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Abstract

In this paper, a related fixed point theorem is obtained. It extends a result proved by R.K. Namdeo, N.K.
Tiwari, B. Fisher and K. Tas [9]. The notion of fuzzy 2-metric spaces satisfying integral type inequalities
is used.
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Intoduction

The concept of fuzzy sets was introduced by L. Zadeh [14] in 1965. Fuzzy metric space was
introduced by Kramosil and Michalek [7] in 1975. Then, it was modified by George and
Veeramani [4] in 1994. Fuzzy has been studied and developed by many mathematicians for
many years. Introduction of fuzzy 2-metric space is one of such developments. Gahler [10, 11]
investigated 2-metric spaces in a series of his papers. Fuzzy 2-metric space is studied in [6, 8, 12,
13] and many others. Related fixed point is studied in [1, 2, 3, 5, 9] and many more.

Some definitions are stated as follows:

Definition 1.1 : A binary operation *: [0, 1] x [0, 1] — [0, 1] iscalled at - norm in ( [0, 1], *) if follo-
wing conditions are satisfied:

Foralla, b,c,d € [0, 1],

i,axl=a,

ii.axb=bh=a,

iii. a*b<c=dwhenever a<c and b< d,

iv.a*x(b*c)=(axb)=*c.

Definition 1.2. The 3-tuple (X, x, *) is called a fuzzy 2- metric space if X is an arbitrary set, * isa
continuous t - norm and u is a fuzzy set in X ®x [0, o) satisfying the following conditions:

Forall x,y,z,u e Xandty,t,, t3>0,

i. u(x,y,20)=0,

ii. u(x,y,z,t)=1,t>0and when at least two of the three points are equal,

i, g (X, v, 2,0 = uly, X z,t) = u(z XYy, t) (symmetry about three variables),

V. (XY, 2, t+tH) > p(X Y, U t) = (X, u,2,t) * u(u,y,zts)

V. u(x,y,2,-): [0, ) — [0, 1] is left continuous,
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vio lim_, (X y, z,t)=1.

Definition 1.3 : Let (X, u, *) be a fuzzy 2-metric space. A sequence {x,} X is said to:
i. converge toxin X ifandonlyif lim _ _ x#(x, X at)=1 Vae Xandt>0.
ii. be a Cauchy sequence if and only if lim,_ z#(Xop, Xn, @, ) =1 Vae X, p>0andt >0.

Definition 1.4 : A fuzzy 2-metric space (X, u,*) is aid to be complete if and only if every Cauchy
sequence in X is convergentin X.

The following was proved in [9].

Theorem 1.1: Let (X, d)and (Y, p) be complete metric spaces. Let T be a mapping of X intoY and S
be a mapping of Y into X satisfying the inequalities

d (Sy, Sy d(STx, STx') < ¢ max{ d(Sy, Sy ) p(TX, Tx ), d(x Sy) p(y Tx)}
d(x, x') d(Sy, Sy'), d(Sy, STx) d(sy’, sTx')}

(%, Tx') p(TSy, TSy') < cmax{d(Sy, Sy') p(Tx, TX'), d(x',Sy) p(y', T,
(. ¥ p(x, T, p(Tx,TSy) p(Tx', TSy')}

forallx,x’in Xand y,y’ inY ,where 0 < c<1.If either S or T is continuous, then ST has a unique
fixed point z in X and TS has a unique fixed point w<inY . Further, Tz=wand Sw =z.

Now, theorem 1.1 is extended to two pairs of mappings in integral and fuzzy 2-metric space settings as
follows.

Main result

Theorem 2.1 : Let (X,u, a, t) and (Y, v, a, t) be two complete fuzzy 2-metric spaces. Let A, B be
mappings of X intoY and S, T be mappings of Y into X satisfying the inequalities

min{u(Sy, Ty, a,t) o(Ax, B¥, a,t), u(x!, Sy, a,t) v(y’, Ax, a,t),
u(x, x! a,t) u(Sy, Ty, a,1), u(Sy, SAx, a,t) u(Ty’, TBx/, &, 1) }

ku(Sy, Ty ,a,t) u(SAx, TBX, a,t
J'l 11(Sy, Ty ) u( ) (p(S)dSZL o(s)ds (1)

min{u(Sy, Ty’ a,t) u(Ax, Bx/,a,t), u(x’, Sy,a,t)u(y’, Ax a.t),
u(y,y’ a,t)v(Ax, Bx/,a,t),u(Ax,BSy,a,t)v(Bx’/, ATy’ a,t)}

ols)ds > | P(s)ds )

1

J- kv(Ax ,BX,a,t) v(BSy, ATy, a,t)
1

forall x, X'in X and y,y inY, where ke (0, 1). If Aand S or B and T are continuous, then SA and TB
have a unique common fixed point z in X and BS and AT have unique common fixed point w in Y.
Further, Az=Bz=wand Sw= Tw=z.

Proof : Let x be any arbitrary pointin X . We define sequences {x,} and {y,}in X and Y respectively as:
SYon-1= Xon_1v BXon 1= Yons T¥on = Xon: AXpy =Y,,_4, fOrn=1,2,3,...
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Applying inequality (1), we get

J. k,u(Sy2n _y Ty2n, a,t) y(SAXZn, TBx2n _y a,t) o(s) ds
1

2
= Lk“ (on_1+%n &Y o(s)ds

mln{y(Sy2n D TyZn’ a,t) u(Ax2n , Bx2n _1,a,t), u(XZn _y Sy2n _1,a,t)u(y2n, AXZn’ a,t),
Hn Xong 3D HSY oy o W @Sy, SA% 80T, TBX,, _y.al}
> L o(s)ds

mln{y(xZn_l,x2n,a,t)u(y2n_l,y2n,a,t), ﬂ(xzn—l’ X2n_1,a,t)u(y2n, y2n_l,a,t),

X , X a,t) u(x X ,a,t X X a,t)u(x , x ,at
#( 2n’ T2n-1" ) ( 2n—-1""2n"" ): 24 2n—1" "2n-1""" ) ( 2n’ Ton’ )}
=, ¢(s) ds

from which it follows that

min{o(y VY oL at), u(x X L, a,t)}
J‘kﬂ(leﬂ_l, in,a,t) () ds ZJ- 2n -1 "2n 2n-1 2n o(s) ds 3)
1 1
Applying inequality (2), we get

ko(Ax , Bx ,a,t) v(BSy , ATy ,a,t)
J- 2n 2n -1 2n -1 2n QJ(S) ds
1

kv? Ly Lat
:J'l (yZn—l Yon )(p(s)ds

mln{y(Sy2n Ly Ty2n, a,t) u(Ax2n , Bx2n Ly a,t), y(x2n o Sy2n Ly a,t)u(yZn, Ax2n, a,t),
v(y oy yZn,a,t) u(Ax2n , Bx2n71,a,t), U(szn’ BSy2n r a,t) U(Bx2n y ATyZn, a,t)}

2n
>
> jl o(s)ds
max{#(XZn ~1’ X2n’ a t) U(y2n ~1’ y2n’ a t)’ 'u(XZn ~1’ X2n ~1 a’t) U(yzn’ y2n —1’ a't)'
oly, Yy, atoly, .y .atoly, .y .atoly, .y .abh}
= .[1 @(s)ds

from which it follows that

mm{u(yZn -1 y2n' 4 t)”u(XZn -1 X2n’ a0}

k : '8,
L o0on g Yon 1@ o(s) ds Zj'l o(s)ds (4)

(3) and (4) can be written as

min{u(ynil, Yo a,t),y(xnil, X ., t)}

kKu(x X ,a,t)
.[1 n-1 "n o(s)ds ZL o(s)ds
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min{u(yn Ly Y ,a, t),,u(xn Ly xn, a,t)}
n

k Y Lat
L o0y _y Yy ) o(s) ds ZL o(s) ds

which can be again written as

mln{u(yn ot yn, a,t), y(xn oy xn, a,t)}

k
L ﬂ(xn+1’ xn,a,t) o(s)ds = L o(s) ds (5)

m|n{u(yn+l, yn, a,t),,u(xn ot xn, a,t)}

k , ,a,t
L U(yn IR ) ¢(3)d52jl o(s)ds (6)

From (5) and (6), by induction, we get

1 .
—nmln{u(yl, yz,a,t),,u(xl, xz,a,t)}

u(x o, x,at) k
[t T sy 2 | o(s) ds

1 .
—mm{u(yl, yz,a,t),y(xl, xz,a,t)}

.[1 U(yn +1’ yn at p(s)ds = Lk” o(s)ds

t
Let t, =—. Now,
p

J‘,U(Xn: Xn+p:r & t)

1(Xn, Xneps &t +t+ ... ptimes
J' (n n+p 1 1 )
1 1

p(s)ds = o(s)ds

> J-y(xn, xn+1,a,t1)

X, 1, X ,a,t
. o(s)ds * J‘ﬂ( n+l’ “n+2 1)

J‘/’l(xn+p71' Xn+pva:t )
1

o(s)ds *...* . 1" p(s)ds

1 .
N J_ k—nmln{u(yl, yz,a,t),y(xl, xz,a,t)}
1

which implies that

1min{u(yl, yz,a,t),y(xl, xz,a,t)}
(p(s)ds*...*J'lk”*p’ o(s) ds

Iim_[iu(xn’ Xn+p’a’t)(p(s)ds > 1

= Xy, Xpyp.at) 21

= {x,} isa Cauchy sequence with a limit z in X.
Similarly, {y,} isa Cauchy sequence with a limit w in Y.

Now, on using the continuity of A and S respectively, we get
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w = limy, , = limAx, = Az and 2z = limx,, =limSy, = Sw

so that we get
Az = w @)

(8)

From (7) and (8), we get

SAz = z ©)
Again applying inequality (1), we get
J-1ky(SAx2n , TBxZn_l, a,t) o(5) s
min{u(AxZn, Bx2n_l, a,t), u(yZn, Ax2n,a,t),,u(x2n_l, x2n,a,t)}

= o(s) ds (10)

On letting N — o, we have
ku(Sw, TBz, a,t v(Az, w,a,t)
_[ “( ) o(s)ds = j o(s) ds
1 1
By (7), we have
ku(Sw, TBz,a,t
J.l,u(w z,a,t) o(s)ds > 0
= ku(Sw, TBz,a,t) > 1
which implies that
Sw = TBz
and from (8) , we get
z = TBz (1)
From (9) and (11), we get
SAz =z = TBz (12)
Now, (10) gives
Kee(X , Ty ,a,t
L 0 o @) o(s) ds
www.ijert.org 2975
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On letting N — o, we get

which implies that
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X a,t), U(y2n’ Ax2n,a,t), y(xZn_ , X n,a,t)}

1 2
p(s)ds

ku(z, Tw, a,t
jlﬁdz wa.t) otydt > 0

= ku(z, Tw,a,t) > 1

z=Tw

Again, applying inequality (2), we get

I ku(BSy2n N ATy2n, a,t)
1

min{,u(SyZn -1 Tyzn' b, 'u(XZn -

=1,

On letting n — «, we get

which implies that

Now, (14) gives

k , ATy ,a,t
L U(YZn y2n ) o(s) ds

mln{y(SyZn -1’ Ty2n a0, 'u(XZn -1 Syzn -

2],

On letting n — oo, we get

IJERTV21S101122

o(s) ds

1’ SyZn -1 v, U(y2n -1 y2n' an, U(szn’ BXZn -1 an}

p(s) ds
ko(BSw, ATw, a,t
[ !y = 0
= ko(BSw, ATw,a,t) > 1
BSw = ATw
l,a, t), u(y2n oy y2n, a,t), U(szn’ Bx2n _1, a,t)}
@(s) ds

ko(w, ATw, a,t
[ )y = 0
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= ko(w, ATw,a,t) > 1

which implies that

w = ATw (16)

From (15) and (16), we get
BSw = w = ATw (17)

From (8) and (17), we get
Bz =w (18)

From (7) and (18), we get
Az =Bz = w (19

From (8) and (13), we get
Sw=Tw =z (20)

Similarly, on using the continuity of B and T, the above results hold.

To prove the uniqueness, let SA and TB have a second distinct common fixed point z’ in X and BS
and AT have a second distinct common fixed point. w’ in Y.

Applying inequality (1), we have

ku?(z, 2, a,t)
[ o(s) ds

min{u(z, 7 at)v(Az, BZ, a,t), u(z/, 2/ at)v(Bz/, Az,a,t),

> J'ly(z,z’,a,t)y(z, Z.at), u(z, 2/ a,t) u(z,z,a,t)} () ds
ku(z, 7, a,t) min{v(Az, BZ ,a,t), (Bz/, Az,a,t)}
= [ o(s) s 2 [ p(s) s
ku(z, 7,a,t) v(Az, BZ , a,t)
= ol)ds 2 | o(s) ds (21)

Applying inequality (2), we get

kv2(Az ,BZ  a,t)
L o(s) ds
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min{u(z, 7 ,a,t)v(Az, BZ ,at), u(z/, 2/ a,t)v(Bz/, Az,a,t),

v(Az, Bz/ ,a,t)v(Az, BZ ,a,t), v(Az, Bz/ ,a,t)u(Bz/, Az,a,t
ZL( )ou( ) u( )o( )} o(s)ds
ku(Az BZ ,a,t ,z,a,t
=>L v(Az.B2.a.1) go(s)dsZL”(z e »(s)ds (22)
From (21) and (22), we get
k2u(z, 7, a,t) u(z, 7 ,a,1)
J o(s)ds 2 | () ds
Lz 7, at)
2
u(z, 7/ ,a,t) k
= L p(s)ds = L o(s) ds
Lz 7, a,t) Lz, 7, a)
2 n
u(z, 7,a,t) K K
= L p(s)ds 2 J.l p(s)ds = ... 2 L o(s) ds
i,u(z, Z,a,t)
/ at K"
, 7,4, ;
= J'lﬂ(z z.al) o(s)ds = |Imj1 p(s)ds =1
= uz 7 at) >1
which implies that
z =1z

This proves the uniqueness of z. Similarly, the uniqueness of w can be proved.
The following corollary is a fuzzy 2-metric space version of theorem 1.1 in integral setting.

Corollary 2.2 : Let (X,u, a, t) and (Y, v, a, t) be two complete fuzzy 2-metric spaces. Let S be
mappings of X intoY and T be mappings of Y into X satisfying the inequalities

min{u(Ty, Ty ,a,t) v(Sx, S¥X, a,t), u(X',Ty,a,t)v(y’/, Sx, a,t),
/U(X! X/, avt) /J(Ty! Ty/, a, t)! ,u(TyiTSXr a, t) /U(Ty /,TSX/, a7t)}

kee(Ty, Ty, a,t) x(TSX, TSX, a,t
L w(Ty, Ty a,t) pu(TSx a,t) ng(S)dSZL o(5) ds

min{u(Ty,Ty/, a,t) v(Sx, SX, a,t), u(x/,Ty,a,t)v(y/, Sx, a,t),
v(y, ¥, a,t)v(Sx, SX, a,t), v(Sx, STy, a,t)o(SX, STy, a,t)}

ko(Sx,5%, a,t) u(STy, STY, a, t
L v(SxSX, 2 hu(STy, STy, a.1) gp(s)dszj'1 o(s) ds
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for all x, X' in X and Y, y’ inY ,where k €(0, 1). If either Sor T is continuous, then TS has a unique
fixed point z in X and ST has a unique fixed pointw inY . Further, Sz=wand Tw=z.

Proof : By putting A=B=S and S=T=T intheorem 2.1, the result easily follows.
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