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ABSTRACT

In this article we first define a slow increasing function. We investigate some basic properties of slow
increasing function. In addition, several applications in some some sequences of integers using the theory of
slow increasing functions.
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1. INTRODUCTION

Slow increasing functions are defined as follows.
1.1Definition. Let f : [a,oo)—>(0,oo) be a continuously differentiable function such that

f’>0and)!mf(x)=w. Then f is said to be a slow increasing function (s.i.f. in short) if

writt F ={f : f isas.i.f}.
1.2 Examples. (i) f(x)=logx, x>1lisas.if.

. . 1 , :
Note that lim f(x)=limlogx=oo and f'(X)==,¥X>1 and f' is continuous
X—>00 X—»0 X

o xf'(x) . 1 X
Moreover lim =lim=x—=
x—o f (X) X—00 X |Og X

(i) f(x)=Iloglogx,x>e isalsoas.if.

2. SOME PROPERTIES
2.1 Theorem. Let f,g eF andlet & >0, ¢ >0 be to constants then we have

) f+c (i) f—c Gii)cf @v) fg (v) f2 (vi) fog (vii) log f (viii) f+g alllieinF.
Proof: Given that f,g € F and >0, ¢ >0 be constants.

Proof of (i), (ii), (iii), and (iv) follows the definition 1.1
(v) Let h=f*

Note that )l(l_r)po h(x) = )I(I_rllo f(X)* =0, and h'(X) = f (X)* f'(x) >0, and h' iis continuous

X (x) . xeef()*Hf(x) o xF(X)
O T LA 1)
(vi) Leth= fog ieh(x)= f(g(x))

Note that )I(I_rllo h(x) = )I(m f(g(x)) =00, and h'(X)= f'(g(x))g’(x) >0, and h’ is continuous

o X0 @000 _ i 000 TE0) 3T g e b o
Moreover IR0 AT F(g(x) AT f(g0g) . gQo | Orenee h=TogeF

(vii) Let h=1log f

Moreover =0. Hence h=Ff%eF

f1(x)
()

Note that )!m h(x) = )I(Lrpolog f(X) =00, and h'(x) = >0, and N’ is continuous
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w ')
xh'(x) _ f(X) fr), 1
2000 M iog foo ~ X F (%) ¥ Tog F ()
(viii) Let h="f +¢

Moreover IIm =0. Hence h=logf eF

For sufficientely large X, we have 0< i < i and 0< X9 < Y
f f f+g o0
o xh'(x) xf’ xg'

By adding the above, we get OSJ('_[DO h(x) <)!H)TOIOT+ I"To]o g =0

xh'(x) _
lm h(x) =0 Hence h=f+geF

2.2 Theorem. Let f, g € F.Define h(x) = f (x*) and k(x) = f (x*g(X)) for each X, then h,k e F.
Proof: Given that f,g e F.Define h(x) = f(x*) and k(x) = f (x*g(x)) for each X.

Let h(x) = f (x%)

Note that )l(m h(x) = )I(im f(x*) =00, and h'(X) = f'(x*)ax®™* >0, and h’ is continuous
Moreover )l(@o X::(f())() )!Lw% =axﬂgl X ff( (;(;) 0

Hence h(x) = f (x%) iss.if.

Let kK(x)= f(x*g(x)) Note that lml k(x) :1@0 f (x*g(x)) =0, and

k'(x) = f'(x*g(x)) [ax“’lg(x) + x“g'(x)] >0 and K"is continuous
Moreover lim XK(x) _ lim alla 1) [ax“‘lg(x) ! x“g’(x)]
oo K(x) o f(x*9(x))
o lim X900 F' X9 00) i X 9 () F(xg(x)) | x9'(x) _

e F(x*g(X)) e F(x*g(X)) 9(x)
Therefore k(X) = f(X*g(X)) iss.i.f. Hence h,k e F

2.3 Theorem. Let f,g € F be such that lim——= F(x) =o0 and { (X)}>O Then — f eF.

=2 g(X) () g
Proof: Given that f,geF,lim——= F(x) =00 and i{ﬂ} >0
= g(X) dx[ g(x)
» 100 =1 g oo = 190~ F (09’
9(x)°
Moreover
X(f'(x)g(x)—f(x)g'(x)}
lim X0 _ iy 909 im XL iy X9 ) _
xo>n h(x)  xow (f(x)j oo f(x) x> g(X)
g(x)
Hence l eF
g

2.4 Theorem. Let h:[a,oo)—>(0,oo) be a continuously differentiable function such that h'(x) >0

and limh(x) =0

X—>00
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(i) Define g(x) =h(log x). Then g e F & )!l_r)n ((x)) 0

(ii) Define K (X) =€"®) Then ke F < lim xh'(x) =0
Proof: Given that h’(x) >0 and )l(H)TO]O h(x) =

(i) Define g(x) = h(log x) then g'(x) = h'(log x)
h’(Iog X)
Suppose ¢ € F then g satisfies lim Xg'(x) =0 ie. ||m—X 0 = lim h'(log x) _
X g(X) X—00 h(|Og X) X—>o0 h(log X)
Putt =log X so that X 0o =t —>o00 .. lim—= h'(e) =0 e '(x) =0.
too h(t) X_m h(X)
Conversely suppose X;w T]((:)) =0

Putt =e*sothat x=logt and X —»>o0o=t—>w :Ilmh(x) lim h'logt) _
X—>o0 h(x) t—o0 h(|ogt)

Now lim 9O _ i 1009 _ i, M0 _
t—>wo g(t) t—o h(log t) X h(X)

. _log f(x
2.5 Theorem. If f € F then ||mg—():
X—>0 IOgX

56)
lim 12900 _ iy LIOO

(byL’Hospital’s rule)
X—>00 |ng X—>%0 (1)

Hence g e F

(ii) Like proof of (i)

Proof: Giventhat f e F,

X

imXE) g e qim10ef®) _
x> f(X) x>» log X

d| f(x
2.6 Theorem. f € F if and only if to each & > O there exists X  such that d—{#} <0,vx> X,
XL X

' a a-1 ’
Broof: We have i{ f(x)}: f'(x)x 2f (X)ax f(xl) xf'(x) Yy
dx| x“° X = f(X)
Suppose f e F then = lim Xt (x) =0
X—>o0 f(X)

I.e. Foreach « >0 there exists x, such that Vx> x,
And w—o <a, VX>X, :i{@}o, VX > X,

f(x) dx| x“

To prove the converse assumes that the condition holds.
Letr > O be given. Then there exist X, such that VX > X

We have, by hypothesis i[@} <0 thisimplies that w -0Ol<a, VX>X,
dx| x* f(x)
i.e.m —>0asx—>owo = Iimm =0. Therefore f e F.
f(x) e f(X)
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f(x
2.7 Theorem. If f e FthenllmL 0,forall #>0
X—0 Xﬁ
f(x)
Proof: For any & withO < &z < [, we get by Theorem 2.6, d_ <0, VX>Xx, forsome X,
x| X

This implies that is decreasing for X > X,

X
) bounded above, say, by M

Hence
Xot
That is, there exists M > 0 such that 0 < —~ f(x) <M, VX>X,
X
f(x) _lim f(X) 1

lim—=
X—>0 Xﬁ x—0o X% Xﬁ a

2.8 Note. We know that each f e F is an icreasing function. Moreover by the above theorem it is clear

that lim ——= ()—
X—>0 Xﬂ

rapidly. This justifies the name given to the members of F.

0, V>0. This shows that the increasing nature of f is slow. That is f does not increase

From the above theorem, we have the following results.

f(x)

2.9 Theorem. If f € F then lim——==0and lim f'(x) =0.
X—00 X X—>»00
Proof: In Theorem 2.7 put 5 =1, toget lim ——= ( ) - =0.
X—00
X
If f e F,then IIm ( ) =0
X—0 f(x)
f(x i
Since mL: we must have lim f'(x)=0.
X—»00 X X—00

2.10 Theorem. Let f € F then forany & > —1and € [ , the series Zn“ f(n)” diverges tooo.

n=1
Proof: We write ZHU‘ f(n)’ = Z(n‘“lf (n)ﬂ)l
n=1 n=1 n
w1
we know that the series Z— diverges to oo
n=1
Given a>-1=a+1>0
If #>0then limn“*f(n)’ =0
n—oo
a+l
If #>0then lim n =lim — = (from Theorem 2.7)
nﬁw( f (n)ﬁ] nN—o0 f (n)
na

i.e. > n“f(n)” diverges to

An important byproduct of the above theorem is the following result.
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X
jta f () dt
2.11 Theorem. Let f € F. Thenforany ¢ >—-1and S e[l , lim

X—>00 a+lf(X)ﬂ
a+1

f(xX)f =0, Va>-1 Vp

Proof: From Theorem 2.10, we have limx“™* f (x)” = oo

N—o0
a+l
= lim
xow g 41

From Theorem 2.10, we have Zt ft) =0 = IImIt“ f(t)’dt =0
t=1

j te f (t)”dt
_ . x“ f (x)” _
Consider lim a+1— =lim (byL’Hospitals’s rule)
[f (9" j x*f(x)” +
a+1
B
_ I|m X* f(X) f
x“f(x)7 | 1+ p X
a+l f(x)
2.12 Definition.Let T, g :[a,oo) —>(O, oo)
(i) If lim E ; =1, then f isis said to asymptotically equivalent to g . We describe this by writing f [1 g .
X—00 g X
(i) T =0(g) Means f < Ag for some A> 0. In this case we say that f is of large order J.
(iiiy f =0(Q) Meansllm E ; 0. In this case we say that f is of small order g.
© g(X

f(x
2.13 Examples. (i) Consider f (X)=X", g(X)=x" +X,forall x>0 and lim——==Ilim——
X—0 g(x) x—0 XN 4 x

Therefore f [I g.

X 1 1
ii) x=0(10x) B — =—=X=—(10x).
(ii) (10x) Because 0% 10 10( )

1—0

X
As a result of the Theorem 2.11, we get the following results as particular cases.
2.14 Theorem. Let f e F. Then we have the following statements.

(i) jf(t)ﬂdtm xf(x)? (i) jf(t)dtm xf(x) (i) j ot %
Proof. Let feF
(i) Put o =0 in Theorem 2.11, we get
j f () dt
mwzl :! f(t)?dt 0 xf (x)”

(i) Puta=0,B=1in Theorem 2.11, we get
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Jx'f(t)dt )
lim 2 =1= [ f(t)dt 0 xf (x)

x> Xf (X)

(iii) Puta=0, B =-1in Theorem 2.11, we get

X

Ldt X 1
L) = [t
x =L !f(t) f(%)

lim

X—0o0

f(x)
2.15 Theorem. Let f € F. Then
(i) lim f(x+c) =1,Forany Cell (ii) If f'(X) isdecreasing then lim f(ex)
x>x  f(X) x>o f(X)
Proof: Letf e F
(i) Case (a). Suppose C >0
By Lagrange’s mean value theorem, There exists at € (X, X+ C) such that

f(x+c)= (0 _cf ()

=1, forany celJ

f(x+c)—f(x)=(x+c—x)f'(t) = 0<

f(x) f(x)
f —f '
= 0<lim (x+¢)- () =Iimw, te(x,x+c)
X—>00 f(x) X—>00 f(x)
_f(x+c) L
= IImT—lesmce lim £/(x) =0 (by Theorem 2.9)
X—00 X X—>00
xos - (X)

Case (b). Suppose C <0
By Lagrange’s mean value theorem there existst € (X +C, X) such that

f(X)— f(x+c)=(x—x—c)f'(t) = 0< F)—f(x+c) _ cf'(t)

f(x) f(x)
f(x)—f '
= 0<lim ) (X+C):—climm,te(X+c,X)
X—0 f (X) x—o f (X)
_f(x+c) o
= IImT—lzo,smce limf'(x)=0  (by Theorem 2.9)
X—00 X X—»00
x>e f(X)

(i) Case (a). Suppose C >1
By Lagrange’s mean value theorem there existst € (X, CX) such that

f (cx)— f(x) _ (c-Dxi'(t)

f(ex)-f(x)=(x—x)f't) = 0<

f(x) f(x)
= 0< IimM =(c-1)lim X' ,te(x,cx)
) 2 ()
And f (X) is decreasing = f'(X)> f'(t)
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. F(ex .
There fore lim f(( )) —1=0,since lim f'(x) =0 (by Theorem 2.9)
X—>00 X X—»00
CX
= lim ( ) =1
= f(X)

Case (b). Suppose C <1
By Lagrange mean value theorem there existst € (CX, X) such that

- e ey £ F()—f(cx) _(@-c)xf'(t)
f(x)—f(cx)=(x-cx)f't) = 0< T

. F(x)—f(cx ) '
= 0< Ilm()—(): (1-c) Ilmw, te(cx,x)
X—>0 f (X) x—o (X)
And f'(x) isdecreasing = f'(x)> f'(t)
o) o
There fore “mﬁ —1=0,since limf'(x)=0 (by Theorem 2.9)
X—>00 X X—>00
f(cx
= lim ( ) =1.
x> f(X)
2.16 Theorem. Suppose f € F issuch that f'(X) is decreasing. If 0 <C, <C, and ¢ is a function such that
fg)¥) _,

<g(x)<c, then lim
¢, <g(x)<c, enx_m f(x)

Proof: Suppose f e F is such that f'(x) is decreasing
If O<c <g(X)<c, = f(cx)<f(g(x)x)< f(c,Xx)since f is decreasing

fe)  FE000 _ 1) o F@X) 1090 _ . fE©X)

fo) ) f(0 e f(x) e f(x) e T(X)
= 1£IimM£1 (By Theorem 2.15) = Iimwzl.
X—>0 f(x) X—>0 f(x)

3. APPLICATIONS OF SLOW INCREASING FUNCTIONS TO SOME SEQUENCES OF INTEGERS

This topic is aimed at applications in some special sequences of positive integers. Infact several asymptotic
results related to these integer sequences are derived by using the theory of Slow Increasing Functions.

We begin with the following important definition.
Let f € F . Through out this chapter (an) denotes a strictly increasing sequence of positive integers such that

a, >1 And lim al =1for some s >1. (1)
n—=n®f(n)

ie. a 0n°f(n)
There exist several such sequences.

For example &, = P, the sequence of prime numbers in increasing order, f(X)=logxands=1.

pn =1.

By prime number theorem we have lim
n>=nlogn

3.1 Definition. Let (&,) be asequence as described above. Then for any X > 0, define y/(X) = z 1
an<X
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The number of @, that do not exceed X .

3.2 Theorem. If (&,) satisfies (1) and g € F, then

(i a,,a, (i) Iim%:o (iii) loga,,, I loga, (iv)
9(a,.) 0 9(a,)
(v) loga, I slogn (vi) logloga, [J loglogn (vii) Iimwzo

X—0 X

Proof: Let(a,) satisfies (1)and g € F

() Consider lim®nt = |jpf DT 0+ 1) |im(ylj i 0+ 1) _y
n—oo an n—» n f(n) N—so n Nsoo f(n)

Theorem 2.15

= a,,03a,
i & .8 _a.,-a
(ii) We have an 1D an = lim n+l =1=1lim n+1 —1=0=lim n+1 n _0
+ n—oo an n—oo an N0 an
. . . an o . an+1 ) an "
(i) Consider lim <2 —1 = log| lim =2 |=logl = limlog| L | =0
n—o an n—o an Ne—soo an
; . (loga,,, —loga
:Ilm(logan+l—logan)203||m g n+1 g n :O
n—o0 Neso0 |og an
. (loga .
= lim| =2 |1 ie. log 7 log
n»oo( loga, A a,

Ja,, geF, wehave Iimm
n—o g(an)

(v) We have a,00 n*f(n) =loga, logn®f(n) =loga, slogn-+log f(n)

(iv) As a =1 =9, 9(@)

n+1

N loga, 0 1+ log f (n) — lim loga, _ +1 . log f (n) lim loga,
slogn slogn n—=slog n sn>< logn n—>= slogn

=1 By
Theorem 2.5

I.e. loga, [l slogn
(viwehave  loga,Jslogn = logloga, ] log(slogn) = logloga, O logs+ loglogn

IogloganD logs 1 :Iimloglogan:

logslim +1
loglogn loglogn n—>= loglogn n—= |og logn
Iimloglﬂzl i.e. logloga, [ loglogn.
n—>= loglogn
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(vii) We have w(X)= Zl
a,<x
X n n
Let N, be the largest index such that @, < X then w(X)=n, = ) _ <2
’ X X a,
X
= 0<I|mW()<I|m = O<I|ml//()<0 = I|mW() 0
X—>0 Ny —>® a X—0 D
3.3 Theorem. Suppose (an) satisfies (1)andg e F, then forl >1,

a(a,) [ lg(m) < (v () [ 1904
Proof: First suppose that g(y (x)) %g(x) =d(w(a,))l %g(an)

:»g(nm%g(an) —g@)0lgn).  (-w(@)=n)

Conversely suppose g(a,)dlg(n) =g(a,)0lg(w(a,)) :Limw)zl
@)
I
)
it &, <x<a, wehave  p(a)<y(x)<y(an) = 9W@)<IW00) < 9w (@)
since g € F.
And 9(a,)<9(x)<9(a..) = %g(%)S%g(X)%g(aM) (=)
Cim AW @) o 9 () L 9 (@)
n—o T xow T oo 1
Tg(an) *g(X) ig(an)
anta)= 1<im8 gy (g
19(0)
RS e e B (2O B0}
Tg(x)

3.4 Theorem. Suppose (@, ) satisfies (1) andg € F , then (i) loga, [J slogn < logy (x) [ %Iog X
(i) logloga, [1loglogn < loglogy(x) ! loglog(Xx).

Proof: Given (@, ) satisfies (1)andg € F

(i) In Theorem 3.3 put g(a,) =loga,, g(n) =lognandl =s.

And we have loga, [I slogn.
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(i) In Theorem 3.3 putg(a,) =logloga,, g(n) =loglognand | =s
And we have logloga, [1 loglogn.

We make use the following well known result in proving theorems to follow.

b,
3.5 Result. Let Zb and ZC be two series of positive terms such that [im—=1. If ZC is divergent

nN—oo C

n=1 n=1 n=1

2.b,
then it is known that lim *2— =1.

2.

k=1
3.6 Theorem. Let f € F, (an) satisfies (1) and f(a,) ] f(n). Then

aan(n)<:>l//(X)D— w(x) [ —dt<:> f(a)l x
f(x) j f(t) akzx ‘
Proof: Given (an) satisfies (1)and f € F and f(a,)d f(n)
@)
an an
First suppose that w(x)0 m = ()0 fla) = nl fla)
= a,Unf(a,)
a, Ll nf(n) By (3)
Conversely suppose @, Inf(n) = a 0Dw()f(n) = w(a,)0 faz” )
n
= y@)l— by@E) =limh V’( ) _q
f(a,)
f(an)
(4)
If a,<x<a,, wehave w(a,)<y(x)<y(a,,)
f(x) _ o f(x) _ . .
We have by Theorem 2.6 —— has negative derivative = is decreasing = is increasing
X X f(x)
h o X G o im v(a )<I|m v )<Iim v(a,) (ra,,0a,)
f (an) f (X) f (an+1) n—o an X—>0 n—m an
f(a,) f (X) f(a,)
= 1£Iiml//(x)£1 By () = Iimmzl = (X)D—
x—oo X x—oo X f( )
f(X) f(x)
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Suppose (X)) %
()

Then we have from Theorem 2.14 i% dt [ %

(6)

Hence from (5) and (6) w (X)L : % dt.

Also we have from Theorem 2.14 I f (t)dt [ xf (x)

And since f (X) is increasing, we get Z f (k) :j f (x)dx+h(n) 0 nf (n)
k=1 2
()

Giventhat f(a)0 f() = Y F@IDDTK) gypesuras = 2 F@)0Nf(0)
k=1 k=1 k=1

By (7)
f(a,)0 nf f(a) 0 f lim_ @) 4
= akZ;ﬂ (a)0nf(a,) :>akZ @)ly@)f@) = ”mzf(ak)
f(a)
(8)
If a,<x<a,, wehave v(a,) <y (x)<y(a,,)
And f@)<f(x)<f(a,) = D f@)<D fla)< D f()
a<a, <X < an
TS @) Y f@) S f(ay) (a0
fa) () f(a)
f(a)
) o Z
f— 1glmmgl By(8) = !(mTak)—l j— W(X)DW

t(x) f(x)
> f(@)
f(x)D 7f(x) = akZgle(ak)D X

3.7 Theorem. Let f € F, (an) satisfies (1) and f(a,) [ If (n). Then
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11 1 1
Sys s X+ 1 11
8,1 n°f () e p(x) 1 X @y/(x)m'—jt _dte S f(a): 015,
s S s a, <x
f(x)® a () ‘

Proof: Given (an) satisfies (1)and f € F and f(a,) 0 If (n)

©)
11 11 11
Isxs Isa s Isa s
Suppose w(x)0 T = w(a,)l n T = n(l n ;
f(x)° f(a,)’ f(a,)
~  np % — a 0n*f(n) By
f(a,) -
©)
. e —im_ ¥(@n)
Conversely suppose a,lnf(n) = asdnf(n)s = r|]I_r)1301—'”l:1 By (9)
Isa,s
1
f(an)s
(10)
If a,<x<a,, wehave w(a11)£z//(x)<w(an+l)
f(x) _ N f(x) . ) .
We have by Theorem 2.6 ——— has negative derivative —> —— s decreasing = is
X X f(x)
increasing
X
fan < fx < fam T ACY R ""1( 1) <lim ‘/’1( ”1) (ra,0a)
(@) f() f(a..) I°a 5 I5x5 I5a °
1 1 1
f(a,) f(x)° f(a,)
11
X X SyS
= 1<lim "’1( 1) <1 Byao) = lim “’1( 1) 1= )0 ~
Isxs Isxs f(x)s
1 1
f(x)° f(x)°
11
s Isxs
a,lnfn)ewyx)U T (11)
f(x)°
j t f (t) dt )
Y s XHE(X)?
We have from Theorem 2.11 |Im+1—ﬂ=1 = It ft)’'dt] ————
x>o X (X) 4 a+l
a+l
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1 1
X +1 1 _1+§+1 -
In above equation put & =—1+£ and g =—1 = It i f(t) sdtl x * 10
S S 1
a -1+—+1
S
71+7 1 1 T 11
= EJ. = I—J.t 1(JItDIX1
i af(t)s f(x)s R TONR {0
(12)
L 1t
Is ft s
From (11) and (12) w(x) 0 —I —dt
IR0k
Also we have from Theorem 2.14 j f(t)dt) xf(x) and f(x) isincreasing
Now Z f(k)= j f (xX)dx +h(n) O nf (n)
k=1
(13)
Given that f(a),0lf(n) = Z f(a)l IZ f (k) By Result
k=1 k=1
3.5

= Zn:f(ak)Dlnf(n) By(13) = Y. f(a)lInf(a,) = 3 f@)lly()f(a,)

k=1 a<a, a<a,

f k
PIRLY v(a,)

~ —  lim-Z&) (14)
V@) Sy MY )
|f(an)
If a <x<a,, wehave v(a,) <y (x)<y(a,,)

And f(a,)< f(x)<f(a.,) = If(a,)<If(x)<If(a,,)
= > f@)<) fla)< ) f@)

a.< a, <X Q=< ay,
oov@) o v (@) g
= !Lno]oz a)<1ﬂ2f(a) !me(a) (-8,.,08)
I (&) I (x) I (a,)
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T A L) I By(1d) = im )
szf(ak) x> Zf(ak)

If (x) If (x)
> f(@)

a < x

If (x)

= y(x)0

> f@)

K e 111
0 2= = f(a)d Ix f(a)s Isxs.
= ) If (X) a; (a) = akzs‘,x (a)
3.8 Theorem. If g(x)” isafs.i.and g(a,) [l Ig(n) where (an) satisfies (1), then
2.9()"
w(x)0 22— forall real g.
9(x)”
Proof: Given that g(X)” isafs.i.and g(a,) ] Ig(n) where (an) satisfies (1)
We have from Theorem 2.14 jg(t)ﬂdt [0 xg(x)”
And since g(X) is increasing, we get Zg(k)ﬂ = j g(x)” dx+h(n) 0 ng(n)”
k=1 b
(15)
Given that g(a,)U1g(n)  =g(,)" 11 g(n)’
(16)
= ég(ak)ﬁ 2 'ﬂ;.q(”)ﬂ By Result 3.5
. B B B B B
= ég(ak) D I ng (n) By (15) = akzé;n g(ak) D ng(an) By (16)
2. 9() ()
a)’ Dy(a)g(a,)’ a)l&x _ olime—t =1
:akzs‘;ng( k) W( n)g( n) :W( n) g(an)ﬂ N300 Z g(ak)p (17)
9(a,)’

If a,<x<a,,and f>0 = w(a)sy(X)<y(@,,)

Wehave geF = g(a,)<g9(X)<d@.) = 9@) <9’ <dg@,.)
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= Z g(a)’ < zg(ak)ﬂ < Z 9(a,)”
a <a, a <X ay <a,,
> 9@) D g@) > a@)’
a <a, < ay <X ay <a,,;
g(anJrl)ﬂ g(x)ﬁ g(an)ﬂ
I'm ‘/I(an) S Im l//(X) S Im W(an) ( » D an)
ST AR N AN N o
g(a,)’ a(x)’ g(a,)’
. w(X) : w(x)
R e e R N LS ST TAN
g(x)” g(x)”
> a9(a)’
0 ay <x
= w(X) 1)
If an S X< a‘n+l and ﬂ < 0 = l//(a‘n) S W(X) < l//(anﬂ)

We hae geF = ga <gxyga,) = 9a,’Cgx’'<g4)
(- p<0)
: v(a,) : w (X) : v(a,) ..
M T AR S AR S T AT
g(a,)’ g(x)” g9(a,)’
. (x) : (X)
= Klmﬁﬁ BY(17) = mﬁ:
90’ 9%’
Z g(a,)’
RGN
>.9a)’
Hence = y()02Z—— Forall g real.
g(x)

3.9 Theorem. If(an) satisfies (1) and A(X) = Z 1, the number of primes up to x, then A(X) [J w(X).
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Proof: The a, <X are @,8, ...,8,) -

Letuswritt  a’ =X, (k=12,..,¢(X)) = loga* =logx = ¢, loga, =logx

log x
o =% (k=12,...p(x)
loga,
w(X) w(x) w(X)
We know that y()<AX) <D [a]= Z =log XZ
kL k1 Iog a,
(18)
1 1
From theorem 3.2, We have loga, [l slogn = O
loga, slogn

A | 1 1% 1

> 0 +>) ——  ByResult35 (19)

ia loga, loga, s i= logk
We have from Theorem 2.14 J.idt 02 = J.idt il X

- T () f(x) > logt log x
(20)
w(x) w(x)
Now 1 s j —dt roayn Y By
loga, si= Iog k slog x
(20)
4G |
From Equation (19) and above equation Z U v ()
«adoga,  slogx

From Equation (18) and above equation 1/ (x) < A(X) < hGJw () logx (- h(x)—>1

slog x

A(X) < h(x) log x — 1<lim A(X )<I h(x)log x

= 1< <
w(X) slog x o=y (X) x> slogX

(21)

We have from Theorem 3.4 of (i)  logy (X)L = Iog X = lim _logx
= slogy (x)

Using this inEquation (21), we get = 1<I|m/1()<1 C-h(x)>1) = IIm A =1
~=y(X) ~>=y(X)

Hence A(X) 0w (X).

3.10 Theorem. Let f e F, (an) satisfies (1).

Then () Y. a0l
k=1

ZaﬁDMx“ (a>0)

aox Sa +1

nsa+1f (n)a D n

a” >0 ii
sa+1 sa+1 " (@>0) )
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Proof: Given that Let f € F, (an) satisfies (1)

(i) Let us consider the sum 1+2+..+(n" =D+ Z (k* f (k)*)”
k=n’

(22)
Where N’ is positive integer in the interval [a, oo)
From Equation (1) we have a,0n*f(n) = a;in*f(n)” (-a>0)

(23)

We know that X° f (X)* is increasing = Z (k*f(k)*) = I X** f (X)*dx+O(n** f (n)*
k=n' n'

(24)
t f (t)” dt
. I ® [JPP X“Hf(x)?
From Theorem 2.13, we have |lim-2——=1 = It f@) dtl] ————
xoe ((x e f (x)F A a+1
a+l

nsa+l f (n)a

n
Put @ =S and £ =« in above equation, we get IXS"‘ f(x)“dx [J 1
, Sa +

n
(25)
From Eqgations (22), (24) and (25), we get

n sa+1 a sa a
1124+ (W-D)+ Y (k) 0 W7 _nnf() (26)
ken Sa+1 Sa+1
! - S S\a naa
= 1424+ =D+ D (K F(K)) 0 —— By (23) @7)
k=n’ SOC +1
FromEquations (23), (26) and (27) and using Result 3.5, we get
n sa+1 a
Sarpg T N (o> 0)
= Sa+1 Sa+1
(i)If a,<x<a,ada>0 = w(a)<y(x)<y(a,)
And < x*<al, = (satl)) a <(sa+l)d al <(sa+l) > &/
ac<a, a <X & <an,y
S 74 ) B L 4 () B R ] G (-a Da,.,)
oo ((sa+l) Y oal) = (satl)d al) " (sa+l) ) af
ay X“ ay
(28)
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n » " sa+1) a;
«r A « o y(nay 4 <a
We have a’ [l L = a’] ——"r = a)j ————
kZ:l: k sa+1 ak;n k sa +1 l//( n) as{
~gim — Y&
e sg 1) ag
a <a,
ay
Equation (28) implies 1< lim v (x) <1 = lim v (X) _
o ((sa+l) ) ay o (sat+l) ) ay
X% X%
(sa+1)) a¢ ”
< X
= ) —— 2% = ar () L2y a >0).
v X anZ;; " sa+l ( )

We apply the results discussed in this article to look into some of the applications in number theory.
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