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧   

+𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 −𝑧                                   =

1

𝑧
+∙∙∙∙             (𝑕 ∈ 𝑆)  

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0  
 and   𝑤(𝑧)  < 1.       (𝑧 ∈ 𝐷) 
Corollary 2.2.4:  Let  𝑓 ∈ 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧 =  

−  𝜍−2𝑧

0
𝜑 𝑤(𝜍) . 𝑒𝑥𝑝  

−1

𝑧
  

𝜑 𝑤 𝜁  −𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝑧

0
 𝑑𝜍    

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0  
 and   𝑤(𝑧)  < 1.       (𝑧 ∈ 𝐷) 
 
2.3. Convolution Properties 
 
In this section we are going to derive several 

convolution properties for the function classes 
𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 , 𝐺1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  

 and 𝐻1,𝑘
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 .  

 
Theorem 2.3.1: Let  𝑓 ∈ 𝐹1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 
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𝑓 𝑧 =  −  𝜍−2𝑧

0
𝜑 𝑤 𝜍     

 × 𝑒𝑥𝑝  
−1

𝑘
   

𝜑 𝑤 𝜖𝑘
𝑗
𝜁  −1

𝜁
𝑑𝜁

𝜁

0
𝑘−1
𝑗 =0  𝑑𝜍       

∗   
𝜀(𝛿−𝓋)

𝜎 𝜉+𝜂 +𝜀(𝛿+𝓋)
 
𝑚

𝑧𝑛−1∞
𝑛=0 .    

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0  
 and   𝑤(𝑧)  < 1         𝑧 ∈ 𝐷 . 
 
Proof:  Since we know that linear operator given by  

  𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧  

=
1

𝑧
+   𝒷(1 + 𝑛) + 1 𝑚𝑎𝑛𝑧𝑛∞

𝑛=0   

=  𝜓𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋
1,𝑚 ∗ 𝑓 (𝑧)  

Where  𝜓𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋
1,𝑚  𝑧 =

1

𝑧
+   𝒷(1 + 𝑛) + 1 𝑚𝑧𝑛∞

𝑛=0                                                             

and  𝐼1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓 𝑧 =  

−   𝜍−2𝜑 𝑤 𝜍   
𝑧

0
    

 × 𝑒𝑥𝑝  −
1

𝑘
   

𝜑 𝑤 𝜖𝑘
𝑗
𝑧  −1

𝜁
𝑑𝜁

𝜍

0
𝑘−1
𝑗 =0   𝑑𝜍  

−  𝜍−2𝑧

0
𝜑 𝑤(𝜍) 𝑒𝑥𝑝  

−1

𝑘
   

𝜑 𝑤 𝜖𝑘
𝑗
𝜁  −1

𝜁
𝑑𝜁

𝜁

0
𝑘−1
𝑗 =0  𝑑𝜍     

   
𝜀(𝛿−𝓋)

𝜎 𝜉+𝜂 +𝜀(𝛿+𝓋)
 
𝑚

𝑧𝑛−1∞
𝑛=0  ∗ 𝑓 𝑧 .  

Thus from above equation, we can easily get 

𝑓 𝑧 =  −  𝜍−2𝑧

0
𝜑 𝑤 𝜍    

 × 𝑒𝑥𝑝  
−1

𝑘
   

𝜑 𝑤 𝜖𝑘
𝑗
𝜁  −1

𝜁
𝑑𝜁

𝜁

0
𝑘−1
𝑗 =0  𝑑𝜍   

∗   
𝜀(𝛿−𝓋)

𝜎 𝜉+𝜂 +𝜀(𝛿+𝓋)
 
𝑚

𝑧𝑛−1∞
𝑛=0 . 

 
Theorem 2.3.2: Let  𝑓 ∈ 𝐹1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   then 

𝑓 𝑧 =  −  𝜍−2𝑧

0
𝜑 𝑤2 𝜍     

 × 𝑒𝑥𝑝  
−1

𝑘
   

𝜑 𝑤1 𝜁  −1

𝜁
𝑑𝜁

𝜁

0
𝑘−1
𝑗 =0  𝑑𝜍   

∗   
𝜀(𝛿−𝓋)

𝜎 𝜉+𝜂 +𝜀(𝛿+𝓋)
 
𝑚

𝑧𝑛−1.∞
𝑛=0     

Where 𝑤𝑗 (𝑧)  is analytic in  𝐷  with   𝑤𝑗  0 = 0                               

and   𝑤𝑗 (𝑧)  < 1  𝑧 ∈ 𝐷, 𝑗 = 1,2 .  
 
Proof:  Since we know that linear operator given by,  

  𝛺1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧  

=
1

𝑧
+   𝒷(1 + 𝑛) + 1 𝑚𝑎𝑛𝑧𝑛∞

𝑛=0   

=  𝜓𝜎,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋
1,𝑚 ∗ 𝑓  𝑧 .  

Where  𝜓𝜎 ,𝜉 ,𝜂 ,𝜀,𝛿 ,𝓋
1,𝑚  𝑧 =

1

𝑧
+   𝒷(1 + 𝑛) + 1 𝑚𝑧𝑛∞

𝑛=0     

and  𝐼1
𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋 𝑓(𝑧)  

= −   
𝜍−2𝜑 𝑤2 𝜍  

× 𝑒𝑥𝑝  −
1

𝑘
   

𝜑 𝑤1 𝜁  −1

𝜁
𝑑𝜁

𝑧

0
𝑘−1
𝑗 =0  

 𝑑𝜍.
𝑧

0
   

We obtained 

−  𝜍−2𝑧

0
𝜑 𝑤2 𝜍    

× 𝑒𝑥𝑝  −    
𝜑 𝑤1 𝜖𝑘

𝑗
𝜁  −1

𝜁
𝑑𝜁

𝜁

0
𝑘−1
𝑗 =0  𝑑𝜍    

=    
𝜎 𝜉+𝜂 

𝜀(𝛿−𝓋)
+ 1 

𝑚

𝑧𝑛−1∞
𝑛=0  ∗ 𝑓 𝑧 .  

Thus from above result, we can easily prove the 

Theorem. 

 
Theorem 2.3.3 Let 𝑓 ∈ 𝑆 and  𝜑 ∈ 𝑃. Then 
 𝑓 ∈ 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑   if and only if 

𝑓 𝑧 ∗

 
 −𝑧−1 +   𝒷 + 1 𝑚  𝑛 − 1 𝑧𝑛−1∞

𝑛=1  + 𝜑 𝑒𝑖𝜃  ×

 𝑧−1 +   𝒷 + 1 𝑚𝑧𝑛−1∞
𝑛=1  ∗  

1

𝑘
 

1

𝑧1 1−𝑒𝜈 𝑧 
∞
𝑛=0  

   

≠ 0   
 𝑧 ∈ 𝐷∗; 0 ≤ 𝜃 < 2𝜋 .                                                                      
                                                                                               
Proof:  Suppose that 𝑓 ∈ 𝐹1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑 . since 
the following subordination condition: 

 −
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
(𝑧)

𝑝𝑓𝑝1𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀 ,𝛿 ,𝓋;𝑧 

≺ 𝜑 𝑧 .     𝑧 ∈ 𝐷 .                                                                                       

It is equivalent to  −
𝑧 𝐼1

𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋 𝑓 
′
(𝑧)

𝑝𝑓1,𝑘
𝑚  𝜎,𝜂 ,𝜉 ,𝜀,𝛿 ,𝓋;𝑧 

≠ 𝜑(𝑒𝑖𝜃 )       

    𝑧 ∈ 𝐷; 0 ≤ 𝜃 < 2𝜋 .   
It is easy to verify that the above condition can be 

written as follows: 

(35) 𝑧 𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 ′ 𝑧   

+𝑓1,𝑘
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧 𝜑(𝑒𝑖𝜃 ) ≠ 0.                          

On the other hand we find from (10) that 

(36) 𝑧 𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 ′ 𝑧 =  

 −𝑧−1 +   𝒷 + 1 𝑚 (𝑛 − 1)𝑧𝑛−1∞
𝑛=1  ∗ 𝑓(𝑧)                                                     

Moreover, from the definition of    
 𝑓1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧 ,                                                               
we obtained 
(37) 𝑓1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋; 𝑧   

= 𝐼1
𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 𝑓 𝑧 ∗  

1

𝑘
 

1

𝑧 1−𝑒𝜈 𝑧 
∞
𝑛=0    

=  𝑧−1 +   𝒷 + 1 𝑚𝑧𝑛−1∞
𝑛=1  ∗  

1

𝑘
 

1

𝑧 1−𝑒𝜈 𝑧 
∞
𝑛=0    

∗ 𝑓 𝑧 . Substituting (36) and (37) in (35) we can easily 

arrive at the convolution property asserted by given 

theorem. In view of Corollaries 2.2.2 and 2.2.4 and by 

applying the method similar to method of Theorem 

2.2.1 we can easily obtain the following result for the 

function classes 𝐺1
𝑚  𝜎, 𝜂, 𝜉, 𝑙  and 𝐻1

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋 .   
 
Corollary 2.3.1: Let  𝑓 ∈ 𝐺1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋, 𝜑 , then 

𝑓 𝑧 =  
−  𝜍−2𝑧

0
𝜑 𝑤2 𝜍  

× 𝑒𝑥𝑝  
−1

2
  

𝜑 𝑤 𝜁  +𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝜍

0
 𝑑𝜍

        

∗    
𝜀(𝛿+𝓋)

𝜎 𝜂+𝜉 +𝜀(𝛿+𝓋)
 
𝑚

∞
𝑛=0 𝑧𝑛−1   

Where w(z)  is analytic in  D  with   w 0 = 0                                                                                      
and   𝑤(𝑧)  < 1.       𝑧 ∈ 𝐷 . 
 
Corollary 2.3.2: Let  𝑓 ∈ 𝐻1,𝑘

𝑚  𝜎, 𝜂, 𝜉, 𝜀, 𝛿, 𝓋, 𝜑 , Then 
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𝑓 𝑧 =  
−  𝜍−2𝑧

0
𝜑 𝑤2 𝜍  

𝑒𝑥𝑝  
−1

2
  

𝜑 𝑤 𝜁  +𝜑 𝑤 𝜁               −2

𝜁
𝑑𝜁

𝜍

0
 𝑑𝜍

    

∗    
𝜀(𝛿−𝓋)

𝜎 𝜂+𝜉 +𝜀(𝛿+𝓋)
 
𝑚

∞
𝑛=0 𝑧𝑛−1 .  

Where 𝑤(𝑧)  is analytic in  𝐷  with   𝑤 0 = 0                                                                              
and   𝑤(𝑧)  < 1.      𝑧 ∈ 𝐷 . 
 
Corollary 2.3.3: Let 𝑓 ∈ 𝑆 and  𝜑 ∈ 𝑃. Then 
 𝑓 ∈ 𝐺1,𝑘

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  
 if and only if 

f ∗   −z−1 +   𝒷 + 1 m n − 1 zn−1∞
n=1  +

φ eiθ  

2
I(z)   

   +
φ eiθ  

2
 I ∗ f (z )           ≠ 0   z ∈ D∗; 0 ≤ θ < 2𝜋 . 

Where I(z) is given by 
𝐼 𝑧 = 𝑧−1 +   𝒷 + 1 𝑚𝑧𝑛−1 .∞

𝑛=1    
 
Corollary 2.3.4: Let 𝑓 ∈ 𝑆 and  𝜑 ∈ 𝑃. Then 
 𝑓 ∈ 𝐻1

𝑚  𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋; 𝜑  
 if and only if 

𝑓 ∗  
 −𝑧−1 +   𝒷 + 1 𝑚  𝑛 − 1 𝑧𝑛−1∞

𝑛=1  

+
𝜑 𝑒 𝑖𝜃  

2
𝐼(𝑧)

     

   −
𝜑 𝑒 𝑖𝜃  

2
(𝐼 ∗ 𝑓)(−𝑧)                       ≠ 0    𝑧 ∈ 𝐷∗; 0 ≤ 𝜃 < 2𝜋 .  

where 𝑓 𝑧 is given by above equation.  
    

Remark Specializing the parameters 

𝜎, 𝜉, 𝜂, 𝜀, 𝛿, 𝓋, 𝑚, 𝐴 and 𝐵 in our results, we obtain 

corresponding results due to various researchers. 
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