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Abstract—A numerical model of ice crystal growth in a cooled
laminar falling film has been developed using a control volume
technique. A source term has been included in the energy
equation to represent the phase change energy. The effective
values of thermal conductivity, viscosity, thermal diffusivity, and
specific heat are considered as functions of the volumetric
concentration of ice crystals in the falling film. Film temperature
distributions and ice crystal diameters in the film are calculated
numerically. Itis found that the wall Nusselt number is a function
of film thickness and is essentially independent of the Stefan
number. The ice crystal growth rate was found to be primarily a
function of the Stefan number and film thickness. The ice crystal
Nusselt number and super-cooling of the solution are dependent
on the Stefan number, while the Reynolds number (film
thickness) has a lower influence on these parameters.
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I.  INTRODUCTION

Thermal energy storage (TES) plays a significant role in
shifting cooling loads in buildings and consequently reduces
energy costs due to the reduction in electrical power demand in
peak hours. Amongst the various thermal energy storage
techniques, latent heat thermal storage (LHTS) is particularly
attractive due to its ability to provide a high energy storage
density at a constant temperature corresponding to the phase
transition temperature of the heat storage material. Ice slurries
are interesting secondary refrigerants compared to single-phase
fluids since they produce high heat capacities due to latent heat
storage. An important advantage of this high heat capacity is
the possibility of cold storage that can take place either as a
static process, in which heat transfer takes place via a solid
surface, or a dynamic process. In the dynamic process (using
ice slurry), a large amount of cold energy can be transported

with less pumping work due to fluidity. Also, the dynamic
system responds quickly to the change in heat load because the
ice particles have a large surface area. The formation of ice
slurries and their removal phenomena on a horizontal surface
has been studied by many researchers [1-3]. The researchers in
[4] predicted that the change in size and shape is supposed to
be the explanation for the difference in pressure drops in tubes
of freshly produced ice slurry and those of the same ice slurry
after storage. In [5], a numerical model was developed to
approximate the growth rate of ice crystals in a falling film
flowing down a cooled vertical plate. A source term was
included in the energy equation to represent the phase-change
energy. The governing equations were solved using the finite
difference technique. The growth rate of ice crystals, Nusselt
numbers, and overall heat transfer coefficients between the film
and cooled plate were calculated for various film thicknesses,
Stefan numbers (Ste), and initial ice crystal diameters. They
found that the growth rate of ice crystals and the Nusselt
number depend on film thickness, initial ice number
concentration, and Stefan number. Their results of heat transfer
coefficients were in reasonable agreement with experimental
data. Pronk et al. in [6] studied the time-dependent behavior of
different ice slurries during storage. They investigated
mechanisms such as attrition, agglomeration, and Ostwald
ripening that cause changes in the crystal size distribution,
which have great importance for ice slurry systems since they
influence other parameters such as pressure drop and the
characteristics of heat transfer. Kozawa et al. in [7] investigated
the effects of ice content (ice packing factor, IPF) and mass
flow rate of supplying ice-slurry on the ice-storing
characteristics in a tank. It was found that by raising IPF and
reducing the mass flow rate of supplying ice-slurry, the ice-rich
layer was hard to spread horizontally in the tank. Cliche and
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Lacroix in [8] presented a mathematical model for the
optimization of ice formation in a laminar falling film.
Numerical experiments were conducted to study the effects of
the mass flow rate, the inlet water temperature, and the length
and temperature of the cold plate on ice accumulation.

An ice slurry with enhancing additives was studied as a
secondary refrigerant in cold storage systems using a water/oil
(W/O) type emulsion [9-14]. It was concluded that a high-
performance ice slurry with low adhesion to the cooled wall
could be formed by the water-oil type emulsion. Matsumoto et
al. in [15] reported that a high ice packing factor (IPF) ice slurry
could be formed without adhesion of ice to the cooling wall by
cooling and stirring a functional fluid of 10 vol% silicone oil
and 90 vol% water with a small amount of additive (silane-
coupler) in a resin beaker. Matsumoto et al. in [9] carried out
experiments to clarify the characteristics of the suspension
formation process in an ice storage system using a water/oil
mixture. From the thermal analysis of the formed substance, it
was found that the substance was not ice but a compound of ice
and an additive with a reduction in the freezing point about 7
°C below 0 °C. Swanson and Nelson in [16] developed new
equipment that can precisely measure the growth rates of ice
crystals and droplets at temperatures as low as -60 °C. Using
this equipment, preliminary studies have indicated the
advantage of following individual faces of multiple crystals.
They improved significantly thermodynamic controls than it
was with previous instruments, where they were able to grow
multiple crystals under identical thermodynamic conditions.

The present work is focused on the growth of phase change
materials, in particular ice crystals, to produce an enhanced heat
transfer medium in a dynamic cold storage system. The adopted
finite volume of this study combines some of the numerical
models that have been devoted to laminar fully developed
falling films. The ice crystal temperature and concentration are
predicated. The influences of the Stefan number and film
thickness on the wall and ice crystal Nusselt numbers, ice
crystal growth rate, and super-cooling of the solution are
investigated.

1. MATHEMATICAL MODELING
Figure 1 shows a schematic diagram of the falling film
physical model. The film is considered as an ice slurry flowing
along with a cooled isothermal vertical plate. The following
assumptions are used to approximate the falling film model:
e The film is smooth, laminar, incompressible, and
hydro-dynamically fully developed.
e The flow is Newtonian, which is approximately the
case for an ice crystal concentration of less than 45%
[17].
e The suspended ice crystals in the falling film are
assumed to be spheres with no-slip conditions
between the ice particles and the surrounding fluid.

e The density of the fluid and the ice crystals are
assumed to be constant and equal.

Radiant and evaporative heat losses were neglected while
convective heat transfer was allowed at the film-free surface.

Based on the assumptions mentioned above, the plate is
maintained at a constant temperature that is lower than the
freezing temperature of the solution. The heat is transferred as
a latent heat from the suspended ice crystals to the surrounded
super-cooled fluid and then to the plate surface. As a result of
this mechanism of pumping latent heat to the surrounding fluid,
more ice formed (increasing ice crystal size).

Using a source term to simulate the phase change, the
governing steady-state energy equation can be expressed as
follows:

or @ (x 6T)+ "
pc‘f”ax—ay ¢ oy s

The flow is assumed to be fully developed, and the velocity
profile suggested by Levich in [18] is applied in the present
model as follows:

u=ghy(1 y)

ve \U 2t
The source term s in (1) is due to the latent heat released
during the Solidification process. The physical model is
exposed to the following boundary conditions:
T(X, 0) = Tw; T(OJ}’) = Tm = Tin;

aT(x,y)
k. 5
y Lyt

@

= hoo (T(X, t)_Too)

As suggested by Vand in [19], the bulk dynamic viscosity
of the ice slurries y,, is assumed to be a function of ice crystal
volumetric concentration C and expressed as follows:

o 1—c-118c»25 ; <045 3)
93
and the effective kinematic viscosity v, is defined as follows:
Hp
Ve = r 4

The effective specific heat of the slurries c, is the averaged
mass specific heats of the fluid and ice particles, which is
defined by Stewart and Stickler in [20] as follows:

ce = (C)cp + (1= C)ey (5)

where c, and ¢, are the specific heats of the ice particles and
fluid, respectively. Also, the effective density of the slurries p,
is the averaged mass densities of the fluid p, and ice particles
pp, Which is defined as follows:

e The physical properties are assumed constant except Pe = (C)pp + (1= Ly ©)
for effective values of thermal conductivity, viscosity,
and specific heat due to ice and fluid interactions.

e There is no physical interaction between the plate and
the ice crystals.

e The ice particles are assumed to be homogeneously
distributed in the flow field.
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Fig. 1: Schematic diagram of falling film model.

The bulk thermal conductivity of static dilute suspension k,,
can be evaluated from Maxwell's relation, presented by
Maxwell in [21] as follows:

ky 2+ ky/kp+2C(ky/ky —1) .
ki 2+4ky/ks — C(ky/ks — 1) @

Note that, the subscripts p and f represent ice particle and fluid,
respectively. Due to the interaction between ice particles and
the fluid, the effective conductivity of the slurry flow is higher
than that predicted by (7). Reference [22] proposed a
correlation for the effective thermal conductivity in flowing
conditions as:

ke =1+ BCPe,™ (8)

ky

2
where Pe, = ed ; where d is the ice crystal diameter, e = Ou
e ay
and a, = ;79 . The experimental results presented by Sohn and
e

Chen in [23] were used to evaluate the constants B and m at
moderate Peclet numbers and assigned them values of 1.8 and
0.18, respectively. The heat generation rate per ice crystal is
given as:

. OVerystal
chystal = phjsu gj: 2 C))

where his is the latent heat of the liquid solvent.

where B is the volumetric thermal expansion coefficient,
assumed to be equal to 1/ T.

The ice crystal growth throughout the flow field can be
obtained from (10) and (11) as:

ad B 2hy (T —T)
ox
The volumetric concentration C is the number of ice

crystals per unit volume n times the volume of each ice crystal
Verystar as follows:

14
phicu a4

nrd?
C = 15
A (15)
For ice slurry, the freezing temperature T,, is a polynomial
function of the ice crystal concentration discussed by Burns et
al. in [25] as;

Tm = Qg + a]_C + a2C2 (16)

The coefficients a,, a,;and a, are calculated from the phase
diagram of NaC1-H,O system presented by Fang et al. in [26]
as follows:

a, =271.0,a, = —1.492 and a, = —2.38 an
Finally, by defining the following dimensionless variables:

x=%y=2p=2% y=2 ¢-=
L t t Ut
(T-Tw)
(Tin—Tw)
where L is the length of the plate, t is the film thickness and u,
is the maximum fluid velocity which occurs at the falling film
free surface (y=t) and defined as:

(18)

gt*
= 19
2, (19)

with the help of (18) the dimensionless mathematical model
becomes as follows:

U

Then the source term s in the governing energy equation can 9(pU®) = ii <ke @) +s (20)
be computed from: (2.4 ce Y \ " oY
ad where:
. nm
S = NQcrystar = Phist (7) d? I (10) #(X,0)=0; #(0,Y) =1 and
where n is the number of ice crystals per unit volume. E(@) = ho(By—y — B.)
Due to the convective heat transfer between the ice crystals and t \0Y/y_q oA TY=l « (21a)
the fluid, the phase change source term can also be written as: 6_D 2Lk % ©. —0) and
s = nhgA,(Ty — T) (11) X  ptUu; ¢ =~
where A,, is the surface area of each ice crystal (md?). The heat 5 = ( T_Ty )
transfer coefficient h; between the ice crystal and the fluid is m o\, =T, (21b)
determined from natural convection correlation for spheres as L
the particle Nusselt number, which is presented by Stewart et U=2Y-Y? ; (= > and
al. in [24] as follows: teu;
: - (7=%)
f = [ w
ha = [2 + 0.5Ra*>] (12) b=z -1, (21¢)
where Rayleigh number Ra is defined as follows: h3 pz\"
yielg 3 k, =k, [1 +BC <gv (1-v) a—) ] (1d)
T —T)d e e
R = 3BTm =" (13)
veae
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Ce =Ccp + (1 —C)ecy (219)

a,—T, a;
= + c
O = =1, T T,
+L623ndv
Ti _Tw ¢
)

P (21h)

I1l.  NUMERICAL METHOD

The governing partial differential equations have been
discretized on a uniform grid using a control volume
formulation [27]. Equations (20) and (21b) are solved to obtain
the dimensionless temperature (@) and ice crystal diameter (D)
distribution throughout the flow domain at steady-state
conditions, respectively.

The discretized form of the energy equation is:

a,Pp = ag@s + ayw By + ay@y + asbs + b (22)
where the coefficients are defined as follows:

ag = (DeA(lpeel) and

ay = {DyA(|Pey|) (23a)
ay = |IF, 0l and a5 =|-F0l (23b)
b=SAV and a,
= (pu)nd,  and  E= (pu)sds (23d)
BN | BP)er]™
De_Ae[ T, + T, and
b, = a, | | GNw]”
Ip Tw (23e)
A(|Pe;]) = 110, (1 — 0.1|Pe;)®]|, and
i=ewmnands (23f)

The Peclet numbers and the diffusion coefficients, Pe,,, Peg
T, are defined respectively as follows:

n

Pe, ==, Pe;=— and F=&
n=p 0 T, c (24)

Note that the operator ||4, B || returns the greater of A and
B. The neighbors of point P are assigned e, w, n, and s
corresponding to the east, west, north, and south, respectively.

The discretized form of the boundary condition at the free
surface is:
agpp = a;$; +b (25)
= ((1;'13))’, b =th,0, and ag = a; + thy
1
The discretized form of the boundary condition at the
outflow boundary can be written as follows:

aPQ)P ZaE®E+aW®W+aN®N+b (26)

where q,

The above algebraic equations, allow the iterative solution
for the two unknowns @ and D. The numerical computations
have been performed on a uniform 50x50 grid where a Ay of
0.02 mm and Ax=2 mm. The solution is converged when the
changes in@’s and D’s at all grid points fall below
convergence criteria of 10

The inlet flow at the top of the plate is assumed to contain
a specified uniform number of ice crystals per unit volume of
flow. The film thickness t in the y-direction is modeled as 0.5
mm, 0.75 mm and 1.0 mm and the plate length as 1.0 m. The
concentration of the ice crystals at the inlet condition, C;,, has
been set at 4 x 1077, which corresponds to the inlet ice crystal
diameter (din = 0.025 mm) to initialize the calculations. The
density of the ice crystals is assumed to be 921 kg/m3 [28].
The average physical properties of NaCl-H,O solution (salt
mass concentration = 2.5%) are assigned constant values as ¢¢
=4 kl/kgK, up = 1.4 x 10° kg/m's, p; = 1024 kg/m® and k¢ =
0.6506 W/m-K.

IV. RESULTS AND DISCUSSION

The results of the numerical solution are presented in terms
of the dimensionless particle diameter D, temperature profiles,
local Nusselt number at the wall, particle Nusselt number, and
local super-cooling. The flow for different isothermal plate
temperatures (Stefan number) and film thicknesses are taken
into account. The isotherms and the ice crystal size distribution
in the film for the case of T,, = 267 K, T;, = 271 K, Stefan
number = 0.05, film thickness of 0.5 mm and d;,, = 0.025 mm
are shown in Fig. 2.

As expected, the film temperature decreases in the flow
direction and approaches the plate temperature at the end of the
computational domain. The reduction of the film temperature is
mainly attributed to the fact that during the solidification
process, the thermal energy is transferred to the plate surface in
the form of latent and sensible heats. During this process, the
ice crystals increase in size due to mass transfer from the
solution to the surface of the ice particles leaving behind a more
concentrated solution that depresses the freezing temperature of
the solution. Also, it is found that the crystal diameter increases
along the x-direction and near the plate surface (Fig. 2b). This
mass transfer process is more significant near the plate surface
and increases in the stream-wise direction. However, the mass
transfer decreases in the y-direction due to the convection heat
gains near the film free surface. Figure 3 shows the variation of
ice concentration in the x-direction within the film thickness for
Ste = 0.05, t = 0.75 mm and di, = 0.025 mm at different y-
locations. The ice concentration increases with the increase in
the distance along the x-direction. As can be seen, the greatest
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concentrations are near the plate surface. This may be attributed
to the fact that the mass transfer process from the solution to the
surface of ice particles is more significant near the plate surface
and increases in the stream-wise direction which is responsible
for increasing the ice particle diameters, and hence, increasing
the ice slurry concentration. This behavior of the super-cooling
of the mixture is shown in Fig. 4 for different locations within
the flow domain.

The degree of super-cooling of the mixture (T — T) is
maximum in the vicinity of the wall (y = 0) and increases with
the flow direction. At the end of the plate, the gradient of the
degree of super-cooling almost diminishes.

The local Nusselt number is defined as:

Nu, = hyx/k, 27)

0.2 0.4 06 08
yit yit

0 0.5 1

a) 1sotherms (b) ice crystal dimensionless diameter

Fig. 2: Variation of dimensionless temperature and ice crystal diameter
within the flow film for Ste = 0.05, t = 0.5 mm and di, = 0.025 mm.
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Fig. 3: Variation of ice concentration within the film thickness at Ste = 0.05, t
=0.75 mm and di, = 0.025 mm.
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Fig. 4: Supercooling of the fluid within the film thickness y at different x-
locations, for Ste = 0.05, t = 0.5 mm and di, = 0.025 mm.

where h, is the local heat transfer coefficient and it is defined
as follows:

hx = QW/(Tin - Tw) (28)

The local heat flux at the surface of the plate, qw is obtained
by applying Fourier's law to the control volume adjacent to the
wall as follows:

qw = ke(Ti,Z = Tw)/(0Y)e (29)
where T; , is the finite volume temperature adjacent to the plate
surface.

Figure 5 shows the variation of the local Nusselt number in
the flow direction for the three cases of the film thicknesses
(0.5, 0.75 and 1.0 mm) at Ste = 0.06 mm and di, = 0.035 mm.
However, the solution temperature decreases along the x-
direction and the temperature gradient at the wall and the heat
flux increase due to the enhancement in the effective thermal
conductivity.

The increase in the local Nusselt number in the flow
direction for t = 0.75 mm and 1.0 mm can be attributed to the
increase in the ice particle concentration and the enhancement
in the solution's effective thermal conductivity. It has been
observed that for the film thickness of 0.5 mm corresponding
to Re = 200, the local Nusselt number increases along the plate
surface, approaching its maximum value at the middle of the
plate, then decreases slightly to an asymptotic value of 590 at
the end of the plate. This is due to the enhancement in the
effective thermal conductivity of the ice slurry not being
equivalent to the increase in the temperature gradient at the
wall, consequently decreasing the heat transfer coefficient
along the plate surface. Also, the results showed that the
average heat transfer coefficient is almost independent of the
Stefan number for different film thicknesses, as depicted in Fig.
6.

The variation of particle Nusselt number within the film
thickness for different x-locations is shown in Fig. 7. It can be
seen that the particle Nusselt number increases in the flow
direction and reaches an asymptotic value at the middle of the
film thickness.

This can be attributed to the continuous increase in the
particle diameter, especially in the streamlines beside the wall.
The effect of the Stefan number on the distribution of particle
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Nusselt numbers within the film thickness at t = 0.5 mm and din
=0.025 mm is depicted in Fig. 8. The increase in Stefan number
increases the rate of growth of particle and consequently
enhances particle Nusselt number.

- TP
. t=0.75mm
200 /
3 o0 gl
. t=0.5mm
00 /
400) /
200 //
1 13 03 04 0§ 08 o7 og og 1

x(m)
Fig. 5: Nusselt number variation at the wall at Ste = 0.05 and dj, = 0.025 mm
for different film thicknesses.
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Fig. 6: The average heat transfer coefficient versus Ste at d, = 0.025 mm for
different film thicknesses.
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Fig. 7: Variation of ice crystal Nusselt number within the film thickness at
different x-distances for Ste = 0.05, t = 0.5 mm and dj, = 0.025 mm.

The effect of film thickness on the particle Nusselt number
is shown in Fig. 9. It can be seen that the increase in the film
thickness decreases the particle Nusselt number. This can be
attributed to the decrease in heat transfer and particle growth
rates.

The growth rate of ice crystals in the falling film at any y-
location is the difference between the final and initial crystal
diameters divided by the residence time of an ice crystal (tz =
L/u;). The mass of ice growth rate m for a plate of width W
and length L can be obtained from:

Nyep <
T,
=223 (@) - @)y (30)

j=2

where N, and N, are the number of nodes in the z and y-
directions, respectively. Which are defined as follows:
L

N, = % and N, = ™ (31)

5.5 \
5

Ste=0.075

NUp
=
L n

\ Ste=0.1

_ ‘——._____——
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25
0.5 1 15 2 25 3 35 4 45 5
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Fig. 8 Effect of Stefan number on the distribution of particle Nusselt number
t=0.5mm, x=0.5 and di, = 0.025 mm.

where Az and Ay are the length of the control volume in the z
and y-directions, respectively.

Figure 10 shows the variation of the ice crystal growth rate
with the Stefan number for different film thicknesses. The
increase in Stefan number due to the decrease in the wall
temperature enhances the heat transfer rate and consequently
increases the ice growth rate. Also, it is found that the ice crystal
growth rate decreases with film thickness.

V. CONCLUSIONS

A numerical simulation of ice crystal growth in the falling
films for the laminar case has been performed. As expected, the
results showed that the Nusselt number at the wall appears to
be primarily a function of film thickness and is essentially
independent of Stefan number. The ice crystal growth rate was
seen to be primarily a function of the Stefan number and film
thickness. The ice crystal Nusselt number and super-cooling of
the solution are dependent on Stefan number, while Reynolds
number (film thickness) has a lower influence on these
parameters.
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9: Effect of film thickness on the particle Nusselt number at Ste = 0.05,
X = 0.5 mm and di, = 0.025 mm.
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10 Variation of ice crystal growth rate with Stefan number for different
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