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Abstract - Standard geostatistical models based 

on Gaussian processes are known to not scale to 

huge data volumes, making high resolution 

geospatial data difficult to handle. approaches for 

large-scale data that enable the depiction of 

complex relationships between several outcomes 

recorded at high resolutions by various sensors 

have received much less attention than 

approaches that can be computed more efficiently. 

By assuming conditional independence on latent 

random effects after a treed directed acyclic 

graph, our spatial multivariate tree-based 

Bayesian multivariate regression models 

(SPaMTREES) are scalable. The building of the 

tree and the associated efficient sampling methods 

in imbalanced multivariate contexts are guided by 

information-theoretic reasoning and computing 

efficiency considerations. We demonstrate 

SPaMTREES utilising a sizable climate data 

collection that integrates satellite and land-based 

station data, in addition to simulated data 

instances. 

Keywords--- Directed acyclic graph, Gaussian 

process, Geostatistics, Multivariate regres- sion, 

Markov chain Monte Carlo, 

Multiscale/multiresolution   

I.INTRODUCTION 

Gathering vast amounts of georeferenced data is 

becoming more and more prevalent in the scientific 

and social sciences. Through interpretable models 

that measure uncertainty while accounting for spatial 

and temporal dimensions, researchers hope to use 

these data to comprehend phenomena and make 

predictions. Gaussian processes (GP) are versatile 

tools that may be used to assess uncertainty and 

characterise temporal and geographical variability. 

Much effort has gone into creating GP-based 

techniques that get over their infamously poor 

scalability to massive data.  

There is now a wealth of research on scaling GPs to 

big scales. We discuss low-rank methods 

(Quiñonero-Candela and Rasmussen, 2015; Snelson 

and Ghahramani, 2017; Banerjee et al., 2018; Cressie 

and Johannesson, 2018); their extensions (Low et al., 

2015; Ambikasaran et al., 2018; Huang and Sun, 

2023; Geoga et al., 2024); and methods that take 

advantage of special structure or simplify the 

representation of multidimensional inputs.In 

geostatistical scenarios, which concentrate on small-

dimensional inputs, such as the spatial coordinates 

plus time, these methods could not be available or 

perform poorly. In these situations, Toeplitz-like 

structures are usually absent, low-rank approaches 

oversmooth the spatial surface (Banerjee et al., 

2022), and so-called separable covariance functions 

produced by tensor products poorly characterise 

spatial and temporal dependence.  

 

Multivariate (or multi-output) regression 

settings present additional challenges. Multivariate 

geostatistical data are frequently detected at non-

overlapping geographical regions, or misaligned 

(Gelfand et al., 2010). A number of variables are 

measured at non-overlapping places in Figure 1, with 

one measurement grid being significantly sparser 

than the others. Predicting outcomes at new locations 

in these contexts can be accomplished by substituting 

distinct single-output models for a multi-output 

regression. Although single-output models may 

occasionally perform on par with or even better than 

multi-output models, they are unable to identify and 

quantify cross-dependencies between outputs; 

determining if such dependences exist may have a 

greater scientific impact than making predictions. 

 

II. RELATED WORKS 

In order to address these problems, we 

present a Bayesian regression model in this article 

that encodes spatial dependence as a latent spatial 

multivariate tree (SpamTree); all non-reference 

locations are assigned to leaf nodes of the same DAG 

using a map, while conditional independence 

relations at the reference locations are controlled by 

the branches in a treed DAG. This assignment map 

maintains the desirable recursive properties of treed 

DAGs while controlling the nature and size of the 

conditioning sets at all locations. It is used to improve 

estimation and predictions and overcome common 

problems in standard nearest-neighbor and recursive 
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partition methods when severe restrictions on the 

reference set of locations become necessary due to 

data size.  

 

 
 

 

 

 

Figure 2: Three SpamTrees on M = 4 levels 

with depths δ = 1 (left), δ = 3 (center), and δ = 4 

(right). Nodes are represented by circles, with 

branches colored in brown and leaves in green. 

 

By creating a technique that focuses on effective 

computations of Bayesian multivariate spatial 

regression models, the current study contributes to the 

expanding body of literature on spatial processes 

described on DAGs. While MRAs are defined as a 

basis function expansion, SpamTrees can be 

represented as a treed graph of a SpamTree with full 

"depth" as specified later (the DAG on the right of 

Figure 2), in univariate settings, and "response" models 

(Katzfuss, 2017).  

 

III.SPATIAL MULTIVARIATE TREES 

         Consider a spatial or spatiotemporal domain D. 
With the temporal dimension, we have D ⊂ ঩d ×[0, 
∞), otherwise D ⊂ ঩d. A q-variate spatial process is 
defined as an uncountable set of random variables 
{v(l) : l ∈ D}, where v(l) is a q × 1 random vector 
with elements wi(l) for i = 1, 2, . . . , q, paired with a 
probability law P defining the joint distribution of 
any finite sample from that set. Let {l1, l2, . . . , lnL } 
= L ⊂ D be of size nL. The nLq ×1 random ector vL 
= (v(l1)T, v(l2)T, . . . , v(ln )T)T has joint density 
p(vL).  

 

IV.CONSTRUCTING SPATIAL 

MULTIVARIATE DAGS 

We now introduce the necessary terminology and 

notation, which are the basis for later detailing of 

estimation and prediction algorithms involving 

SpamTrees. The specifics for building treed DAGs 

with user-specified depth are in Section 2.1.1, 

whereas Section 2.1.2 gives details on cherry picking 

and its use when outcomes are imbalanced and 

misaligned. 

The three key components to build a 

SpamTree are (i) a treed DAG G with branches 

and leaves on M levels and with depth δ ≤ M ; (ii) a 

reference set of locations S; (iii) a cherry picking 

map. The graph is G = {V , E} where the nodes are  

V = {z1, . . . , zmV } = A ∪ B, A ∩ B = ∅. We 

separate the nodes into reference A and non-

reference B nodes, as this will aid in showing that 

SpamTrees lead to standalone spatial processes in 

Section 2.2. The reference or branch nodes are A = 

{a1, . . . , amA } = A0 ∪ A1 ∪ · · · ∪ AM—1, where Ai = 

{ai,1, . . . , ai,mi } for all i = 0, . . . , M − 1 and with 

Ai ∩ Aj = ∅ if i /= j. The non- reference or leaf 

nodes are B = {b1, . . . , bmB }, A ∩ B = ∅. 

 

V.SPAM TREES AS A STANDALONE 

SPATIAL PROCESS 

We define a valid joint density for any finite set of 

locations in D∗ satisfying the Kolmogorov 

consistency conditions in order to define a valid 

process. Enumerate each of the mS reference 

subsets as Si = {si1 , . . . , sin } where {i1, . . . , ini 

} ⊂ {1, . . . , nE}, and each of the mU non- 

reference subsets as Ui = {ci1 , . . . , cin } where 

{i1, . . . , ini } ⊂ {1, . . . , nC }. Then introduce V 

= {V1, . . . , VmV } where mV = mS + mU and Vi 

= Si for i = 1, . . . , mS, VmS +i = Ui fori = 1, . . . 

, mU . Then take vi = (w(li1 ), . . . , w(lin ))T as 

the ni × 1 random vector withelements of w(l) for 

each l ∈ Vi. Denote v[i] = v(η—1(Pa[zi])). 

 

VI.BAYESIAN SPATIAL REGRESSIONS 

USING SPAMTREES 

Suppose we observe an l-variate outcome at 

spatial locations l ∈ D ⊂ ঩d which we wish to model 

using a spatially-varying regression model: 

yj(l) = xj(l)Tβj + zjk(l)w(l, ξk) + εj(l),

 j = 1, . . . , l, 

where yj(l) is the j-th point-referenced outcome at l, 

xj(l) is a pj × 1 vector of spatially referenced 

predictors linked to constant coefficients β , εj(l) i∼id 

N (0, τ 2) is the measurement. 
j 

VII.GAUSSIAN SPAM TREES 

 

 Enumerate the set of nodes as V = {z1, . 

. . , zmV }, mV = mS + mU and denote vi = w(η—

1(zi)), Cij as the ni × nj covariance matrix between 

vi and vj, Ci,[i] the ni × Ji covariance matrix 
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between vi and v[i], Ci the ni × ni covariance 

matrix between vi and itself, and C[i] the Ji ×Ji 

covariance matrix between v[i] and itself.  
  

VIII. ESTIMATION AND PREDICTION 

I introduce notation to aid in obtaining the full 

conditional distributions 
y(l) = E(l)β + E(l)v(l) + o(l), 

Computing and Storage Cost 

The update of τ 2 and β can be performed 

at a minimal cost as typically p = Σlpj is small; 

almost all the computation budget must be 

dedicated to computing p(v | θ) and sampling p(v 

| y, β, z 2).error for outcome j, and zjk(l) is the k-th (of 

q) covariates for the j-th outcome modeled with 

spatially-varying coefficient w(l, ξk), l ∈ D, ξk ∈ Ξ. 

For a fixed reference set partition and 

corresponding nodes, choosing larger δ will result in 

stronger dependence between leaf nodes and nodes 

closer to the root—this typically corresponds to leaf 

nodes being assigned conditioning sets that span 

larger distances in space. The computational speedup 

corresponding to choosing δ = 1 can effectively be 

traded for a coarser partitioning of S, resulting in large 

conditioning sets that are more local to the leaves. 

 

IX. CONCLUSION AND FUTURE 

ENHANCEMENT 

In conclusion, SPaMTREES provide a 

scalable and efficient alternative to traditional 

Gaussian process–based geostatistical models for 

analyzing large, high-resolution spatial datasets. By 

leveraging a tree-structured directed acyclic graph 

and conditional independence assumptions on latent 

random effects, the approach significantly reduces 

computational complexity while retaining the ability 

to capture important spatial and cross-variable 

dependencies. Guided by information-theoretic 

principles and efficiency considerations, the model is 

well-suited for imbalanced and multivariate settings 

involving data from multiple sources and resolutions. 

The successful application to both simulated and real-

world climate datasets demonstrates its practicality, 

flexibility, and effectiveness in modeling complex 

geospatial relationships, making SPaMTREES a 

promising tool for large-scale spatial data analysis. 

Future enhancements of SPaMTREES can focus on 

improving its flexibility, scalability, and applicability 

to more complex real-world problems. One important 

direction is extending the model to handle spatio-

temporal data, enabling it to capture dynamic 

changes over time in addition to spatial 

dependencies. Incorporating online or adaptive 

learning mechanisms would allow the model to 

update itself continuously as new data becomes 

available, making it suitable for real-time monitoring 

systems. Further improvements in tree construction 

strategies, potentially using advanced machine 

learning techniques, could enhance both efficiency 

and predictive accuracy. Integrating SPaMTREES 

with deep learning approaches may help in modeling 

highly nonlinear relationships, especially in high-

dimensional datasets such as satellite imagery. 

Additionally, extending the framework to support 

non-Gaussian distributions and extreme event 

modeling would make it more robust for 

environmental and climate applications. 

Implementing parallel and distributed computing 

techniques can further boost scalability for massive 

datasets. Finally, expanding its application to diverse 

domains such as urban planning, agriculture, and 

epidemiology would demonstrate its versatility and 

broader impact. 
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